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Chapter 1 
Introduction to Differential Equations 


Section 1.1 
1. This D.E. is of order two because the highest derivative in the equation is y”. 
2 Order is 1. 
This D.E. is of order one because the highest derivative in the equation is y’. (Note: 
(yy #y”) 
4. Order is 3. 
5(a). y= Ce. Differentiating gives us y’ = Ce’ -2t= 2ty. Therefore, y’—2ty =0 for 
any value of C. 
5 (b). Substituting into the differential equation yields y(1) = Ce’ =Ce. Using the initial condition, 


y(l)=2=Ce. Solving for C, we find C =2e"'. 


6. VS.) HDi Sr Hert es y =H te Ktettey 
Order = 3 3 arbitrary constants 
7(a). y=C,sin2r+ C,cos2t. Differentiating gives us y’ =2C,cos2t—2C, sin2t and 
y” =—4C¢, sin2t— 4C, cos2t = —4(C, sin2t+ C,cos2t) =—4y. Therefore, 
y”+4y =—4y+4y =0 and thus y(t) = C,sin2¢+C, cos2r is a solution of the D.E. 
y’+4y=0. 
7(b). y(F)=C,)+C,(0)=C, =3 and y’(4)=2C,0)-2C,() =-2C, =-2 > C, = 1. 


8. y=2e". yy’ +ky=-8e"' + 2ke’ = 2k -— He" =0 
~k=4. yO)=2=y,. « kK=4,y,) =2. 
9. y=ct'. Differentiating gives us y’=—cf~.Thus y’+ y° =-ct > +¢°t =(c’—-c)t =0. 


Solving this for c, we find that c* —c = c(c —1) =0. Therefore, c =0,1. 
10. y=-e'+sint y+y=a(h), y(O) = yp. y’=e'+cost 


y’+y=e'+cost-e'+sint=g .. g(f)=cost+sint, y(0)=-1= y, 
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11. 


12. 


13. 


14. 
15; 


16. 


17. 


18. 


LD, 


20. 


y =’. Differentiating gives us y’ =rt’' and y” =r(r—1)t’ >. Thus 

Py” —2ty’ +2y=r(r—Dt" —2rt’ +20 =[r(r-1)—2r+2]t’ =0. Solving this for r, we find 
that r(r—1)-2r+2=r —3r+2=(r—2)(r—1) =0. Therefore, r=1,2. 

yece”’ +oe"”.. y'=26e" =Jee,, y” =4ce" +4e,e" =4y 

*. y”—4dy=0. 
From (12), y=C,e” +C,e”, which we differentiate to get y’ = 2C,e —2C,e*. Using the 
initial conditions, y(O)=2 and y’(0)=0, we have two equations containing C, and C,: 
C,+C, =2 and 2C, —2C, =0. Solving these simultaneous equations gives us C, = C, =1. 
Thus, the solution to the initial value problem is y =e” +e“ = 2cosh(2P). 

yO) He +62) 26-36 =o oe Hh ee =0 yee". 
From (12), y(t) = Ce" +C,e”. Using the initial condition y(0) = 3, we find that C, + C, = 3. 
From the initial condition lim y(t) =0 and the equation for y(t) given to us in (12), we can 
conclude that C, =0 (if C, #0, then lim = too). Therefore, C, = 3 and y(t)= 3e 7, 

¢, +c, =10 lim y(1)=0 S-G=0) % 4 $10 & yOs0e™. 
From the graph, we can see that y’=—1 and that y(1) =1. Thus m= y’—-1=—1-—1=~-2 and 
yj == 1. 


y=m > yesh te, From graph, y=—1 onlyat t=O «. 14,=0. 


Also c=-1. Fromgraph y)=—-05 »«. --~=—-1 => me=1. 

We know that this is a freefall problem, so we can begin with the generic equation for freefall 
situations: y(1) = =  +vot+ y,. The object is released from rest, so vy, =0. The impact time 
corresponds to the time at which y =0, so we are left with the following equation for the 


e 
impact time f: 0= oof + y,. Solving this for ¢ yields t= a . For the velocity at the time 
& 


of impact: vy = y’=—gtt+v, =—gt=—4/2gy, . 
2 
x"=a RP AGEE VS Voi AG ee 


88 =a(8)=> a=11 ft/sec’. At 1=8, x=1(S)= 3529 


Chapter 1 Introduction to Differential Equations ¢ 3 
7 eee: Sere , 4 mt ee 
21. a=y" =32-€sin ra Integrating gives us y’ =—32f——€cos =a +C. The object is 
Wa 
; 4 : : 4 : 3 
dropped from rest, so y’(0) =0=——€+C. Solving for C yields C = —€, and putting this 
1 M4 

: : be yaaa ; j 4 Tt 

value back into the equation for y’ and simplifying gives us y’ = —321+ —e| 1—cos rel, 
M4 


4 ay 
Integrating again gives us y =—16¢° + —et- (¢) esi) + C’. Since the object is dropped 
1 T 
from a height of 252 ft. (at t=0), y(O0) = C’ = 252 and thus 
ae ay 
y =-16f +—et- (=| esin | +252. Finally, since y(4) =0, 
1 1 


a 


4 2 
y(4)=0=-16-47 4 4- (+) €sin(7) + 252. Solving for € yields €= a 
1 1 


Section 1.2 

1 (a). The equation is autonomous because y’ depends only on y. 

1 (b). Setting y’=0, we have 0=—y +1. Solving this for y yields the equilibrium solution: y =1. 

2 (a). not autonomous 

2 (b). no equilibrium solutions, isoclines are ¢= constant. 

3 (a). The equation is autonomous because y’ depends only on y. 

3 (b). Setting y’=0, we have 0=siny. Solving this for y yields the equilibrium solutions: y =+n7. 

4 (a). autonomous 

4(b). y(y-)D=0, y=0, 1. 

5 (a). The equation is autonomous because y’ does not depend explicitly on f. 

5 (b). There are no equilibrium solutions because there are no points at which y’ =0. 

6 (a). not autonomous 

6 (b). y =O is equilibrium solution, isoclines are hyperbolas. 

7(a). c=-—1: Setting c =—1 gives us —-y +1=~—1 which, solved for y, reads y = 2. This is the 
isocline for c =—1. 
c =0: Setting c =0 gives us —y +1=0 which, solved for y, reads y =1. This is the isocline 
for c=0. 


c =1: Setting c =1 gives us —y +1=1 which, solved for y, reads y =0, the isocline for c =1. 
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8 (a). 


9 (a). 


10. 


11. 


12. 
13s 


14. 
15. 
16. 
17. 
18. 
19. 


-y+t=-1 > y=ttl 

-y+t=0 => ye=t 

-y+t=1 > y=t-l 

c =—1: Setting c =—1 gives us y° — f° =—1 which can be simplified to 7 — y* =1 (a 
hyperbola). This is the isocline for c =—1. 

c =0: Setting c =0 gives us y’ — 1° =0 which can be simplified to y = +1. This is the isocline 
for c=0. 

c =1: Setting c=1 gives us y* — t° =1 (a hyperbola). This is the isocline for c =1. 
fO=f2Z=O0 y=y2-y) 

y’>0 for 0< y<2, y’<0 for —o< y<0 and 2< y<oo, 

One example that would fit these criteria is y’ =—(y — 1)”. For this autonomous D.E., y’ =0 at 
y=land y’ <0 for -o< y<1 and l<y<oo, 

y =1. 


One example that would fit these criteria is y’ = sin(27y). For this autonomous D.E., y’ =0 at 


ee 2} 


o 


Chapter 2 
First Order Linear Differential Equations 


Section 2.1 


1. 


Se. eas, On a, Ss ee he 


11 (b). 


11 (c). 


12 (a). 
12 (b). 
12 (c). 
12 (d). 


This equation is linear because it can be written in the form y’ + p(t)y = g(1). It is 
nonhomogeneous because when it is put in this form, g(t) #0. 

nonlinear 

This equation is nonlinear because it cannot be written in the form y’ + p(t)y = g(t). 
nonlinear 

This equation is nonlinear because it cannot be written in the form y’ + p()y= g(t). 
linear, homogeneous 

This equation is nonlinear because it can be written in the form y’ + p(t)y = g(t). 
nonlinear 

This equation is linear because it cannot be written in the form y’ + p(‘)y = g(f). It is 
nonhomogeneous because when it is put in this form, g(t) #0. 


linear, homogeneous 


. : . : t : 
Theorem 2.1 guarantees a unique solution for the interval (—9,°°), since = i and sin(f) are 
t+ 


both continuous for all ¢ and —2 is on this interval. 


: : , 3 t . 
Theorem 2.1 guarantees a unique solution for the interval (—°9,°°), since = i and sin(f) are 
t+ 


both continuous for all ¢ and 0 is on this interval. 


; F ‘ : t ‘ 
Theorem 2.1 guarantees a unique solution for the interval (—°9,°°), since = i and sin(f) are 
t+ 


both continuous for all ¢ and 7 is on this interval. 
2<t<oo 
—2< te 2 
Pere 


—o << t<—2 
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13 (a). For this equation, p(f) is continuous for all ¢# 2,—2 and g(t) is continuous for all 14 3. 
Therefore, Theorem 2.1 guarantees a unique solution for (3,°¢), the largest interval that 
includes r=5. 

13 (b). For this equation, p(f) is continuous for all 1# 2,—2 and g(t) is continuous for all 14 3. 


Therefore, Theorem 2.1 guarantees a unique solution for (—2,2), the largest interval that 
includes t= aes 
2 


13 (c). For this equation, p(f) is continuous for all ¢# 2,—2 and g(t) is continuous for all 14 3. 
Therefore, Theorem 2.1 guarantees a unique solution for (—2,2), the largest interval that 
includes t=0. 

13 (d). For this equation, p(t) is continuous for all 14 2,—2 and g(t) is continuous for all 14 3. 
Therefore, Theorem 2.1 guarantees a unique solution for (—c°,—2), the largest interval that 
includes r=—5. 

13 (e). For this equation, p(7) is continuous for all ¢#2,—2 and g(f) is continuous for all +4 3. 


Therefore, Theorem 2.1 guarantees a unique solution for (—2,2), the largest interval that 
includes t= = 
2 


4 
t 


In|r+ | _in 
t=2 ta 

14 (a). 2<t<o, 

14 (b). O< t< 2. 

14 (c). -o<r<0. 

14 (d). -o<7r<0. 


14. undefined at t=0,2. 


LS; y= Be". Differentiating gives us y’ = 3e" (21) = 2ty . Substituting these values into the given 
equation yields 2ty + p(t)y =0. Solving this for p(1), we find that p(7) = —2r. Putting r=0 
into the equation for y gives us y, =3. 

16(a). y=Cr y'=Crt’' 2ty’-6y=0 

*, 2Crt —6Cr =@r—6)Cr =0 => Qr-6)y=0 => 2r=6=0 5 r=3 
y(-2)=C(-2)" =8 => C#0 -. C-2%=8>C=-1 


—3 
16 (b). -co< ¢<0 since ars 


16(c). y¥)=-0, —e<t<o. 
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17. y(t) = 0 satisfies all of these conditions. 


Section 2.2 


1 (a). First, we will integrate p(t) =3 to find P() = 3. The general solution, then, is 
yj=Ce P= Ce, 


1(b). y(0)=C=-3. Therefore, the solution to the initial value problem is y =—3e~. 


1 4 F 
2(a). y—sy=0  (e*yy=0, y= Ce”. 
2(b). y(N=Ce%=2, C=2e% ~=y(t)=2e"” 
3 (a). Wecan rewrite this equation into the conventional form: y’ — 2ty = 0. Then we will integrate 
p(t) =—21 to find P(t)=—?. The general solution, then, is y(#)= Ce? =Ce' . 
3(b). y(1)=Ce=3. Solving for C yields C = 3e"'. Therefore, the solution to the initial value 


problem is y(t) =3e'e” =3e"?, 


Ls hee ; 
re ae? dal (el al SL 


4(b). y=CH=l -. year. 


: ; er ; ,,4 saa 
5 (a). We can rewrite this equation into the conventional form: y’ + —y =0. Then we will integrate 
t 


4 
P(H= to find P(t) = 41n|=Inr*. The general solution, then, is 


y(t) — Ce P® = Cent = Cen ns cr. 
5(b). y(1)=C=1. Therefore, the solution to the initial value problem is y(f)= 1". 
6(a). fb=exp(t—cosf) «. y()=Ce’”, 


W Tt, t, fq, i, 
6 (b). (3) =Ce*=1 CHe? = yae%e tO) = ph tts, 


7 (a). First, we will integrate p(t) =—2cos(2t) to find P(t) = —sin(21). The general solution, then, is 
y(1) = Ce? = Cein?@? : 


7(b). y(2)=C =-2. Therefore, the solution to the initial value problem is y(f)=—2e"°”. 


8(a). (i +Dy) =0 ee 
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8(b). yO)=C=3 -. y(N= 


r+1 

9 (a). Wecan rewrite this equation into the conventional form: y’ — 3(¢° + 1)y =0. Then we will 
integrate p(t) =—3(t° +1) to find P(t) =—f — 3t. The general solution, then, is 
y(t) _ CoP = Cet #3". 

9(b). y(l)=Ce* = 4. Solving for C yields C = 4e~*. Therefore, the solution to the initial value 
problem is y(#) = 4e" "4. 

10 (a). y+e‘y=0 «. feta =-e' (-e yY=0 y=Ce°. 

10 (b). y(0)=Ce'=2 CH=2e' y(th=2e 7. 

11 (a). #2 

11 (b). #3 

11 (c). #1 

¢ 1 
12. yM=ye"% 4=y,¢%.1=y,e" Divide: 4=e% > a= zin4 =|n2 


3in4 > 
and ye" Se?" se"=S8. o yO=8e™. 


; sie: ie 3 a ; 
13. First, we should put the equation into our conventional form: y’ —-— y =0. Integrating 
t 


Qa, ‘ , 
PO= art gives us P(t) = —aln|¢| = Ine]. The general solution, then, is 


=In|-?| In|r?| 


vii=Ge =e =Ce ' '=Cr?". Using the general solution and the point (2,1), we can 
solve for C in terms of a@: y(2)=1=C-2%; C=2™“%.Wecan then substitute this value for C 


into the general solution at the point (4,4): y(4)=4=2%-4% =4%".4*% = 4°” | Setting the 


exponents equal to each other yields 1= 5a = 2. Finally, solving for y,, 


1 
= y(1) =27-P=-. 
Yo = yD) 4 


14. 2=2z, z=yt2 + 20)=-142=1 => z=e*=yt+2 » y=-2+e”" 

15. Putting this equation into a form more like #14, we have y’ = —2ty + 6f = —2t(y — 3). We will 
then let z= y—3 (and z’= y’, accordingly). Substituting into our modified original equation 
yields an equation for z(f): z’ =—2z, or put in a more conventional form, z’ + 2tz7=0. Using 
the same substitution for the initial condition yields z(0) = 4—3=1. Integrating p(t) = 21 gives 


12 


us P(t)= 1°. The general solution is then z(f)= Ce“ . Our initial condition requires that C =1, 
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In terms of y(t), this solution reads y—3=e . Solved 


so the solution for z(f) is z(t) =e- 
for y(t), this solution is y(f)=e" +3. 


B ‘ 
16 (a). “ =-kB, B(0)=—A 


16 (b). B(c)=-A’e* = A(c)- A’. A(c)= A’ -e™) = No. A(c) T A® as cT 
16 (c). 0.95A =A (l-e“) = -005=-e" => —ke =In(%) =—In(20) 


1 
+ Cogs = ln(20). 


Ly Solving the equation y’ +cy =0 with our method yields the general solution y(t)= y,e“. 


—c(-0.4) = 2e°* 


Looking at the graph, we can see that y(0) =2=y, and y(-0.4)=3= y,e 


3 
Solving for c gives us c = >n( >| =101. 
~e(t-l) 


18. .y=Ce* »xyO=Ceay SS Cay co y= Ke 


1 1 1 
y=y,=-1  y(0.3) = 5 a “3 =e) =07¢ = mf] 


eos = 0.000 . c=-l. 
0.7 


19 (a). The general solution to this D.E. is y(f) = y,e ‘, which can be rewritten as In(y)=—t+c. 
Thus, this D.E. corresponds to graph #2 with y, = y(0) =e" =e’. 
19 (b). The general solution to this D.E. is y(#) = y,e’""*’, which can be rewritten as 


In(y) = tsin4t+c. Thus, this D.E. corresponds to graph #1 with y, = y(0) =e" =1, 


2 r 
19 (c). The general solution to this D-E. is y(t) = y,e" ? , which can be rewritten as In(y) = a. ae oe 


Thus, this D.E. corresponds to graph #4 with y, = y(0)=e™” =e. 
19 (d). The general solution to this D.E. is y(t) = y,e’“"*’, which can be rewritten as 


In(y) = t-sin4t+c. Thus, this D.E. corresponds to graph #3 with y, = y(0)=e™” =1, 


3-1 t d 1 
20. 1 t) = —t+1l=-—+4+1 ~«. th=— | t)=- =e. 
ny(t) AG 5 P(t) A n(y(t)) 7 (ome 


ntl 


t 
21 (a). Integrating p(t)= 1?" gives us P(t) = a 
n 


. Thus the solution to this initial value problem is 


n+l 
y(t) = ye" /"! which can be rewritten as Iny =Iny, — ae 
n 
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Substituting values from the table gives us the necessary equations to solve for y, and n. First, 


ntl 


and —4=Iny, — 
Yo n+l 


can be combined to solve for n: 


ih ee 
a ere 


7 ei! 
4°94 ntl 


1 1 
,son=3, a =Iny, — Zz by substitution, and therefore y, =1. 


21 (b). y= ye" =1-e"4 = y-D=e?. 


Section 2.3 


1. 


For this D-E., p(t) =2. Integrating gives us P(t) =2t. An integrating factor is, then, u(t) =e”. 
Multiplying the D.E. by (2), we obtain ey’ + 2e” y = (ey) =e”. Integrating both sides 


1 1 
yields ey = a + C. Therefore, the general solution is y(t) = 5 +Ce*", 


t —2t 


y+2y=e' = (e"yl=e’ => e"y=e'+C = y=e'+Ce”. 
For this D.E., p(t) =2. Integrating gives us P(t) =2r. An integrating factor is, then, U(1) =e”. 
Multiplying the D.E. by u(t), we obtain ey’ + 2e”'y =(e”y) = 1. Integrating both sides yields 


e'y =t+C. Therefore, the general solution is y(t) = te’ +Ce”. 


2 2 2 1 2 1 2 
y+2v=t > (ey/=teé => ar +C > pag ees 


2 
Putting this equation into the conventional form gives us y’ + > y =t. For this D.E., p(t)= 


Integrating gives us P(t) = 2\nr. An integrating factor is, then, L(t) = em =P. Multiplying 
the D.E. by (2), we obtain fy’ + 2ty =(t yy =P. Integrating both sides yields 


1 2 
y= 4 (’ +C. Therefore, the general solution is y(1)= ria +Cr™: 


t : 
(0 +4)y'+2t=ar('?+4) => sere LW aati 4) Pag 
Pr 4f PLEACL EC 
(P+ My aPC +h 4+4P > (°° +4y=—4+—4+C fares Siena 2a 
(( )y) ( ) ( )y ee y aA) 


For this D.E., p(t) =1. Integrating gives us P(t) =r. An integrating factor is, then, u() =e’. 
Multiplying the D.E. by p(t), we obtain e'y’ + e'y =(e'y)’ = te’. Integrating both sides yields 


e'y =te' —e'+C. Therefore, the general solution is y(f)=t-1+Ce™. 


10. 


11. 
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y’+2y=cos3t => (e”“y/ =e” cos3t 


2t 


u=e dv = cos 3tdt 
2 i, 1 ee ; 2 Tae 
du =2e° dt y= —sin3t Je cos 3tdt = —sin31-=fe sin 3tdt 
3 3 3 
u=e dy = sin 3tdt 
4 1 ts a 2 
du =2e° dt y=——cos3t Je sin 3rdt =-—cos3r+ = fe cos 3tdt 
3 3 3 


2t 


2t 2 2t 2 4 
. (ole ee ee ee | => I +—) = —(sin3t + 2cos32) 
3 3 3 3 9 3 


3 
= Bo (sin3r+ 2cos 31) 


we y= =e (sin 3t+2cos3)+C => y= = (sin 3t + 2cos3t) + Ce" 


For this D.E., p(t) =—3. Integrating gives us P(t) =—3r. An integrating factor is, then, 
UU(t) =e 


-3t 


. Multiplying the D.E. by p(t), we obtain ey’ — 3e ‘y =(e'y/ =6e™. 
Integrating both sides yields e *’y =—2e’ + C. Solving for y gives us y=—2+ Ce”, and with 
our initial condition, y(0)=1=-—2+C. Solving for C yields C = 3, and thus our final solution 
is y=—2+3e”. 

y’-2y=e", yO)=3. (e“yl =e => e“y='+C S y=e"+Ce” 

y(0)=1+C=3 => C=2, y=e™" +2e”. 


3 1 3 
Putting this D-E. in the conventional form, we have y’ + 5 y= 5°: For this D.E., p(t) = oe 


) 2 
Integrating gives us P(t) = Ae An integrating factor is, then, u(t) = e* . Multiplying the D.E. 


3 3 3 5 
= 3 = = 1 2 
by (2), we obtain e* y’+ a y=(e? y= a . Integrating both sides yields 


3 5 3 
e 1-2 1 3 
ey = — +C.Solving for y gives us y= ra +Ce2 , and with our initial condition, 


1 1 1 be 
y(0) =0= 5 +C. Solving for C yields C= —5 and thus our final solution is y = 26 = 5° an 
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12. 


13, 


14. 


15. 


ytyal+2e*cos(2t), WA)=0 ~. (ely) =e! + 2cos2r 
ey=e'+sin2t+C > y=l1+e‘sin2r+Ce‘ 
yh) =1+Ce%=0 = C=-e%; y=lte*sin2t—et™. 


t 
Putting this D-E. in the conventional form, we have y’ + aoe y 


3 
= poe For this D.E., 


: sin(f) 
t t 
p= ee . Integrating gives us P(t) = _ . An integrating factor is, then, u(t)=e 7? . 


sin(t) 


Multiplying the D.E. by u(t), we obtain e ? y’+ 


sin(t) sin(t) 


cos(t) > ee 3cos(t) 

——e =(e = ————e 
5 y=(e * y) > 

sin(t) sin(t) sin(f) 


Integrating both sides yields e 2 y=—3e 2 +C. Solving for y givesus y=-3+Ce ? , 


sin(f) 
2 


and with our initial condition, y(0) = —4 =-3+C. Solving for C yields C =—1, and thus our 


_ sin(t) 


final solution is y=-—3-e 7? . 
y’+2y=e'+1t4+l1, y(-l=e, (e“y) =e + te" +e" 
—2t 


Hi 1 1 t 1 
ye" =e' +—1te"' -—e" +=-e"+C => y=e'+~-+—+Ce 
2 4 2 2 24 


1 1 1 
y(-l) =e-—+—+Ce’ =e => C=-—e” 
2 4 4 
t 1 ~2(t-+1) 
Pee, Vis ok SS : 


3 1 3 
Putting this D.E. in the conventional form, we have y’ + A y=l1+ 2 For this D.E., p(t) = r 
Integrating gives us P(t) = 3ln(f). An integrating factor is, then, p(t) =e"? = em) =P 
Multiplying the D.E. by (2), we obtain Py’ + 3ry =(ry)y =r +7’. Integrating both sides 


1 1 t 1 
yields Py = ae + 3 t+C. Solving for y gives us y= ri + = +Ct~, and with our initial 


1 1 1 1 
condition, y(—1) = 3 = = + a C.Solving for C yields C= Berk and thus our final solution 


¢ 1 1 
is y= rr + re t°. The f-interval on which this solution exists is -o0<1<0. 


16. 


Le: 


18. 
19. 


20. 
21; 


22% 


23 
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iyo 4 
sO ae 


47 3 5 aay 4 a at’ 4 
ty +4ry=ar =(ty) SoM rai pet ee 


Multiplying both sides of the equation by the integrating factor, (1) = e”, we have 
e“y=e"(Ce" +1+l)=e"(t+1)+C. Differentiating gives us 

(e" yy =e" (1) + 2e7 (t+ 1) =e” (2t + 3). Therefore, 

(ey) = (Uy = UO): g(t) =e" (2t+ 3) = g(t) = 21+3 and 

ud) =e" =e" => P()=2t=> p(t)=2. 

21Ce’ + pCe’ =0= p(t) =—2r. Substituting, (Ce’ +2)’ -2(Ce’ +2)=-41=> g(t) =—41. 
Multiplying both sides of the equation by the integrating factor, u(t) = t, we have 

ty = (Ct '+1)=1+C. Differentiating gives us (ty) =1. Therefore, 

(tyy =(UOyY =H): gD =1= (OF) > gD =e" and 


wD) =t=e? => P(t)=Int=> pit =" tl, 


(ce +t-l’ +(e +t-DN=t> gH=t, y, =0. 

y(t) =—2e* +e'+sint=> y, = y(0)=-24+1+0=-1. 

If y(t)=—2e' +e'+sint, then y’=2e'+e'+cost. 

Substituting in y’+ y= g(t), (2e' +e +cosf)+ (—2e‘ +e' + sint) = 2e' +cost+sint= g(t). 
y’+(1+ cos) y=1+cost, y(0)=3, uw=e™. 

en yy = cose Sern Se yee’ FCS yHTe Ce 

yO) =14+C=35C=2 «y=14+2e 0" and limy(y) =1. 

Putting this D.E. in the conventional form, we have y’+2y =e —2. For this D.E., p(t)=2. 
An integrating factor is, then, 1(f) = e~’. Multiplying the D.E. by (2), we obtain 

ey’ +2e"y =(e" yy =e' —2e”. Integrating both sides yields ey =e’ —e” +C. Solving for 


t 


y gives us y=e’—1+Ce™, and with our initial condition, y(0) =—2 =1—1+C. Solving for 


C yields C =—2, and thus our final solution is y =e‘ —1—2e™. Therefore, lim y(#) =—1. 
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24, On [1,2]: 
1 
y+ ; y= 31, y() =1. An integrating factor is u(t) = t. Multiplying the D.E. by (1), we 


obtain (ty! =3° > ty=P+C> y= +Cr', y)=14+C=15C =0. Therefore, the 
solution for 1< t<2 is y=? and y(2)=4. 


On [2,3]: 


1 
y’+ a, =0, y(2)= 4. An integrating factor is u(t) = ¢. Multiplying the D.E. by (1), we 


obtain (ty =0 > ty=C > y=Cr", y2)= ° =4=>C=8. Therefore, the solution for 


2<1<3is y= =. 
25; On [0,7]: 
y’ +(sinf)y =sint, y(0) = 3. An integrating factor is u(t) =e °*. Multiplying the D.E. by 


—cOst 7 —cost —cost 


L(t), we obtain e °'y’ +e °(sint)y =(e ‘yy =(sinde “'. Integrating both sides yields 
e “y=e @' +C, Solving for y gives us y=1+Ce’, and with our initial condition, 
y(0) = 3=1+Ce = C =2e '. Therefore, the solution for O< ¢< 7 is y=1+2e°'" and 
y(m) =1+2e”. 

On [2,27]: 

y’ +(sinf)y =—sint, y(z)=1+2e~. Multiplying the D.E. by p(t) =e °°, we obtain 


—cost 7 —cost —cost 


ey’ +e '(sinthy =(e 'y) =(-sinne ©. Integrating both sides yields 


—cost.. —cost cost 


e y=-e +C. Solving for y gives us y=—1+Ce”, and with our initial condition, 
y() =1+ 2e* =-1+Ce! > C =2e'+2e"'. Therefore, the solution for 7 < t< 27 is 
yH—1t 26" 4 Qe 

26. On [0,1]: yw =2, yO)=1. 
y=2t+C, yO)=C=15CeH1. 


Therefore, the solution for O< t< lis y=2r+1 and y()=3. 

1 
On [1,2]: y’+ : y=2, y()=3. An integrating factor is u(t) = ¢. Multiplying the D.E. by 
u(t), we obtain (ty) =2t> ty=+C> y=t+Cr', y)=14+C=35C =2. Therefore, 


2 
the solution for 1S ¢<2 is y= oe 
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27. On [0,1]: 
y’+(2t—ly =0, y(0) = 3. An integrating factor is p(t) =e’ *. Multiplying the D.E. by p(0), 
we obtain e’ ‘y’ +e’ ‘(2t—l)y =(e’ ‘yy =0. Integrating both sides yields e’ ‘y=C. 
Solving for y gives us y=C ee , and with our initial condition, y(0) = 3=C. Therefore, the 
solution for O< t<lis y= 3e' and y(I) = 3. 
On [1,3]: 
y’+(0)y= y’ =0, yd) =3. Integrating gives us y = C = 3. Therefore, the solution for 1< ¢< 3 
is y=3 and y(3)=3. 
On [3,4]: 
y’+(—4)y =0, y(3) = 3. An integrating factor is u(t) =e "’ =+. Multiplying the D.E. by w(d), 
we obtain +y’—+ y=(;y) =0. Integrating both sides yields + y = C. Solving for y gives us 
y = Ct, and with our initial condition, y(3) = 3= C(3) = C =1. Therefore, the solution for 
3<r<4is y=t. 

28. = y(t) = t{ Si(t) — Si(1) + 3} 

Section 2.4 

1. P(t) = Aye” = 5000e°". Thus, P(30) = 5000e°*** = 22408.45. 

2. P(t=(1+ ay Ae P,(30) = (1.025) - 5000 
. InP,(30) = 601n(1.025) + n5000= 9.999 P,(30) ~ 21999 

3 (a). P(t)=(1+r)'A, =(1.06)' A). Setting P(t) =2A, yields 2 =1.06', and solving for rf gives us 
t~11.9 years. 

3(b). P,O=(U+ a) Ae = (1.03) A,. Setting P,(t)=2A, yields 2=1.03”, and solving for 1 gives us 
t~11.72 years. 

3(c). P(t)= Ae" = Ae®”. Setting P(t) = 2A, yields 2=e° , and solving for 1 gives us 1 = 11.55 
years. 

4. With r=.05 P(t)=e°"A, P(10)=e°°A, 


With unknown r, P(8)=e’*A, =e”° 
. 8f=05 = r=fe=0.0625 (6.25%) 
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5 (a). 
5 (b). 
5 (c). 


10. 


11. 


12 (a). 


12 (b). 


12 (c). 


P,. = (0.04 + 0.0041)P,; P,(0) = Aj. 

P= Agree . This can be verified easily through differentiation. 

For Plan A, P,(t)= A,e°". To find the time ¢ at which Plan B “catches up” with Plan A, let us 
set P,(t)= P,(t): Ae = A,e™"*°" , Dividing by A, and taking the natural logarithm of both 
sides yields .06r= .041+ .0021’, and solving for t gives us t=0 (the time of the initial 
investment) and ¢=10 years (the time at which Plan B “catches up”). 

After 4 yrs, P(4)=1000e°, P10) = 1000e°**"" = 1000e***” = 1858.93 

We can simplify this problem by considering the two deposits separately and then adding the 
principals of each deposit together at a time of twelve years. We have, then, 

1000e'”” + 1000e” = 4000. Introducing a new variable x =e”, we have x° +x—-4=0. 


Solving this with the quadratic formula yields one positive value of x: x ~1.5616=e". 


Solving for r yields r ~0.0743. 


11,000,000 = 10,000,000e**. Solving for k yields k = zh +). 


P(30) = 10,000,000e3""™™ = 10,000,000e"""”” = 17,715,610. 
In2 In2 


2=e",and thus t=—— =5—— = 36.36 days. 
k 11 
In— 
10 
i3ee" k= +in(13). Biel ep OD aes ae 
p) k — In1.3) 


1 
80,000 = 100,000e*. Solving for k yields k = rae Using this value for k , we have 


(80,000 + 50,000)e""°* = 130,000 -0.8 = 104,000. 
P’=kP+M, PO)=P, P’-kP=M,(e“Py = Me™ 


M M M 
e“P=-—e"+C => P=-—+Ce", PR, =-—+C 
k k k 
M M 
 P()=-—+(P,+—e" 
(4) k ( S 


M 
R= a P, and P must be nonnegative > — e 20. Ifnet immigration rate M > 0, 


net growth rate kK <0 and vice versa. 


M M 
Set KP+M=0 > aa ae ers in this case. 
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13 (a). For Strategy I, we have M, = kP,. For Strategy II, we have M,, = P,(e* -1). 
13 (b). The net profit for each strategy would equal (M yP? ye h? , and so the profit for Strategy I 


is, then: Pr, = 500,000(.3172)(.75) = 118,950, and the profit for Strategy I 
is: Pr, = 500,000(e*'” — 1)(0.6) = 111,983. Strategy I would be more profitable for the farm. 


M M M M 
14 (a). R()=-=-+(P, +e, P2)= Re =———e' + (P+ 6 


M M 
P,() = Pre’, P,(2) = eres (Pret + ee 


M M M M M 
14 (b). P(2)-P,(2)= =aee + Pre* ee +7 Re" =e = rac —2e* +1) 


M 
= (ls Since M>0, P(2)>P,(2) if k>0 and P(2)<P,(2) if k<0. 


14 (c). If k > 0, introduce the immigrants as early as possible. If k <0, introduce as late as possible. 


~™ “we can use the data 


15 (a). From the general solution of the radioactive decay equation, Q(f) = Ce 
given to find C and k. Q(1)=Ce* =100 and Q(4) = Ce“ = 30, so combining these 


equations, we find that e** = -. and therefore, k = si 2) = (0.4013. Using this value of k 


with the r= 1 data, we find that C = Q, =149.4mg. C = Q,, since the exponential falls off the 


expression for Q at 1=0. 


15 (b). T= = = 1.727 months. 


In(0.01 
15 (c). 0.01=e™. Solving for 1, we have fo i 4953 months. 
In2 In2 —In(0.3 
6 es Se. Bae es pe) 
k 5730 k 
1 In(2) 
t= In(®)-—- =| —* |r = 9953 yr. 
ms) 9 aS : " 
Inc? Inc? Ing? 
16 hy). From Ga).tS he ayes es 30) 
In2 In2 In2 


or 9901<1< 10005 yrs. 


Q(60,000) = e00,000k = 00.0001 $35 


16 (c). 0) ~2.83(10°). 
©). 000) ue 
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17. QO’ =—-kQ+ M. Writing this D_E. in the conventional form, we have Q’ + kQ= M. For this 
D.E., p(t)=k and P(t) = kt, which yields an integrating factor of u(t) =e“. Thus, 


: M 
e“O' + ke“O=(e“OY =e"M. Integrating both sides gives us e“O=e" 7 +C. Solving for QO, 
M kt M : : 
we have Q=—+Ce™. Q, = 7 +C, so our equation for Q in terms of Q, now reads 


Q(t) = — s H +(0, - a, “= 50e" + val - e") . Setting Q(2) =100 and substituting 


In2 In2 nM 
Pare we have 100 = 50e * +— —(1-e) = 315+ 0. 37). Solving for 
T 
M,we find M = 42.78 (mg/yr.). 


In2 2 
18. t=—= =8 days. O()=Qe"=Qe"” 


—3in2 


30 = Qe 
19. 0.99Q, = Qe“. Solving for ¢ in terms of k , we have 


= QO, =30e""* ~38.9ug 


1, (100 100 
fe zn) = ain { op )- 4-10°-0.0145 ~0.058-10°=58 million years. 


20. Contact angle is 180— 30 + 45 = 195° or 6, — 8, = 3.403 rad. 
» =e" ""(100)-= 277.6 Ib. 
21. | Thecontact angle, 6, - 6, =27+22+m=52. T, =e?" *(100-9.8) = e°'°"(980) = 4714N. 


22, Contact Z: 90°+a@+a@+90°=240° where sina@= oe = ; => a=30° 
a 


4 2 
0,—-@,=— for T, and — for T, 
a 3 3 a 


T, =100e%"”) =152 Ib. 
T, = 100e7"”) = 231 Ib. 


23. The angle, a, is marked at various places on the diagram below. A right angle occurs at each 


of the dots. 
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To determine the angle @, part of the diagram is shown here with the radii of the circles 


marked. 


: a ; 2a 
sina =— and sina=— > y=2x. 
x y 


In the text, we are given that x + y=5a. 


Therefore, x +2x = 3x =5a=> x= “ -.sina=“=5 = 65 a ~ 6435 radians. 


o|s'| Q 


The corresponding contact angles and belt tensions are: 

For T,: + @~2.214 radians => T, = Te"®” =100eOC?™ = 155.7 lb. 
For T,: (4+ @)+2a@= 4+ 3a ~ 3.501 radians 

7 Terr =100e os 201.4 ib. 

For T,: ($+ 3a)+@=44+4a@~=4.145 radians 

Sf =Tee aie 2220 1 ib, 


19% 


24. Contact 2: 27 +27 +27 +t 3 


1 197, 
F= ao *) =~ 953.5 |b. 


Section 2.5 


1(a). To begin, Q(0)=0 and Q’ =(0.2)(3)- £3 . Putting the second equation in the conventional 


form, we have Q’ + 0.039 = 0.6. Multiplying both sides of this equation by the integrating 


factor p(t) = e°°* 


100 
e°"O=0.6- mae +C=20e°°" +C. Solving for Q, we have Q=20+Ce °°”, 


gives us (e°°"Q)Y =0.6e°°” . Integrating both sides yields 


20 ¢ Chapter 2 First Order Linear Differential Equations 


Q(0) =0=20+C,so C=—20. With this value for C, our final equation for Q is 
O=20(1-e °°”). Thus, Q(10) = 20(1—e °*) = 5.18]b. 
1(b). limQ(‘) = 201b and the limiting concentration is 0.21b/gal. 


2: V = 100(70)(20) = 140,000m?. og =0-2, = 0=Oe0c" 
y 


5 1 Y 
CO SOE" SSS hh: S FS G00): 
Q, = Ae ger (0.01) ars (100) 


_ 140,000 ee (100) 221491 my an P= incio0) = 0.1535 (=15.4%). 
vy 30 


3 (a). Tobegin, Q(0)=5 and Q’ =0.25r— 2. r. Putting the second equation in the conventional 


form, we have Q’ + 0.005rQ = 0.25r. Multiplying both sides of this equation by the integrating 
factor p(t) = e°°”” gives us (e°°"OY =0.25re°™”” . Integrating both sides yields 

2°" = 0.25(200)e°°"" + C = 500°" + C. Solving for O, we have Q=50+Ce °°", 
Q(0)=5=50+C,so C=-45. With this value for C,, our equation for Q now reads 


20 


QO =50-45¢ °°”. We know that Q(20) = 30 =50-45e ©’, and solving for r yields 


= 1n( P=) \-10) = ion 3) = 8.11 gal/min. 
3 (b). This would be impossible, since Q(t) < 501b for all OS <0. 
4(a). Q’=(l0te: %0(100) - — 5000 Q(0) =0 


pushed = (Qe”)’ = 10001 


Oe =500° +C => O=500PeE”+Ce”. O()=C=0. ~ O(t)=500Pe” oz. 
4(b). Q'=500(2r-Gle”=0 > P=1001 > 1=100 min., 
Q(100) _ 500(100) 
5000 5000 
4(c). Plot c(t) vs t. Yes. 
5 (a). To begin, Q(0)=10, V(O)=100, and V(t) =100+ 1£. Since the tank has a capacity of 700 


=D oe OZ 
= 1000e 135.3. gal 


gallons, 100 + t= 700. Solving for ft yields t= 600 minutes. 


5 (b). 


5 (c). 


6 (a). 


6 (b). 


7 (a). 


7 (b). 
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Q=5. 


Q (2). Putting this in the conventional form, we have Q’ + 


P= 0e)~ 100+t° 7° 100 +t 


Multiplying both sides of the equation by the integrating factor (1) = e7"™"°*? = (100 + 1)” 


(100 + 4) 


3 
gives us ((100+ 1)’ OY = ae +f)’. Integrating both sides yields (100 + )’?O = 5 


+C, 


100+1, 
2 (00+n 


and solving for Q, we have Q= . Q(0) =10 =50+ ~—, and solving for C 


yields C =—40(100)* = —400,000. 
Substituting this value of C back into our equation for Q gives us our final equation for Q, 


100+ 400,000 400 400,000 
-————_ v(t) = 400 at t= 300, so Q(300) = 
a: 000" 2 (400) 


Q(t) = = 197.5 lb. The 


7 
concentration, then, is 2 Ib/gal. 


4 0. 400,00 4 
Q(600) = a es 349.2 lb. The concentration, then, is 280 2 A988 Ib/gal. 
oi (700)? 0 
Q Q 
a——(15)-—(15 
o= 500 @) 500 OC?) 
1- 
Q(180)=0.010, Q’= < — —~—"(15)0 O=Qe e 03-at 


Ol =) pee )(180) => e A(l-a@) __ = 01 


5.4(1—a) =1n(100) = 1—a@=0.8528 => a=0.1472. 


Q, (0) =1000, Q,(0) =0, O, =0- 1000{ g, Je 


500,000 
QO, =1000 QZ __)_ 1999[ 2 —}. 
500,000 200,000 


, , 1 
Putting the equation for Q, into the conventional form, we have Q, = 500 Q,. Thus, 


t 
Q, =1000e *. Putting the equation for O, into the conventional form, we have 


| = = 
O28 500 Q, =2e ° . Multiplying both sides by the integrating factor u(t) = e* yields 


1 1 3t t 3t 
—— i as > as, 
(O,eY' = 2e E, xi = 2e' | Integrating both sides gives us Q,e7 = Page +C, and 
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7(c). 


7 (d). 


8 (a). 
8 (b). 


8 (c). 


8(d). 


2000 — — 2000 2000 
solving for Q,, QO, = =—3 fe 5 +Ce %, Q.(0)=0= rae So +C,so C=———. Substituting 


2000 
this value back into our equation, we have Q, = Ge 5 le 3500 _ 3) 


500 
200 


> 


, 2000 14 1-4 — 
Setting Q, =0, we have 0 =| —— | -—~e * +—~e * J, Since e 500200 — 
3 500 200 


a — in( 3) , and thus f= om o(5) = 305.4 hours. 


1 
Here, we want to determine f¢, such that Q,(t,)= 5 Ib and ¢, such that Q,(f) < 0.2 lb where 


< t,. This can be solved via plotting: t, ~ 3800 hours and f, ~ 4056 hours. Therefore, 
t ~ 4056 hours. 
=m =3+sint = V=constant. 
Expect limQ(?) = .5(200) = 100 Ib. 
The tank is being “flushed out”, albeit in a pulsating manner. 
O’ = .5(3 + sint) — £6 +sint), O(0)=10 


3+ i t 1 3t-cost 1 3t—cos t 
O' + O= 503+ sins) => (Qe (oy = (3+ sin ie Yon 


(3t-cos ¢ 


Qc Yoo - 100e*" °°! ee C = QO = 100 ma Ce Fan 
Q(0)=10=100+ Ce” = C=-90e "=> Q(t) =100- 90¢ 0. 


lime °"“»=0 = limO(t)=100 Ib. 


too 


f()=3+sint. Therefore, tT = Je + sins)ds =[3s—coss], = 3t—cost+1. Now, 


“. =0.5-— an and Q(0) =10. Putting the first equation into the conventional form, we 
T 
dQ 
have ae as a5 Q=0.5, and multiplying both sides by the integrating factor p(t) = emi gives 
T 


, 


us [0 =0.5e , Integrating both sides yields e2Q =100e2 +C, and solving for Q, 


Q=100+ Ce 2, Now, Q(t =0) =10=100+C, and therefore, C =—90. 
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Substituting this back into our equation for Q yields Q=100— 90¢ 2, which in terms of f 


3t—cost+l 


reads Q=100-—90e 2 


10 (a). No limit since we do not expect concentration to stabilize. 


10 (b). O' = 21+ sin3)- 2), Q() = 10 
200 
10(6). P+=—-=0.6+sing) —(e%'Q) = 0.66%" A+ sins). 
fet sinede= eo KOOSt* asin) ou ,6) 200 gr 4 @Coose+ grsind)| | 6 
(l+a‘) 3 1+ (Yoo)” 
(8) = 0.64200 , Ceost+ gosin)| | crt 4 4 OS Cost+O.009siNE | Oh 
3 1+ (%o0) 1.000225 
0. 0.6 
00) =10=40-—"" 6 & ¢s-394— 8 
1.000225 1.000225 
4 0.6(e 2" — +0.009si 
(j= ee | eS eee 
1.000225 
10 (d). 
Q(t) 
40 
35 
30 
25 
100 200 300 Z00° 


11 (a). First, Q= Qe“ for the radioactive material. To find k from the half-life of the material, 


1 In2 
7b = Q,e'**. Solving for k, we have k = aa Thus for the decay of the radioactive material 


In2 
alone, we have Q(t)=5e '® with t measured in hours. Now, for the lake, we know that Q 
varies both with decay and with the water flow. Accordingly, we will begin with the 


relationship Q(t+ At) — Q(t) = —kQ(n)At— “ QO on 
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11 (b). 


12, 


1; 


14. 


Using a form of the definition of the derivative and solving for Q@ we have 


In2 60,000 
oe {k + “lo - (% + ne ~—0.0885Q. We know that Q, = (0) =5 Ib, so our 


final equation for Q reads O(t)=5e°°*”’. 

Here, (0.0001)(5) = 5e°**’. Thus, t= 104.07 hours. 

@ =k(S—@), S=72, @(0)=350, (10) = 290 

QO’ +kO=kS = (e"0Y =ke"S => e"@=e"S+C => O=S+Ce* 
6(0)=0,=S+C > C=0,-S => 0=S+(0,-S)e™ 


27 
290 = 72 + (350—72)e* — 218=278e, 10k= mn > 


1 27 4 
c= nar 120 =72+(350-72)e" => gia 


10 \218 278 
1, (48) 101 10(1.756 

=F Jo = eM OT) 72.2 min, 
k (278) = n(38 0.243 


To begin,g=S+(@ —S je “. With our substitutions for the time the food was in the oven, this 
equation reads 120 = 350+ (40-350)e '*. Solving for k, we have 


tt, {0-120 
10 (350-40 


then, 0(20) = 350 + (40 — 350)e ~™* = 350 — (310)(0.550) = 179.5 degrees. Finally, the food is 


k=- = 02985 . The temperature of the food after 20 minutes in the oven is, 


cooled at room temperature, so @(t) = 110 = 72 + (179.5 — 72)e °”*”. Solving for t yields 


1 In 110-72 
0.02985 \179.5—72 


0=S+(0,-S)e“3 170=212+(72-212)e" 


k= Le ey ues min. 
5 42 5 3 


pr=ifi- 2p, P= rex} leu 


O(t) = 212+ (72—212)e“ =212-140e 


= 34.8 minutes. 


feds =2121--(1-e*) 
, k 


1 140 
0.01= expr 10- [2120-21 ™)| 
140 k 


15. 


16. 
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1 212-7 Il 
—— = expjr| 10-—— + —(1- ot) 
100 14 ek 
—In(100) = {i —15.143+ any 09) = r(-5.143+ 3.78) 
ns 
—4,6052 = r(-1.363) = r= 3.379 min’ 
For the first cup, 0, = 72 + (34 —72)e “. Thus, with the proper substitutions, 53 = 72—38e“". 


1 
e “then, is equal to = For the second cup, 0, = 34 + (72 - 34)e “. With the proper 


deand _ a . 19 ‘ 
substitutions, we have 53 = 34 + 38e “?. e “?, then, is equal to 38° Thus, the two times are 


equal. 
0=S+(0,-S)e“  Forcasserole, 45 = 72+ (40-72)e 


-27 =-32e, k= sin 5 
a ROT 


S()=72+228(1-e)  $(2)=150 = 72 + 228(1-e*’) 


—2at _ 71 => eo _ 10 => a= 3n( 72] 

228 228 2 \150 
@=k(S()-0) > O+kO=kS(t) => (e“OY = ke" S(t) 
= ke” (72 + 228 —228e “) = ke” (300 —228e“) 


22. 22 
e"'@ = 300e" — eaten +C => O0= 300 - ee ie 
a 


l-e 


@(0) = 45 = 300- eee +O 5 Gee 555 
k- k-a@ 
Q(8) = 300 — 228K 2a + j— 255) 
k-a@ k-a@ 


k= on ae =0.08495 a= sin = 0.2094 
Ne 2 50 


k-—a =—0.1244 — = —0.682843 


0(8) = 300 — 228(-0.682843)(.1873379) + (228(—.682843) — 255)(.5068216) 
= 300 + 29.166 — 208.14565 = 121.02° 


Chapter 3 
First Order Nonlinear Differential Equations 


Section 3.1 


1 (a). 


1 (b). 


1(). 


2 (a). 


2 (b). 


2 (c). 


3 (a). 


3 (b). 


3 (c). 


4 (a). 


4 (b). 


4(c). 


5 (a). 


1 1 
Solving for y’, we have y’ = Fg 2tcosy). Thus, f(t,y)= aC 2tcosy). 


of 
oy 


1 2 ) 
= a0 + 2tsin y)= a tsiny. f and ne are continuous in the entire ty plane. 
y 


; 0 ; 
The largest open rectangle is the entire fy plane, since f and - are continuous in the entire 
y 


ty plane. 

1 
ty)=—(U-2 , 
LEE M2608 y) 


Of. 2. 7] 
of =—siny. f and of are continuous when ¢<0, t>0. 


dy 3t oy 
R= {(t,y):t>0,-00< y < oo}. 


af 
Solving for y’, we have y’ = 2 reer Thus, f(t,y) =— 
y 


1+y?’ 


of ee 4ty of ; ‘ : 
—=(2n(-Dd 2y)= =: d — t the ent lane. 
5 (-214(-D(0+ y°) “@y) d+y? f an ay are continuous in the entire ty plane 


; : d ; 
The largest open rectangle is the entire fy plane, since f and ct are continuous in the entire 
2 


ty plane. 


—2 
I= Te 
of 6ty” 


dy (l+y’)y 


) : ; : 
. f and “ are continuous everywhere in the ty-plane except on the line 
y 


y=-l. 
R= {(t,y):- < t< 0, y >I}. 


1 1 
Solving for y’, we have y’ = tant—ty?. Thus, f(t,y)=tant—ty>. 
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p) 1 = 1 
a =——ty >. f and “ are continuous except on the lines f= [n + se (where n is an 
Y y 


integer) and y=0. 


5 (b). 


5(c). The largest open rectangle is R = {6 y= v< t<= 5 ae Vx =. 


2_ 47) 
6@. Sy=sa- 
p) * + 2y—9)e? — 21° 
6 (b). of = Cee f and of are continuous everywhere in the ty-plane except 
dy (y*=9) dy 
5 Ree ae 


6(c). R={(t,y):-9<1<0,-3< y< 3}. 


2+t 2+t 
7 (a). Solving for y’,we have y’ = . aN Tus, f(y)= oan: 
cosy 
of ye of : 
7 (b). a (2+tanz)(-1)(cosy) (—siny)=(2+tant)secytany. f and 5y ate continuous except on 
y y 


1 it 
the lines t= fn + sk (where n is an integer) and y= [m + sf (where m is an integer). 


7(c). The largest open rectangle is R ={on- yin aoe t< ee <y< zh 


22 
2+ tan 
8 (a). f(.y)=———. 
cos2t 
Pp) 2 
8 (b). of = a, f and of are continuous except where tany is not defined and cos2r=0, or 
dy  cos2t oy 


where y=(n+4)a, n=...,-2,-1,0,12,..., and t=(m+4)%, m=...,-2,-10,1,2.... 


5a Wa 
8 (c). t Ftc eRe desl ir 
(c) R={k »y): rae | 
1 
9. O ibl le is y’ = ——_——__~ with (4, 2,0 
ne possible example is y =A 19=2) with (f,¥) = (2,0). 
Zs 
10 (a). fey oo. f and © are continuous except where 1=0. 
y 


R= {(t,y):0 < t< 0,-00< y < oo}, 


10 (b). No contradiction. If the hypotheses are not satisfied, “bad things need not happen”. 
2 2 


iW. 7() =, 0 5(0)= Fo =W2. 


1-(t-1) 
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12. 


31) =(4+(t-%))*, 80 5(0) = (4-4)? =1> & = 3. 


13 (a). z,(t)= y(t+2), so z,(-5) = y(-3) =2. 
13 (b). z,(t) = y(t-2), so z,(3) = y(1)=0. 


Section 3.2 


1 (a). 


1 (b). 


2 (a). 


2 (b). 


3 (a). 


3 (b). 


4 (a). 


4 (b). 


5 (a). 


5 (b). 


2 
Antidifferentiation gives us = +cost=C. From the initial condition, we have 


9) 
CO cost =C=2. Then we have y>=4-—2cost, y=—vV4—2cost. 


—oo < [ < 00 


3 


yy’ =1, so = —t=C. From the initial condition, we have =- 1= : = C. Then we have 
y=3t+5> y=(31+5)*. 


—oo < f < 00 


2 
(y + ly’ +1=0, so =e +y+1=C. From the initial condition, we have 0+0+1=C.Then we 


ye i —24+44-8(t-1) _. 
have tHe) + 2y+2(t-1)=0, y= Since y(1) =0, we only 
Do eadeas tl 
want the plus sign. Finally, y = pe) =-1+3-2r. 


2 
—oo< tS 5 


yy’ -2t=0, so —y'—f =C.. From the initial condition, we have 1-0 = C.. Then we have 


= 
-1 2 
-y =f4+l> y= ? 
a‘ anes: 
—oo < [ < co 
5 aa 1 
yy’—t=0, so are a . From the initial condition, we have sagen we have 
1 1 2 
yr+P st, y= = 
4 y-e 147 
1 
ee Oe Cea: 
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6 (a). e°y’ +(t-sint)=0, so —e* + (5 +cos 1) = C. From the initial condition, we have 
—1+1=0=C. Then we have e” = +cost> y=-In(5+cos1). 


6 (b). -o<t<oo 


1 
7 (a). Puan y’—1=0, so tan'y—+=C. From the initial condition, we have C = es Then we have 
J 
tan! y= paw =tan{1- 
y a 2 y 5 2 
7(b). O<t<t 


8 (a). (cosy)y’+f° =0, so siny-f'=C. From the initial condition, we have 0— (—1)=1=C. Then 


we have siny=1+f'> y= sin "(1+ ae 


1 
8 (b). -o<t<-— 
(b) 5 


1 
9(a). —Jy’-t=0. 
(a) i-y? 
1 
1 -1 -1 ew) 1, jytl) & 
By partial fractions, — = = — = 2 5 2 and'sé-—Ine@—— |= += 
1-y“ y°-l (y-1(y +1) y-l1 1 2 —1l} 2 
1 
From the initial condition, we have ae = C. Then we have 
+] 1(ytl ees | 
iP? =n (2 = 1°, and solving for y yields y= a . 
y-1 3\ y-1 "+1 


9 (b). -o<t<oo 
10 (a). 3y*y’ +2t-1=0, soy’ +f —1t=C. From the initial condition, we have -1+1—(-l)=1=C. 
Then we have y>=1+t-f > y= (1+ 7¢- Py. 
10 (b). -oo< f< 00 
11 (a). e’y’-e' =0, so e* —e' =C. From the initial condition, we have C = e—1. Then we have 
e —e' =e-1, y=In(e' +e-l). 
11 (b). -o9< f< oo 
a 


t 
12 (a). yy’-—t=0, so a 25 = C. From the initial condition, we have 2—0 =C. Then we have 


2 2 


t 
Y fags ya-V4er. 


2-2 
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12 (b). -oo< f< 00 


t —t 


13 (a). sec’ y(y’) +e" =0, so tany—e” =C. From the initial condition, we have C = 1—1=0.Then 
» 


we have tany=e", y= tan'(e). 


13 (b), -oo< f< 00 
2 


t 
14 (a). Qy- sin y)(y’) +(t—sint)=0, so y> +cosy + = +cost=C. From the initial condition, we 


r 
have 0+1+0+1=2=C.Thenwe have y~ ROSY RE ee There is no explicit 


solution. 
(Ge 2)° 2,1 
15 (a). (y + le”y’ +(t—2)=0, so ye’ + = C. From the initial condition, we have C = 2e° + 3° 
2 ( 2); . : 
Then we have ye” =2e° + ae ae There is no explicit solution. 


1 1 3 1 1 1 1 
16. y=(4+07,soy’ = ae th? =-~y'> y'+—y’=0, y(0)=4 7? = Therefore, 


2 2 
a=s, n= 3, Vo 7 
ne aay SO ya 5 4) (4F)= = ae(2) =—S1'y*. Then we have 
+5 fy? =0,50 a=, n= 3, ye eerel 


18. y+ t+siny=4 => 3y’y’ +2t+ (cosy)y’ =0 > (3y’ +cosy)y’ +2r=0. 
When t=2, yo+4+siny,=4=> y,+siny, =0> y, =0=> y(2)=0. 
19. First, y’e” + ye”y’ +2t=cost. Then (1+ y)e’y’ + (2t—cost)=0. At 4, =0, we have 


yee’? +0 =0, so y, =0, and thus y(0)=0. 


20. yy’ =2=9-y'=2t+C, — yo =C>-y"' =2t-yo y= yo - 2 y= 


Yo —2t- 
; a 1 
Require y, —2(4)=O> y, = 3: 
21 (a). (= + ils +a=0,s0 KInS+$+at=C. From the initial condition, we have 


KinS, +S, =C, so KInS+ $=—oar+ KInS, + Sy. 
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21 (b). When t=0, S(0)=S, =1, soC = K-0+1=1. Then we have KInS +S =—at +1. From the 


21 (c). 


22. 


22: 


24. 


2a 


other conditions, we have K (3) + - =-a+1> in a}k +Q= . and 


i ae 1 7 
K n( =] + ra =-6e@+1=> in +k +60 = o Solving these simultaneous equations yields 
K =1.769 and a@ =0.759. 


1 ih 
xu( 3) +—=-ot+1, so 1.769(-3.912) + 0.02 =-0.759r +1. Solving for t yields ¢ ~ 10.41. 


50 
1 
y =14+(y +)’. Letu=ytl, w =14+W, —— wv =1> tan'(w)=r+C. 
(+u°) 
1 fs 1 1 

Then, y(0)=0=> u(0)= 400 EG ata rt a: : 

1 30 1s 
Therefore, y =tan| t+— |-—1, -——<t<—. 

4 4 4 


, 2 : , 1 , 
y = ((y +2) +1). Letting u=y+2,we have u’ =u’ +1), so Baa! =1.Then 
2 


t 
tan‘ u= o +C. From the initial condition, we have y(O)=-—3 and u(0) = —1, so 


2 r 
Oa. cae”. and eg ee ee of y, this reads y =—2+ tan oe : 
4 4 2 4 2 4 


t 
Setting ae < a ra <— and simplifying, we have 


a= = =. 
ate <Zs ll< —<t< 


y’=(y +1) sint. y Gap te epee 


(y+) ytl 


-1 
Then, Oe ne a 
y 


Therefore, y+1=sect=> y=sect—1. 


2 


O°O’'+k=0,s0 Z + kt=C’ and O° =2kt—C. From the implicit initial condition, we have 


1 
OQ,” =-C, soQ” =2kt+ OO: Solved for Q, we have Q(t) = ————— = % 


V2kt+O,°? 1+2kO,7t 
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1 Q) ; : 
Thus —Q, = ——>—., where T is the half-life of the reactant. Therefore, 
2 afl +2kO,’t 


3 
2=4/1+ 2kQ,’T, which, solved for T, gives T= aRO? . Thus the half-life depends upon Q,. 


Q 
26. Q'=-kQ’, O0)=Q,; O°O' =-k>-Q'=-kt+C, C=-Q,'. Therefore, 
t=kt+Q,'>0= Peet Mi Q(10) =0.4Q,. Then 
kt+Q,' 1+kQ,t’ —*. , 
0.40, = —2 __ = 0.44 4kQ, =1=> kO, = 0.15 and Q= Q% 
1+ kQ,(10) 14+.15¢° 
Set Q=0.25Q,.Then, 0.25 = => f=20 min. 
ae eines 1+.15t saa 
i 
27 (a). The equation is nonlinear and separable. bl y’-1=0. 
y, 
> Iny, y>0 y(Oje’, y>0 
27 (b). |y|= hus Jo Osi a 
at Db] [-Iny, »<o y(O)e", y<O 


Since y(0)=1>0, the solution y()=e' of y’= ly|, y(0) =1 will be identical to that of 
y’=y, y(0) =1 as long as y(t)=e' =0. This is true for all t, however, and so the two solution 
curves agree. 
27 (c). If y(0) =—1<0, then the solution of y’ = ly}, y(0) =-1, is y(t) = —e“, but the solution of 
y =p, 90) =-1, 1s 9O== 
28. y’=—y’ is graphc. y’=y° is grapha. y’ = y(4—y) is graph b. 


29. This is a translation three units to the right of graph (a) in problem 28. 


30. = Yes. : y’-1=0 
f(y) 


3 
31. y’siny+ y(cosy)y’ —3=0>5 y’ =——————_ = f(y). The solution of 
siny + ycosy 


y’ = f(y) is H(y) =t+C, where H(y)= a5: The solution of y’ = 1° f(y) is therefore 


3 


t 
H(y)= a + C,. From the initial condition, we know that H(0)=1+C => C=A(0)-—1, and 


1 Z 
HOb= a Gar NUS ae a we have H(y)=1+C and ysiny—3t+3=0,so0 


ysiny = 3(t-l) > tysiny =1+(-l) > A(y) =4ysiny, and C =-1. 
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1 

Therefore, C, =C + 4 =-l1+ 3 = er and the implicit solution of the initial value problem is 

ysiny f° ; ‘ 

—— SS SS ys yer el =O. 

a ae a 
Section 3.3 
: ae oH y 
1, M = 3t'-2, N=y, M, =N,=0, so the equation is exact. yy y>H= 5 8) and 
y 
oH y? 


ape He HES SOat ete ESC: 


Hy? 
From the initial condition, we have ay 1—2(-1)=2-1+2=3=C, and thus 


2 


Tite us 3=> y=-v6+ 41-29 (the minus sign can be checked by the initial condition). 
2. M=ytt, N=t+y°, M,=N,=1,so the equation is exact. 
oH . a oH dh | ae y" 
—=Me=aytt >A=yt+—+h(y) and —=t+— =Net+y >— Hy Ph=—. 
ot : eh (y) oy dy ? dy ‘ 4 
4 4 4 4 


u t 
Therefore, yet tae, y(0)=-2 > C=4 and tut padas yt +4 = 16. 


3, The equation is separable, and therefore it is exact. (y* + 1)" y’ = 31 +1 gives us 


ee Sys T T 
tan’! y=f +1+C, and from the initial condition we have 7% =C.Thus y= IG ++ =| 


4, M= 3t’y, N=6t+ ne M, = 31°, Nt=6. Therefore, the differential equation is not exact. 

5; M=e'+3t?, N=e' +2y, M,=N,= e’*”, so the equation is exact. 
OH OH dh dh 
—=M=e'%4+3P? >H=e'? +f +h(y) and —=e' +— =N =e +2y > — =2y, 
ot oy dy dy 


and so h= y? +C. From the initial condition, we have 1+0+0=C, and thus 
Party =l. 


6. M = ycos(ty)+1, N = tcos(ty)+ 2ye” , M, =N, =cos(ty)— tysin(ty) , so the equation is 


exact. = = M= ycos(ty)+1=> A =sin(ty)+t+h(y) 
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oH dh dh 2 cated 
and ao tcos(ty) + aT N = tcos(ty) + 2ye” => am 2ye” ,and so h=e” . From the initial 
y y 


condition, we have 0+72+1=C, and thus sin(ty)+f+ e =n4+l. 


Ve M, =cos(t+ y)— ysin(t+ y)+1, N, =cos(t+ y)— ysin(t+ y) +1, so the equation is exact. 
oH r 
Sp = Ma veos(t+ y) ty +1=> H = ysin(i+ y)+ +> + h(y) and 
oH, dh, 
tae sin(t+ y) + ycos(t+ Aare =sin(t+ y)+ ycos(t+ y)+f+ y. Thus 
y y 
dh y? gs ie 
an =p ha cs +C, and from the initial condition, we have 
a 


2 2 


11 
(-1)sin(1-1) + (-1)() +5 += 0=C, and thus ysin(r+ y)+ +45 -=0. 
8. M=aty", N=t"y’, M,=nat’y"', N,=mt""y’. Therefore, 


m-1=3>m=4, n-1=2>n=3, Ba= 4 a=, 


3 
9. N=t'+y’sint, N,=M, =2t+ y° cost. Thus M =2ty+cost + m(_). 


10. M=f+y°sint, M,=2ysint=N, => N =-2ycost+n(y). 
11. O+1+y, =5> y,=22. 3? y+ fy’ +e! +2yy’ =0, 50 (f° +2y)y’ + (3fy +e’) =0 and thus 
M=3tyte' andN =f +2y. 


12. y=-t-v4-f > y(0)=-2=)y,. Also, N, =a= M, => exact. 


2 2 


bt 
Then, H,=ytat=H="—+aty+ a0), BSG B= aya gs SOE Be 


Therefore, 
y? bt’ 
ie ee a 


art 4a°r’ — 4(br —2C) ae 4(bt? —2 
eel CES2S) 22 he eae $2C =-att.2C -(b- a)? 


Choose the negative and a=1, 2C =4, b— a =1>b=2. 


ee 


13. i 
ye 41> t+1 


=0> In(y? y+ 1) +In(t+1)=C. From the initial condition, we have In2=C. 


1-t 
Thus (y? + I)(t+ 1) = 2, and solving for y yields y= ee . 
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14. One example: (y+2)+(2y+ Ay’ =0, M=y+21t, N=2y+t 


H lel h 
ee M=y+2t>H=yt+t +h(y), OER 9 GO diy oy res 
or dy dy 
h 
ee ne eee ee ee 
dy 
Section 3.4 


1 (a). The equation is both separable and exact. 
1(b). @ yw =yQ-y)> y’-2y=-y? => 1l-n=-l=m, v=y'>y=y",thus y’=-y’v’ and 
—y?y’ =2v"—v” or v’+2v=1, v(0)=1. 


1 1 Sh sie 
*y =—e" +Coryv=—+Ce”. From the initial condition, 


(ii) (ev) Se Se ; 


,and so v =s(I+e”). 


Gn) »=97 = =F 

l(c), -o<f<oo 

2 (a). The equation is both separable and exact. 

2(b). (i) y’ =2ty-2t’ => 1-2=-l=m, v=y' => y=v", thus —v7v’ = 2" - 2” or 
v’ +2tv =2t, v(0)=-1. 


, 


(ii) (cv) =2te' > e' y=e' +Corv=1+Ce™ . From the initial condition, 


14+C=-1=> C=-2, and so v=1-2e”. 
(iii) y=y | =——_,. 
” 1-2e" 

2(c). -vln2<t<-vln2 

3 (a). The equation is neither separable nor exact. 

3(b). @) m=1-n=-1, v=y' => y=v", thus y’ =—-yv’ =-y | + ev? Sv’ =v-e' or 


v’—v=-e’, v(-l=-1. 


(ii) (ev) =-l>e‘'vy=-t+C orv=—te’ + Ce’. From the initial condition, 
e'+Ce'=-1>C=—(l+e), and so v=e'(-t-1-e)=—(t+ De’ -e. 
—l 


esis -1 
1 SYP SF hwo on 
( ) y (t+ le’ +e 
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3(c). -(lt+e)<t<e 
4 (a). The equation is both separable and exact. 
4(b). (@) l-n=2=m, v=y > y= v?, thus y’= sey and svi! =y?+y or 
vy’ =2v+2, v(O)=1. 
(ii) (ev) =2e"% s>e"y=-e"%+Cory=—1+ Ce”. From the initial condition, 
-1+C=15C=2,and so v=-1+2e”. 
(iii) y =—¥-1+2e” . 
4 (c). -5In2< t<oo 


5 (a). The equation is neither separable nor exact. 


1 1 2 1 2 1 6 
5(b). (i) m=1-n=3, v=y’> y=v3, thus ar 3)’, Then sor 3y’+y3 =fy 3, and so 


tv’ +3v =3f, vQ=1. 
6 


, 1 1 1 
(ii) (rv) 25 pS aC wrveer rans From the initial condition, -+C =1> C= -, 
2 2 t 2 2 


and so v =3(¢ + 7), 


(iii) y=y3 = eG + a) 
5(c). O<t<o 


6 (a). The equation is neither separable nor exact. 


6(b). (i) m=1-n= = 1v?, and so 


wiley 


5 a cae 31 
»vey' => y=v’, thus a5 ee Then ries Mee 


2 2 
vy —--v=—t, v(0)=4. 
3 3 


, 


2 2 er) 2 2 3 2 2 3 2 
(ii) (c “y) = 3° > @ v3 Se a _ Cory = 1-5 + Ce. From the initial 


2 
af 


condition, Se Gaels yo pas Pas 
2 2 2 2 


6 (Cc). —0<t<oo 
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7, 


: 1 2 
oh First, let u=e’. Then y=Inu and y’ = hake Therefore, Sop eS ye u=1 which gives 
u u u 


2 1 , 
us —>u’ ——;u=-,;. Then we have (1 >u) =i 
t t 


u=-t'+C. Solving for u gives us 
t 


u=-—t+ Ct’. From the initial condition, we have y(1) =0 = u(1) =1, and so 
1 
u=-t+2¢f > y=In(2r —-1), t> =. 
y=In(Q2r—1), >> 
8. First, let w= y +1, wu’ =—-ut+t"', 1—n=3. Therefore, 


1 
3 3 


1 _2 1 _2 1 _2 
veu,u=v, uv=—-yv Weg sy’ +yi =ty *. Then, 


3 
vy’ + 3y = 31, y(0)=1> u(0)=2 > v(0) =8 and 


I 
v=Ce™ +at+b, a+ 3(at+b) = 3t> a=1, b=—-—. Therefore, 


2 
paCeipee. NOC Se Ce then: 
3 3 3 
25 1 L 25 1\3 
Ye yaurtavia1s (Be 41-3) —1, -e< f<o, 
9. Yo = 3 by substitution. Differentiating yields 


ee Ae a (5 eee wa ee ee 2 
am ney (1— 32)” (1— 3n)e' (1—37)°e pears 


Thus g(t) =e’. 


Section 3.5 


i, 1-n=-1, v=P',P=v". Thus -v’v’-rv' = Sat ory +rv= alg v(0)= Po Then 


e e 


roe | 1 1 
v=Ce"+ P’ v(O) = me Cr Pp" Solving for C yields C = P, '— P,', so we have 
@ 0 e 


_ p-l_ -l_ p-l\,-r -1 ee te ee ee 
yePt=(P =P J je" +P Thus P= Poe* Pe" 1) Ba(P Pe 


2. Since P is measured in millions, P, =0.1, r=0.1, P, =3. Therefore, 


0.1(3) 03 


CO ae eae e-"' ~ 003831417 
cae i ‘ 9e 


=> t=55.65 years. 


38 ¢ Chapter 3 First Order Nonlinear Differential Equations 
2 


P P M 
3 (a). Setting (iF). M =0, we have ms Gia ernie Then 
: r 


e 


[p? M 

M Pi,talP +P, 

peep Meine EN 
r 


5 . This makes sense; migration would alter the 


equilibrium state. 
2 i 1 Mo. 11 
3(b). (2P-1) =14+4x =>] P-=| =x+—, where x =—. This is a parabola with vertex | -—,— ]. 
Z 4 r 42 
For x > 0, there is one nonnegative equilibrium solution. Two such solutions exist for 


1 
=—<_xS0. 
4 
3(c). When x= re, the two nonnegative equilibrium solutions coalesce into a single equilibrium 


value. There are no equilibrium solutions for x < ae This makes sense, since if the migration 


out of the colony is too large relative to reproduction, equilibrium could not be achieved. 


4. Equilibrium values at 4 and —2. P= Ae i) =>4+(2)=P,>P,=2. 
\ ur 
| 2M 2M M 
4—(-2)=6=P, 1+ Fro 31+ ae ee —=4. 
r 


3 e) i 
D: P’=(1- pipes PO)=5. Then P’ =—P* + P-—=-| P——|| P——|. Then we have 
16 16 4 4 
| : ‘ =2 
7 TV 3 +1=0, and by partial fractions, we have =a 3 P’+1=0. Then 
ae oS P-— P-— 
Gave co 
3 
=) 2 aa 


J an Gn eS dP +t=C, and so 2In} —) +1 =C. 
4 4 4 


From the initial condition, we have C =0,s0 


3 3 Cee ee 
P-— t 1 —-—P ait —+—e? 

—#\=e * But 7<P<2 = =|P- j= -(P-3)>4— =e 2 and then P(t)= 44 
er ae Ite? 
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=) 
Ww 


oO 
iS) 


t 
2 4 6 8 10 


1 | 1 ey 
P’=(1-P)P- ri P=1=P'= {p —-P+ | = G _ 5) which is separable. 


4 p) 
l -1 l -l 
7-4 [p- +ft=C, [1 5) +0=-2=C 
3 
1)" t. £. Bee 
Therefore,| P-—| =2+t—> P=—+——=——. 
erefore, ( 4 2° 244 DHt 
P(t) 
ul 
0.8 
0.6 
0.4 
Or22 


2 a 6 8 a 


P’ = 5(1+2sin(2n1))(1— P)P, P(O) = P,. Following the derivation in the chapter with r(d) , 


t 


t 1 1 
we have R(t) = 05), (1+ 2sin(275))ds = a(s - “cos(2ns)| 


0 


= 3(:- F eosfoni) + :) = s(: + 2 — cox(2n)]}. Therefore P = 
2 TT m) 2 T P. 


R(t) = s(: + “1 - cos(2n)]}. 
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P(t) ee Po=.5 


5 10 
P(t) with Pg=1.5 
1.4 
1.2} 
ail 
0.8} 
O.6F 
0.4} 
0.2 
t 
5 10 
t dP : ‘ 
8. t= ii r(s)ds > me =(1—P)P. The solution procedure in the text leads to 
c 
P, 1 1 kt 
P(t) =——*——__. Substitute t = =| 1+ —[1-cos(2m7)] |. 
P,=(F, De 2 T 
9. P’=r(-P)P=rP-rP? >v=P", P=y"', vv’ =r! -n? Sv’ trver, VO)=P,". 


Letting R(t) = I r(s)ds, we have (e*v) =re® se®*y=e"+C>v=1+Ce". vO)= P,* , SO 


_p-l_ —— 1 -R . ee ! a 
C=fFf, 1 and thus y=1+ (P, We . Finally, P=v= i (P, =e" = pe (P, _ e* 


; ges ee 
with R(f)=T= si : [1 cos(2n)]}. 


10 (a). P’=k(N—P)P with N and P in units of 100,000 and ¢ in months. N=5, k=2e"-1. 


T= J @es =l)ds= (-2e* — s)| = (2e" = t+2) ==14+2(1— e"'), 


IP 
= =(5—P)P which is separable. 
T 


1 AB i 1 
——_—__ = —+—., A==, B==>—(nP-Inf5—-P)=t+C==In 
(5-P)P P 5-P 5 5 5 5 


A 
Sf 
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Pt 5r4in tla te 
a 4 a—Pf A 


From the initial condition, ri 7] =0+C>I1n 


Therefore, P =———,, t= -#+2(1-e"). 
4+e 


OS 1 eS 2 Qed 3 


10 (b). From the plot, P.,, = 2.7 (270,000). 
10 (c). From the plot, f= 1.8 months. 


11 (a). (A-B) =-kAB+kAB=0, A(t) — B(t) = A(0)— BO) = 5—2 = 3 moles. 
11 (b). B=A-3, A’ =—-kA(A- 3) =k(3—A)A, A) =5S. 
5.3 15 


a Thus A(t) = 52038" 


, A ; ; 
ll (c). Ad) =4, A’= 24{1- Aya. Using equation (5), A(t) = 5-6-de" a 


We know that A(1) = 4, so ST = 4. Solving for e™* yields e** = =. Thus 
—2e 


A(4) = = 3.195 moles. B= A—3=0.195 moles. 


5-27 
8 


Section 3.6 


k k k 

] any 1 ee | —1 1 

1. With v, =90, ees l—e ” |. Setting pessle gives us l-e ™ =—.Thuse ”™ =— 
k 2k Zz ys 


FI 


Pid p= ie. 
m k 


i) 
eS 
eas) 


kK K kK 
2. my’ =—mgt+Kv’, v0)=0 > v’ =-g+—v? =—| v? -— =— 
m m\ m 
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a ae 
yi MS jms 9 [ms 2, ms 
Kk kK K K kK 
me 
l Nie | le mg 
= In] = — 1+ C, (0) =0 > C=0 and - <v <0. Then, 
jmg mg| m kK 
2,;— |v+ 
K K 
mg mg xg 
y y xB _ af, 
1K) - te sy =y=-|78 eee : == ,) 
| K 2/58 5 K 
vr we. 8 ey leone si 
K K 
280 200 Ib- sec” 
3. 10 mi hr = 10 50 s )- 14.67 fi/sec. Then 14.67 = ,|—— = x ~.929-—= 
dy & 3000 
4(a). m—+kv=0>v(H=ye", m= l 
(a) ee Vv V(t) = Vee m 39 slug 
4 0 pats, 22 128 3000, ( 22 
ue 20. = ett ot 2) - Ee. Then, k= i = )- 34.725 Ib-sec/ ft. 
Vi ~ 220 5 3000 128 5 


4(b). d= [iva vf ear vo[-Ze*"] _ mv, 


_ 3000/59, 5280/1170) 63 a 
32 3600 J\ 34.725 )\ 220 


j-— 
4) 50 i 17 
Me) = 4 = ieee, Solving for kK yields 
m 


1+4—y, 
m 


ose) 


2 
_17_m__ 173000 1 -(22o 23} - 4 7 lb sec" 


5 4y, 5 32 4 3600 ft 


4 4 t 4 dt 20 17 
For the distance traveled, d= I v(t)dt= Vo), ae = vol ae = Vo (3 mt — } 
i 


KV ae i 

+—2 +— 

20 

= 2 2 (= i+ = = 562.4 ft. 
3600 J\ 17 5 
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6. my’ + kv =—mg, v(0)= vo = n=—"E 4(1,+ Je. set 
Fe ee pte ye, on pee > 1,=—In ee), 
a mg m mg k mg 


a v 
8. my’ =—mg => v’ =—g, v(0)=v,. Therefore, v(t) =v, — gt and y = “85 tM obs ty = - . The 


2 
t, 2v 
impact time is given by 85 + Vol =0 =- 34, +v,=054,=—=21,. 
& 


i 
9(a). v’=-g,¥,=0>v=-gt=y>y Sesh + y,. We want to find the time ¢ at which y=7. 


Thus 7= Se +555, and solving for ¢ yields ¢ = 5.852 sec. At that time, 


vy =—32(5.852) = -187.3ft/sec. 
kv 4, mg #, 
9(b). mv’+kv=-mg => v’ +— =~g, v, =0. Thus fer =-—ge™ = ve" ee +C. From 
m 


the initial condition, we have C = ra and so 


k : ky 
y= file Jo var [oos=1p— Ef s4Be a = 
0 


k k 

1 

5 
? 41 41 
=< =—_ slug, so ES 5 50008 cc 

32 8-16-32 k — 8(16)(32)(0.0018) 

41 
mg = 8(16) = ().3203125 lb, and so solving for rf yields 


—t 


7=555—- i779si3{1- 556095 ae tess \ = t= 7.08513 sec. Substitution gives us 


_ -—0.3203125 


—7.08513 
J—e 90098 | = 128.18 ft/sec. 
0.0018 
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10. mg =180 /b.For 0 <1<10, v’ =—g, v(0)=0. 
For 10 <1<14, mv’+kv =—mg, y(14)=0. 


200 280 3600(200 
For mg = 200, eau ae Sipe oe) Cl) 
k 3600 5280(10) 


10 (a). v=—-gt Att=10, v=—320 ff/sec. 


= 13.63636364. 


k 
10 (b). Solve v’ +—v=~—g, v(0) =—320, for v(4). 
m 


v(t) = 7B 4(y, + 7S let = va) =e +(- 329 + 180 |, 
k 1363 1363 


= —13.2— 306.8(.000061469) =—13.219 ft/sec(basically the terminal velocity). 


2a = MS an] _me Mle M8 em 
10 (c). h=-|, vinar=("Er[y,4 [2 = (4) + “(+ ; Je i) 


0 


a 4mg _ (4 +B \-e “*) = 4(180) = 180_ [3204 sali-e a) 
k k k 1363 32363) 1363 


= 52.8 —0.4125(—306.8)(0.99994) = 179.347 ft. 


1 
10 (d). Ayattoon = A+ 7 810)" = 179.347 + 1600 = 1779.347 ft. 
eer , =) 3000 
11. For the first situation, my, +kv,=0, v,=ve ”, m= aa k=25.Then 
0 =, 3000 | 22 
20 = am >= In— = 5.556 sec. 
220 2532) 5 


it of , rk eee 
For the second situation, mv, +k(tanhf)v, =0, v, +—tanh (v5) = 0. This is a first order 
m 
: : . se intouahias xk 
linear equation. Letting “=e” = (cosht)™ , we have 


, 


k 
[vs(cosh i =0=> v, =C(cosht) 


< 
m 


From the initial condition, we have cosh(0) =1=> C =y,. Then 


m 3000 
if A 220 \32-25 
“2 =(cosht) ™ = cosht, = 2) = (=) : 
Vo V> 50 


In(cosht,) = 3 asin( =) = 5.55602 = cosht, ~ 258.79, so t, = cosh '(258.79) = 6.249 sec. 


This would be expected, since the size of the drag coefficient would be less for the second 


situation. Comparing the two values gives us 4, ~0.891,. These values do not seem appreciably 
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different. However, it can be shown that this difference in stopping time leads to a difference in 
stopping distance of approximately 110 ft. If this distance is important for a certain situation, 


then the idealization is not reasonable. 


Section 3.7 
3 
1 AE ia Os Nae NS een x=0,v=yV. 
dt m dx m dx m m 3 


kex? 5) 
Therefore, vy, =C, and so v =-— +9 and ip = 37% => xX, = [st] : 


2 ie =-ky’? => ay = 1s = ae ae = 0 (first order linear). 
dx dx m dx 
d({ «2 2 we, 
ae en?y |=O0>v=Ce *, C=vy, >v=yv e ™.Since v>0, OS x <0, x, =00, 
Ix 
d k ae : 
3, So OMe eg Hic OU tial Ve a te ote 8 vides 
d dx 2 2 m 


1 
2: — 
2 
Vee - = a be >Vv= [. -2£(-e")| hye 2 us then v>0 for all nonnegative 
m m 


2k 


2 ni . : 
x and Xp =o, If ve < ae then we have i = =(1- e? ) , which, solved for Xp yields 
m m 


1 
dv kv dv __k ( |= v Sl ris x)+C, vy =C. Therefore, 
m 


4. my—=- — re 
dx l+x dx m\1+x 
V=Vo ie x) and me =In(l+x,) => x, ee, _]. 
m 
3. mo + kv" =0, v(O) =v , x(0)=0. We want to find v when x=d. 


dy dy k ae are ~ fk, 
es +kv? =0>5—+—v=05v=Ce ™ . From the initial condition, v = vee ™ , and so at 
Ix x om 
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d d d k 
6. m— =—mg— ky’, v(0) =v, x(0)=05 my — =-mg-k’? > = -—y- gv 
dt dy dy m 
dv ik 
SoS = —gv | (Bernoulli). 
dy m 
4 1 4 1 L 1 
l-n=2, u=v >v=w, Lee ace Laie u? =—gu- 2 . Therefore, 
dy 2 dy 2. dy 
du 2k d [ * 2ky 2ky 2hy 
di el Ye u= ve when y =0. (eu) =—2ge" = enya om +C, Cay a= 
dy m dy k 
1 
ry |2 
Therefore, w= 8 4 +78) may? ave a[p +E) . This equation is 


valid for 0 < y<h, where h = maximum height. 


mg 2 
8 a (134 RE) 0-9 Bh = te) ES | n= Ef SHY 
k k vo + 2k mg 


ae With x measured as shown and y = < , we have -m = = F cos@. Defining 
F i ss 
cos@ = — we have ~my = — ye F(x? + h’)? +C.We know that 
(x? +h?) - (x? +h°)? 


v=0whenx=D,s0 C= —F(D + n°), Then we have y* = 2(e(0" + i’) — F(x? +i. 


1 

D 2F [D° : 

When ae e, y= [ oe = Pan) 5 
m 


P P P 2. oP 
8. P=Ffy, pe Spey ee ee ae 
dt y dx y dx m 3 om 
3 3 3 3 
P P P 
sx 4+05CH=1-—=x, ee ae eae ee Therefore, 
m 3 om 3 om 


: 3000 
1a za) =s5(v2 — vi) m=, P= 200(550) fi-Ib/ sec 


Pee -=) oP 
280 2 3000 1 1 0(5280) \° a) 
v, = 502 fr/see, Vv, = =v, = Ax =— eee 1-(2 
3600 5 32 3 200(550)\ 3600 3 


= Ax =112.04(.936) ~ 104.87 fi. 


d 
9 (a). my + K xv? =0, v=y, when x=0. 
i 
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d Kgx? _Kox 
9 (b). + y=05 . one | =0>ve=ye * .Setting x =d and v=0.0ly,, we have 
dx 


m 
Kod? 2 
_Ko d 2 
0.0lvy,=v,e " => *o = 1n100. Solving for K, yields kK, = <r In100. 
d GmM d GM 
10 (a). my — =— = ttn? 3 2a y= —-v', v=0O whenr=R, +A. 
dr r dr om r 
1 d 1 id 1 GM, 1 
10 (b). Bernoulli equation: 1-n=-1>n=2, u=v’ Sv=u° pay aye ae ib oe 
dr 2 dr m r 
=, a 2 2GM 
foe ys >— . Therefore, 
ee m r 
2k) 4 i 2K 2K, R,+h er 
(e *"u) =2GM, = : = er Rey “mR! = _IGM le ne 5dr 
r r=R, +h r=R 
2 R, h at 
=O- 6 ud -26M, J, Be 
d x, R,+h nt ‘i 
Since u=v’, ye—<0, V; as oF 3 ‘| . Let 
dt impac e R, r 
—2Ks By 
r=R,+8.Then v,,,.0¢ =—|2GM as} 
an il, (R, +s) 
M M : 
11. acd ae le =v td = OMe v =v, when r=R,. Thus YS yp ce and omen 
aE r dr r 2 F 
2 2 
G 11 
initial condition, “o == y. peat ey . Since v=0 when r=R, +h, 
2 R, mes 82 r Rk 
2 1 
Vo =2GM,| —-——— |]. Thus 
R, R,+h 


10° 6.371 6.591 


we pow (t- 1 ul sera yssre(oy Basan 


a seo ansehen are” =anierane 
dt dO 


mea =—mgfsin@ and @=-@, when 0=7. 


2 o@ O, 


2 
12 (b). me? <= mglcos0+C. me =—mgl+C = ml? — mgtcos@= mo? Po + mgt. 
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2 2 
2, 4 
12 (c). When 6=0, ml? -— mg¢ = ml? 22+ mgt = w* = 2 + 2mgt| — |= 02 += 
2 2 mf £ 
4 
>= fot 
o Dy 
13. me = mglcos@+C, @=@, when 0=0. Therefore, C = me?——— mgl, and so 


2 2 
3 
me &= metcos6-+ mi? S-— mgt. We know that @=0 when 9= =", so 


mel mea, 


2 _ 2 2 1 _§ 
yn * 5 —mgl=0>Q, = Zs mei{ 1455 )=£(2+V2). Thu 


me 
O, = ye (2+ V2) = ,/16(2+ V2) ~ 7.391 rad/sec. 


Section 3.8 

Note: for exercises 1-5, h=0.1 

l(a). y=f-t+C, y)=C=05 y=r-t 

1(6). Yun =, + h(24, -1) 

l(c). y,=0.1, y, =0.22, y, =0.36 

1d). yd.)=0.11, y.2)=0.24, y1.3)=0.39 

2), y= Ce", WOH CHliS 722" 

2 (0). Yen =e AY, 

2(c). y,=0.9, y, =0.81, y, =0.729 

2(d). y(0.1) =0.90484, y(0.2) =0.81873, y(0.3) = 0.74082 


2 fa 


3(a). y=Ce 2, y\(O)=C=1l>y=e ? 
3(b). Yeu = Ye AY: ) 

3(c). y,=1, y, =0.99, y, =0.9702 
3(d). y(0.1)=0.99501, y(0.2) = 0.98020, y(0.3) = 0.955997 

4(a). y=Ce'+tr-1, yO)=C-1=0> y=e'+t-1 

4(b). Yen =, tA(-y, + &) 

4(c). y,=0, y,=0.01, y, =0.029 

4(d). (0.1) =0.0048374, y(0.2) =0.01873075, y(0.3) = 0.040818 


Chapter 3 First Order Nonlinear Differential Equations ¢ 49 


1 
5 (a). y°y’=1,—y!=t+C, Cale as 


5(b). Yen = Ye + A(y,’) 
S5(c). y,=1.1, y, =1.221, y, =1.3700841 
5(d). y(O.1)=1.111111, y(0.2)=1.25, y(0.3) =1.4285714 
6. Yeu =, +0.1(as, + B). From k=0, t, =0, y, =-1. 
For k=0, y, = yp + 0.1(art, + B) > 0.9 =-14 10+ B) > 0.1= 1B > B=1. 
For k=1, y,=y,+0.1(a1, + B) > 081=-0.9+ 1(a0.1) +1) > 001= Olas a=-l. 
ql. Yen = Yt O.1(y," + a). From k=0, f,=1, yy =1. 
For k=0, y,= yo t-I(y" +0) 3 0.9=14 .1(I" +a) > (I"+a)=-1> @=-2. 
For k=1, y, = y, +-I(y,"—2) > 0.781=0.9+4 .1(.9" 2) > (.9" -2)=-1.19 
=> O° = 81l>n=2:; 
8 (a). (i)Euler’s method will underestimate the exact solution. 
(ii)Euler’s method will overestimate the exact solution. 
(iii)Euler’s method will underestimate the exact solution. 
(iv)Euler’s method will overestimate the exact solution. 
8 (b). Exercise 2: decreasing, concave up, underestimates 
Exercise 3: decreasing, concave down, overestimates 
Exercise 5: increasing, concave up, underestimates 
8 (c). Euler’s method should initially underestimate (when solution curves are concave up) and then 
tend to “catch up” (when solution curves become concave down). 
9, Yun = Ve +h(t,y, +sin(2nf,)), yy=1, h=0.01, k =01,...,99. 
10. V(0) = 90, V() = 90 +51, V(T)=100 when T=2>50<1<2 


a gn spate 
Hy 7 O2 cos(zt t)) 1457 


Q(0) =0 


2. 
90 + 5t, 


One = 0,+ 1 62—costa))- k Q, =0, h=0.01, k=0,1,2,,...,199 
Result: Q(2) = 23.7556..1b. 
; P sj 1 1 - 
I. P’=O.NI-> JP +e", PO)=5. Pn =P. +hONI-SA IR +e * | Fy =0.5. With 


h=0.01, k=0,1,...,199, ¢, =0.01k , P(2) =1.502477 million. 
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12 (a). 
12 (b). 


13 (a). 
13 (b). 


13 (c). 


14 (a). 


14 (b). 
14 (0). 


yeCe SC =i yee =, 
You =, tAQ, +1), Yo =O. For y'?, A=0.02, k=0,1,...49 
For y\?, h=0.01, k=0,1...99. 


y’=Ay=0, (e“y) =C; y=Ce", y(0)=C= y,. Thus y=ery,. 
Yen = ¥, t Ady, = (1+ AA)y,. Therefore 


y,=(1+Ah)yo, y,=(1+ Ah)y, = (14h) yo, y, = (14 AK)" yy, 


t n 
y,= ( - 2 Yo. Since im + 4 =e", the result follows. 
n neo n 


1 
yy =1-yt=t+c, C=-1, yap Peat! 
—t 


Yeu =Vet hy, Yo=l, h=0.1, k=0,1,...11 
Numerical solution becomes worse as 1, T 1. The numerical solution gives the mistaken 


impression that the interval of existence extends to f2 1. 


Chapter 4 
Second Order Linear Differential Equations 


Introduction 


1 (a). 


1 (b). 


3 (b). 


4 (a). 


4 (b). 


4 (c). 


5 (a). 


The block’s weight is W, = m(0.5)°(2)(50) = 25m Ib. Therefore, we have 


25m = 1(0.5)°(Y)(62.4). Solving for Y yields Y = 1.60256 feet. 


PS _ Weg _ 62.4 32 _ 
pL W,L 50 2 


1 
Yo= ari , y¥O=0, and @’ = = 19.968. Therefore, w = 4.469, and thus 


1 
our equation for y(f) is y(f)= = COs Aoe!) : 
The maximum depth to which the block sinks would be Y +|y,|= 1.603 + .0.25 = 1.853 feet. 


y)==2sinar, ¥+ = =2=> y, =@(2-Y) ~1.77596 fi. 


2 


We know that the frequency of oscillation is given by @ = aa We can see that the density 


for the second drum is greater than that of the first. Since all the other variables determining @ 
would be the same for both drums, p, > p, means that @, < @,, which in turn means that 

T, > T,. Thus the first drum bobs more rapidly. 

By the same rationale as in the first part, L, > L, means that @, < @,, which in turn means that 
T, > T,. Thus the first drum bobs more rapidly. 

yy =0, T=2 


=; ft. y= ssino, with @-2=27 >O=T7. -. y(HN= sina 
W W, BN 2. vAS 

o =n =— 2 >, = ae V=n i5= aot 

W, L L DS 4 


W, -024{ 8) -024.2 9 3 1430.1 Ib. 
4 jn 5 


Using the model provided, my” = mg— p,Vg. We can rewrite this equation with m in terms of 


V and p: pVy” = pVg— p,Vg. Simplifying this equation and solving for y” , we have 


y= [a2 g. We need not restrict this equation to the motion of cylindrical objects. 
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5 (b). Using these initial conditions, antidifferentiation yields the general solution 


y= Goa + yo t+ Yo. 


2 


6 P= Pe _ 30— 62.4 _ 
p 62.4 


=,51923. 


2 


= — 51923. 32-540 +99 = 8.307697? = 99 => t=11.9166... sec 


Section 4.1 
1. All the relevant functions are continuous everywhere, so Theorem 4.1 guarantees a unique 
solution for the interval (—ce,°¢) . 


3 
2 fy =7. Since g(t) = tant, 9 ae t< = 


x Dividing the equation by e’ yields the functions p(t)=0, g(t) = PrcaEr a “’ , and s=—. 
e 


These functions are discontinuous at the points +1 and 0, and since f, =—2, the largest f- 


interval on which Theorem 4.1 guarantees a unique solution is (—9,—1). 


2t 
a fia Ee == eres: 
(r—9)° 
5. y- +y= 0, Y(t) = Yo> y(t) = Vo for any fosVorx¥o i 
a” 1 7 , 7, 
6. y are =0, y(t) =Yo> V(b) = Yoo fy > 3, ANY Yq,Vq (not both 0). 
de bth eer =0, -1<4<5, V¥R)=HNH, WH)= Vie Yo and Vo cannot both be zero. 


8 (a). y’ 24 5 =0, tp =1. 0<t<o, 


8(b). £(0)-1(1)+1=0 


8 (c). No. 

9, Theorem 4.1 guarantees a unique solution on the interval (—4,4), so it is not possible for the 
limit to hold. 

10. Theorem 4.1 guarantees a unique solution on the interval (—°°,3), so it is not possible for the 


limit to hold. 
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11 (a). B 
11 (b). D 
l1(c).A 
ll (@d).C 
Section 4.2 
l(a). y, =4e% =4y, and y,” =8e = 4y,, so both equations are solutions. 
e”! Ie"! ; 
1(b). We= yg cag =-8 #0, so yes, the functions do form a fundamental set of solutions. 
e —4e 
1 (c). The general solution would be y = ce” +c,-2e'. Differentiating yields y’ = 2c,e" —4c,e"'. 
y(0) =c, + 2c, =1 and y’(0) = 2c, — 4c, =—2, and solving these two simultaneous equations 
1 . . o 8 ee . i 
yields c, =0 and c, = 5" Thus the unique solution for this initial value problem is y(1)=e~’. 
2(a). y,” =2e'=y, andy,” =e ‘** = y,, so both equations are solutions. 
2 e! ge : : ) 
2(b). WH be! _i43|= —4e° #0, so yes, the functions do form a fundamental set of solutions. 
eo =e 
2(c). The general solution would be y =c,-2e' +c,-e *’. Differentiating yields y’ =2c,e'—c,e*’. 
y(-l) = 2c,e' +c,e* = 1and y’(-1) = 2c,e' —c,e* = 0, and solving these two simultaneous 
1 
equations yields c, = = and C, ==. Thus the unique solution for this initial value problem is 
4 2e 
t+1 —t-l 
e 
j= + 
WS 
3 (a). y, is nota solution. y, is a solution. 
4 (a). Both equations are solutions. 
cost sint 
4 (b). =|. = 10, so yes, the functions do form a fundamental set of solutions. 
—sint cost 
4(c). The general solution would be y =c,cost+c, sint. Differentiating yields 


y’ =—c,sint+c, cost. (3) =c,=1 and (3) =-—c,=1=> c,=—1. Thus the unique solution 


for this initial value problem is y(t)=—cosf+sintf. 
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5(a). y, =2e%=2y, andy, =4e" =4y,. Thus y, —4y, +4y,=4y,-8y,+4y, =0. 
y, =2te* +e” andy,” = 4te” +2e% +2e” = 4te” + 4e”. Thus 


y, —4y, +4y, = 4te” + 4e* — 81e" — 4e” + 41e% =0, and so both equations are solutions. 


e te 


De* (2+ 1e*| 


2t 


5(b). We “" 20,80 yes, the functions do form a fundamental set of solutions. 


5(c). The general solution would be y =c,e" +c, te”. Differentiating yields 
y’ = 2c,e" + 2c,te" +c,e". y(0) =c, =2 and y’(0) = 2c, +c, =O 3c, =-4. 
Thus the unique solution for this initial value problem is y(1) =2e~ — 4te”. 


6 (a). Both equations are solutions. 


t 


1 2 , : . 
6(b). W= A oe = teh #0, so yes, the functions do form a fundamental set of solutions. 
ze 
6(c). The general solution would be y =c, + ce” . Differentiating yields y’ = +4 se”. 


y(2)=c, +c,e =0 and y’(2) =5c,e=2> 0c, = 4e" and c, =—4. Thus the unique solution for 
this initial value problem is y(t)=—4+ 4e?, 


, 


7T(a). y, = seo $4 +3) and y, ‘=i 4-2) Thas 4y, +y,= -sin( $4 2) asin( $+ 2]-0. 


, 1 t 1 ” 1 t t nt t 1 
= =cos| ——= | and y,” =-—sin| —-— |. Thus 4y,” + —sin| —-— — |+sin| -—-— |=0 
2 9° € | TSG if =) s dys + ¥2= if 4 uf 4 


and so both equations are solutions. 


_{f .{f 7 
sin 3 + 4 sin 3 = 4 
7(b). W= 


1| . ft t ot, Te t TT 
= —| sin] — + — Jcos] —— — |— sin] ——— |cos} -+— 
| E 4 c e 5 E 5) 


pt byte Gb) Te, St ae 
= sain( toe s+ 4 = sain 3 ) #0, so yes, the two equations do form a fundamental set 
of solutions. 


t t 
7 (c). The general solution would be y =c, s “e *) aes sin 4 = =| Differentiating yields 


ood Ge t 1 (<- t 
y’ ==c, cos +—=c, Cos 
2 2 ay) * 3 
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8 (a). 
8 (b). 


8 (c). 


9 (a). 


9 (b). 


9 (c). 


10 (a). 


10 (b). W 


10 (c). 


Using the first initial condition, y(O)=c, sin ©) C3 sin 4 =0, and so c, =c,. From the 
3 3 


1 1 1 1 
second initial condition, y’(0) ==c, cos =) =C,COS Z| —c,+—c, =1. Thus c, =c, =2, 
2 Se ae 3) 4 4 


t t t t 
and the unique solution is y =2sin} —+ = +2sin| = — LA 4 sin| = |cos a 2sin| = |. 
2 3 De eS pi 3 2 
Both equations are solutions. 
Qe’ ee” 


not de =2e" #0,s0 yes, the functions do form a fundamental set of solutions. 
€ e€ 


The general solution would be y =c,-2e' +c,-e”. Differentiating yields y’ = 2c,e' +2c,e”. 
y(-l) =2c,e'+c,e° =1and y’(-1) = 2c,e | +2c,e° =0, and solving these two simultaneous 
equations yields c, =e and c, =—e*. Thus the unique solution for this initial value problem is 


y(t) — e'! -_ ere. 


, 1 a” 1 , 1 a” 1 ZZ , ” , 
y, = 7 y ae. y> =o and y, meen ty, +y, =ty, +y, =0,and so both 
equations are solutions. 
Int In3¢ 
Welt “Ls - (int In3¢) = 1¢'(Int—1In3—Int)=—r'In3 40 on (0,°°), so yes, the two 
t t 


equations do form a fundamental set of solutions. 
The general solution would be y =c, Int+c,In3t=(c, +c,)Int+c,1n3. Differentiating yields 


+ 
= 7% ; “2 From the first initial condition, y(3) = (c, +¢,)In3+c,In3=0, soc, +2c, =0. 


, 


+ 


From the second initial condition, y’(3) = a = 3. Thus c, =18 and c, =—9, and so the 


unique solution is y=18In¢t—91n3t, O< t<o, 

Both equations are solutions. 

Int In3 
+ 0 


t 


—In3 


#0, so yes, the functions do form a fundamental set of solutions. 


The general solution would be y =c, -Int+c, -In3. Differentiating yields y’ = oa 0. 


y() =0+c,In3=0 and y’(1) =c¢, = 3, and solving these two simultaneous equations yields 
c, = 3 and c, =0. Thus the unique solution for this initial value problem is 


y(t) = 3lnt, 0< t<, 
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11 (a). y, =3°,y,° =6t,y, =1°, andy, =-2r°. Thus ry,” — ty, -3y,=Py,” —ty, —3y, =0, 
and so both equations are solutions. 
Pp =f! 
11 (b). W= ap = t+ 3t=41#0 on (-,0), so yes, the two equations do form a fundamental 
t t 
set of solutions. 
11 (c). The general solution would be y =c,f° —c,t'. Differentiating yields y’ = 3c,¢° +c,f~. From 
the first initial condition, y(—l) =—c, +c, =0. From the second initial condition, 
1 
y’(-)) = 3c, +c, =—2. Thus c, =c, = “5? and so the unique solution is 
1 1 
y=-—P tar, —o<t<0. 
2 2 
12 (a). Both equations are solutions. 
oF. “Det? 
12(b).W=| |, ageal = 0, Therefore, the Wronskian calculation does not establish that y, and y, 
eon ee 
form a fundamental set. 
13 (a). ie =1, y, =0, Y> =~—l, and y,” = 0. Thus both equations are solutions. 
GEL =f#2 ; 
13 (b). W= 1 1 |* —t—1+1-—2=-3#0, so yes, the two equations do form a fundamental set 
of solutions. 
13 (c). The general solution would be y =c,(¢+1)+c,(2—1). Differentiating yields y’ =c,—c,. From 
the first initial condition, y(1) = 2c, +c, = 4. From the second initial condition, 
y’() =c,—¢c, =—1. Thus c, =1 and c, = 2, and so the unique solution is 
y=t+1+4-2t=-t+5. 
14 (a). Both equations are solutions. 
sinzt+cos7t sinzt—cosmt 
14(b). W= ; , 
wcosmt—Asinzt Mcosat+Asinzl 
=2n sinzicosnt+ n(sin’ mt+cos mt) —27rsinztcosnt+ n(sin’ w1+cos 21), 
=2z+#0 so yes, the functions do form a fundamental set of solutions. 
14 (c). The general solution would be y =c,(sinzf+cosz?t) +c,(sinzt—cos7t). Differentiating yields 


y’ =Mc,(coswt—sinzt) + mc,(cosmt+ sinzt). 


1 1 
(5 ]-o+e=1 and y (3) =-ne +10, =0= = ¢,=4. 


15 (a). 


16 (b). 


17 (a). 


17(b). 


18 (b). 


19, 


20 (a). 


20 (b). 


20 (c). 


20 (d). 


21. 
DLs 


23; 


24. 
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Thus the unique solution for this initial value problem is 
y =4(sinat+cosmt) + 4(sinat—coszt) = sinzt. 
y, is not a solution. y, is not a solution. 
1 1 1 1 
y = sin(2t)cos} — |+cos(21)sin) — |= —=(2cos21) + —=(sin22). 
F = sint21)cos{ =) + cosl2rsin{ ©] = (200820) + (sin21) 


1 


1 
—~ and c, =~. 
a2 and c, V2 


1 
y’ =24+14In3t=In3t+ 3, y” =-. Thus Py” — fy’ + Y= t— 3t— tn 3¢+2r4 tln3t=0. 
t 


Thus c, = 


y = 2t+ tnt +1n3)= (2 +1n3)+ tint. Thus c, =2+1n3 andc, =1. 
¥ = 2cosh($) =e4 +e% =1-e% +(—4)-(2e%). 
Thus c, =landc, =-4. 


Substituting y, into the equation yields 9e" + 3ae™ + Be” =0; 3a+ B=—9. Substituting y, 


-3t 


into the equation yields 9e * — 3ae" + Be” =0; -3a@+ B= —9. Solving the two simultaneous 


equations gives us @=0 and B=-9. 

yO=ty (0 = Ly =0, y= ey, (O= yO =e. 
0+ p(t):1+q(t)-t=0, e' + p(t)-e' +q(t)-e' =0 
pt+qt=0, e'(1+ p+q)=0> p+q=-l 

EF (-g=134=—, p= 

Both p and q continuous on (—9,1) and (1,°). 
a 


t 
W= F =(t-l)e’ W #0 on (-~]) and (1,) 
e 


Yes, W #0 on the two intervals on which p and q are both continuous. 


From Abel’s Theorem, we have W (ft) = wes =>W(2)= Weld = 4e CH? = 4e7, 
Substitute, 4e” +20e” + Be“ =0 > 20+ B=-4. 

Also, W =e' => p(th=a=1. »-.@=1,B =-6 (y” + y’-6y=0). 

p(t) =0. From Abel’s Theorem, W (f) = W (1,), which is a constant. Therefore, W (4) = —3. 


it 
i) pds 2 
to —t 


y” + py’+3y =0, W =W(t,)e =e 


”. pt)= <(r) = 2. 
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Section 4.3 


=0,s0 the two solutions do not form a fundamental set. 


2 
l(a). WM= 
(a) (1) : 
1 
1(b). Since =a y, and y, satisfy identical initial conditions, we can conclude from Theorem 4.1 that 
1 1 
“ZnO = y,(t). Therefore, 51) + y,(t)=0, —e<t<oo, 
1 0 
2(a). W(-2)= ; = 10, so the two solutions do form a fundamental set. 
2(b). Yes (Theorem 4.7) 


0 
3(a). WO)=| 9 


| =1+#0,s0 the two solutions do form a fundamental set. 


3 (b). From Theorem 4.7, the two solutions do form a linearly independent set of functions on 


—ocf[<oo, 
0 
4(a). W(QB)= 0 i =(), so the two solutions do not form a fundamental set. 


4(b). By Theorem 4.1, y,() =0. Therefore, 1- y,(4) +0- y,(4)=0 and y,(),y,(0 are linearly 


dependent. 


5 (a). y, —4y,=4e" —4e" =0, y,” —4y, =4e~ —4e” =0, so yes, both are solutions to the 


differential equation. 


5(b). y,(l) =e”, y, (0) =2e”, y,(I) =e, y, (I) =-2e”. 
2 2 


€ 
5(c). W= 


he? de? =—4 +0, so the solutions do form a fundamental set. 
o> sae 


” 


$0. 4y("-9,=4(be4)-e=0, 495” ~y,=ate)-(-26)=0, 


6(b). y,(-2)=e', y, (-2)=4e', y,(-2) =—2e, y, (2) =e. 


e —2e 
6(c), W(-2)= e! allies 2 #0, so the solutions do form a fundamental set. 
2 


7 (a). y, +9y, =-9sin(3(t—-1)) +9 sin(3(¢— 1)) =0, 
y, +9y,= ~9(2cos(3(r- 1))) + 9(2cos(3(r— 1))) = 0, so yes, both are solutions to the 


differential equation. 
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7(b). y,(1)=0, y, @) =3, y,()=2, y, ()=0. 


(0 
T(c). WA)= 


3 \ =-—6#0,s0 the solutions do form a fundamental set. 


—2t 


8(a). yl=e'(-2cost-sind),y//=e “(3cost+ 4sinf) 


2 


y, +4yi+5y, =e “(3cost+4sint—8cost—4sint+5cost)=0 


—2t 


y, =e “(-2sint+cosf),y/ =e “(3sint—4 cos?) 


—2t 


y,. +4y)+5y, =e" (3sint—4cost— 8sint+ 4cost+ 5sint) =0 


8 (b). y,(0)=1, y, (0) =-2, y,0) =0, y, O)=1. 


1 
8 (c). wore 


) =1+#0,s0 the solutions do form a fundamental set. 


9 (a). yy +2y, — 3y, = 9e*' —6e*' —3e* =0, 


y, +2y, —3y, =9e ? —6e * — 3e * =0, so yes, both are solutions to the differential 
equation. 
9(b). y2)=e*, » 2)=—3e*, y,(2)=1, y) 2)=-3. 


-6 


9(c) WQ)= 


1 
30°6 =0, so the solutions do not form a fundamental set. 
i— e — 


10 (a). y,”’ —6y/+9y, =e**? (9-18 +9) =0 


yy —6y5+9y, =e" (97+ 6 -6(31 +1) + 91) =0 


10 (b). y,(-2)=1, y, (-2) =3, y,(-2) =-2, y, (-2)=-5. 


1 
10 (c). W(-2)= ; a 


| =1+#0, so the solutions do form a fundamental set. 
2 1 
—1 1 


uf aleln wl af 


- 340, s0 {y, y,} is a fundamental set. 


ame | 2 1 ; 
12. [y, y,| = [y, yo| ee oe 0,s0 Ly, y,} is not a fundamental set. 
0 2] 0 2 ‘ 
13. [y, y,| = [y, ys| eee ae =—2#0,s0 Ly, y,} is a fundamental set. 
14. The set is linearly independent since one function is not a constant multiple of the other. 


15. f, =In’ =2Int=2f,, so the set is linearly dependent (2 tide = 0) : 
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16. 
bee 
18. 


19. 
20. 
21 (a). 
21 (b). 


21 (c). 


22 (a). 


22 (b). 


23 (a). 


23 (b). 


24. 


Dai 


26. 


The set is linearly independent since one function is not a constant multiple of the other. 
The set is linearly independent since one function is not a constant multiple of the other. 
Set k,-2+k,-t+k,-(-t°) =0 and evaluate at t= -1,0,1. 
2 Stk QO} aL 1 - 
2 0 OK, |=/0]. 2 O ofa 
2 ode SK Oye oh: el 


: _ 0) 
— 4 ZU. 
1 


Therefore, k, = k, =k, =0 and the set is linearly independent. 

f, =2, f, =sin’ t, f; =2co0s’t. Therefore, 2 f, + f,- f,=00n —3<1<2,s0 the set is linearly 
dependent. 

f=e'. fy =2e', f; = sinht. Therefore, + f,- +f, — f, =0, so the set is linearly dependent. 
f,=t, f, =2t=2/f,, so the functions form a linearly dependent set. 

f,=t. fp =—-t=—f,, so the functions form a linearly dependent set. 

f,=1t, f, =t—1. These functions form a linearly independent set since one function is not a 
constant multiple of the other. 

If f, =cf,, then f, — cf, =0. Therefore, the set is linearly dependent. 

Assume {/f,,/,} is a linearly dependent set. Then 

kf (+k, f,() =0 with k, and k, not both zero. Assume that k, #0. Then f,(1) = (EAM on 
the domain. 

If f,=3f,-2f,, then 3f,— f, -2f, =0 on the domain. Therefore, the set is linearly 
dependent. 

Assume {/f,,/,,/;} is a linearly dependent set. Then 

KAO+K, LO +k f,() =0 with k,,k,,k, not all zero. Assume, without loss of generality, that 
k, #0. Then f,() =-(2)6,00-(2) AO. 

Any set of functions containing the zero function is linearly dependent. 

Consider {0,75 f;5f,7+ [hen 1-0+0- f,+0-f, +...40- ff, =0. 

Suppose that f, =a,f,+a,f, and f, =b,f,+5,f,.Then (a,—}) f, + (a, —5,) f, =0. Since the 


functions are linearly independent, a, —b, = a, —b, =0; a, =b, a, =b,. 
On 0<t<o, f,=|d=r=f,. -. f-f, =0 and{f,, f,} is linearly dependent. 
On -oo < t<oo, let kf, +k, f, = kt +k, =0 and evaluate at 


t=+1. Then k, +k, =0, —k, +k, =0—>k, =k, =0 and this is a linearly independent set. 
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Section 4.4 

l(a). AM +A-2=(A+2)(A-1)=0. Thus y=ce" +c,e'. 

1(b). yO)=c, +0, = 3, y’(0)=—2c, +c, =—3. Solving these simultaneous equations yields 
c, =2 and c, =1. Thus the unique solution to the initial value problem is y =2e~ +e’. 


l(c). lim y=ooand limy=o, 


1-00 100 
1 L 4 
2(a). V-+=0>5 A=t-. Thus y=ce“ +c,e”. 


2(b). y(2)=ce'+c,e' =1, y’(2)=—4c,e' + 4c,e' =0. Therefore, 
“1 


1 e e ; : ds F 
Cece = 3 >c= 5 and c, = ae Thus the unique solution to the initial value problem is 


-(t-2) (1-2) 
e Fate, 


y=3 
2 (c). jim y = ee and lim y = 9, 


3 (a). M-4A04+3=(A-3)(A-1)=0. Thus y=ce™" +c,e'. 
3(b). y(O)=c, +c, =—-L, y’(O) = 3c, +c, =1. Solving these simultaneous equations yields 
c, =1 and c, = —2. Thus the unique solution to the initial value problem is y = e*’ —2e’. 


3(c). lim y=0 and limy=o, 


4(a). 24-51 +2=(2A-1)(A—2)=0. Thus y=ce” +c,e”. 
4(b). y(O)=c, +c, =-1, y’(0) =4c, +2c, =—5. Solving these simultaneous equations yields 
c, =2 and c, =—3. Thus the unique solution to the initial value problem is y = 2e” — 3e”, 


4(c). lim y=0 and limy =-c9, 


S(a). AV-1=(A+1)(A-1)=0. Thus y=ce'+c,e’. 
5(b). y(O)=c, +c, =1, y’(O)=—c, +c, =—1. Solving these simultaneous equations yields 


c, =1 and c, =0. Thus the unique solution to the initial value problem is y =e". 


S5(c). lim y=ooand limy =0. 


t——00 too 


6(a). A+2A=A(A4+2)=0. Thus y=ce" +c,. 
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-2(t-+1) 


6(b). y(-N=ce’ +c, =0, y’(-l) =—2ce? =2. Therefore, c,=—-e* andc,=1, and y=1-e 
6(c). lim y=-co and limy =1. 


T(a). V4+5A4+6=(A+2)(A+3)=0.Thus y=ce’+c,e". 
7(b). y(O)=c, +c, =1, y’(O) =—3c, — 2c, =—1. Solving these simultaneous equations yields 
—2t 


c, = 1 and c, = 2. Thus the unique solution to the initial value problem is y =—e *’ + 2e 


7(c). lim y=-—coc and limy=0. 


8 (a). A -5A4+6=(A-2)(A-3)=0. Thus y=ce" +c,e". 
8 (b). c, +c, =1, 2c,+3c,=-1. Therefore, c,=4 andc,=-3, and y = 4e" —3e”. 


8(c). lim y=0 and limy =-.o, 


9(a). V-4=(A+2)(A-2)=0.Thus y=ce” +c,e". 
9(b). y(3)=ce°+c,e° =0, y’(3) =—2c,e ° + 2c,e° =0. Solving these simultaneous equations yields 
c, =0 and c, =0. Thus the unique solution to the initial value problem is y =0. 


9(c). lim y=0 and limy=0. 


(53 

10 (a). 8-64 +1=(44-1)(24-1)=0. Thus y=ce” +c,e”. 

10 (b). ce” +¢,e2 = 4, tee% +40,e% =4. Therefore, c,=2e” and c,=2e”, and 
y=2e% 420% | 

10 (c). jim y =0 and lim y =o, 


3 


11 (a). 24-34 =(A)(2A-3)=0. Thus y=c,+c,e? . 
3 
11 (b). y(-2)=c, +,e° = 3, y'(-2) = zoe = 0. Solving these simultaneous equations yields 


c, = 3 and c, =0. Thus the unique solution to the initial value problem is y = 3. 


11 (c). lim y=3 and limy=3. 


12 (a). V-6A4+8=(A-2)(A-4)=0. Thus y=ce" +c,e". 


12 (b). ce’ +c,e* = 2, 2ce* + 4c,e* =-8. Therefore, c, =8e~ and c, =—-6e*, and 


y= Be2tD) _ 6e4D 


12 (c). lim y=0 and limy =-c9, 


t—00 too 


4416-8 


13 (a). A +424+2=0. Thus A= 5 


=-2+-+2 and y= aaa + eer ‘ 


13 (b). 


13 (c). 


14 (a). 


14 (b). 
14 (c). 


15 (a). 


15 (b). 


15 (c). 


16. 


17 (a). 


17 (b). 
17 (c). 


18 (a). 


18 (b). 


18 (c). 


19. 
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y(0)=c, +c, =9, y’(0) =(2- V2)c, (2+ V2)ec, = 4. Solving these simultaneous equations 
yields c, = —J/2 and Cc, = 4/2 . Thus the unique solution to the initial value problem is 


yay de? pale | 


lim y =—ee and lim y = 0. 
4+/16+4 
2-42 -1=0= 4= “2S E** 294 V5. Thus y =cee™ + 0,6, 
c, +c, =1, 2-V5)c, +2 +V5)c, =2+V5. Therefore, c,=Oandc,=1, and y =e, 


lim y =0 and lim y =o, 


1-00 


2H’ -1=0. Thus A= _ and pees Peg. 


2 


1 
y(0)=c, +c, =-2, yO) = Sd + T° = 2. Solving these simultaneous equations yields 


c, =—2 and c, =0. Thus the unique solution to the initial value problem is y = -2¢ 1" oe 


lim y =—ce and lim y = 0. 


t—-00 


Since lime” =0, y(t)=c,e +2, y()=c,+2=1=>c, =-1. Therefore, 


y(=2-e", V+aA+ B=AAt 3) > a= 3,8 =0 and y’'(0) = yf, = 3. 


= a 
et ot 


We = (A, +))ce = 4e". Thus A, = 3 and c =1. The second member of the 


-e' A,ce* 
fundamental set is then y, =e”. 

MV +0A+ B=(A+1)\(A-3). Therefore a =—2 and B=-3 

The general solution is y=c,e‘ +c,e”. Using the initial conditions, we have 

y(0) =c, +e, = 3, y'(0) =—e, + 3c, =5. Solving these simultaneous equations yields 

c, =1 and c, =2. The unique solution to the initial value problem is y =e‘ +2e”. 

XV +2A=0 = 4=0,-2. Graph (C) since it is the only equation admitting a nonzero limit as 


toe, 


64° — 5A 4+1=(3A-1(24-1) =0 > A=—,—. Graph (B) 


wile 
Nie 


4 -1=0=>5 A=1,-1. Graph (A). 
Utilizing the hint given, we can make the substitution u(t) = y’(1). The equation then becomes 


u’—5u’ +6u=0. 
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20 (a). 


20 (b). 


20 (c). 


21 (a). 


21 (b). 1, 


22 (a). 


22 (b). 


The characteristic equation of this new differential equation is A’ —52 +6=(A-—3)(A—2)=0. 


Thus u(t)=c, e” +c, e* = y(t). Antidifferentiation gives us 
1 


iow) 1 +; 2 3 
y= rc, e' +—=0¢,e' +0,=ce" +0,e% +¢;. 
2 ) 


mx” +kx’ =0, mV +kA=md(A++)=05A ey Thus x(f)= cen Hey: 
m 


k 
= kapinmt » = Sy te: sa 
x’=-~ce Col Fes = Xp = G SVS GS Vile = hp Fee 
my uk} my my _*; 
(O)=—--e" +a,4+— "=z, += -e” ). 


—o 


lim x(t) = x, +=" 
too 


V-Q? = (A+ Q)A-Q) =0. Thus r(t) = ce +c¢,e . From the initial conditions, 


r(O)=¢,+¢, =n and r’(0) = —Qe, + Qc, = 7. Solving these simultaneous equations yields 
1 -lyys 1 -l : : : 
c= 5% -Q rm) and c, = 5% aa: i) Thus the unique solution is 


r= s(n -OQ'KJe e+ sli + Qe = 7, cosh(Qd) + Q*r;sinh(QN . When 7 = 7 =0, 


r(t) =0 and the particle remains at rest at the pivot. 


30(27) 


1 
=0,4= 5° (=3,Q= = 71. We need to find t when r(t)= ¢ = 3. With this condition, 


sinh(zr). Solved for t, t= 1.44705 seconds. 


k 2 
eis k 2 
5 - as aiuie: 
V+— = 4- Q*=0. Thus A, = ———_- —— and the general solution to the differential 


Zo 
5 


a he 


we have r(f) = 


equation is r=c,e*' + c,e**. From the initial conditions, we have 
c, +c, =0 and dc, +A,c, = 17. Solving these simultaneous equations yields 
1 2 
rie 2m *' sin 3 (i) + 10 
, 2 m 


P 
Cc, =-¢, = ————+—— _, and thus r(f)= 


i) 40 i) 40 


k 
m=R  k=R .— would decrease. 
m 


mes 
R 
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Ld 


Qn 
22 (c). Q=20"Y Yan = 2O(210) 160 = re bn RN SAS 


m 
(=) haigpe hex = 5.79189, ~=2 Rat 


. -2t . 1 
“r(t)= pana, r(2) = 1.03605cm. 
5.79189 


23 (a). r= c,[e* - et] where A, > 0 and A_ <0 (from question 22). For the positive limit, 


A -8. 1-4, (¥,,) +40" ) Therefor 


m m m 


2 
2 ; : 
Gs22 (% +40? and. +2 04(4) -(4) + 40°. Then 
m 


pe) 


23 (b). Using the relation reached in part (a), (= z ) +4Q7 = 74407 = 72: Therefore 
m 


(/) +40? =20 and A_ =3|-4-['v, - 3|-32-39|- -2Q. 
2 
- a [ee 
=Q 


1,=3|-30+30|- = 
2c 2 2 


Section 4.5 

1(a). A +2A4+1=(A+1) =0.Thus y=ce‘+c,te". 

1(b). y’=-ce‘+c,(1— Ne‘. From the initial conditions, we have 
ce '+c,e'=1and —ce'+c,-0=0, and thus c, =0 and c, = e. The unique solution is then 
VOae 


l(c). lim y=—0 and lim y = 0. 


1-20 
2(a). 94-62 4+1=(3A-1)° =0. Thus y=ce” +c, te. 
2(b). y =tee4+¢,0 +e”. ce+3c,e=-2 and tce+2c,e=-2= c,=e' andc, =-e'. The 
unique solution is then y(f)=e 4 —te’ 4 =(1—Ne ”. 


2(c). lim y=0 and lim y = —2 


1-00 


3 (a). A +6A4+9=(A4+ 3) =0. Thus y=ce™ +c,te™ 
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3(b). y’=-3c,e "°+c,(1-3Ne ”. From the initial conditions, we have 
c,=2 and —3c,+c, =—2, thus c, = 4. The unique solution is then y(t)=(2+4)e*'. 
1 ne) 2 q 


3(c). lim y=-eo and limy =0. 


4(a). 252? +201+4=(54 +2)? =0.Thus y=ce" +c,le. 

4(b). y= 2ce% +c,(1- Bye 
ce +5c,e° =4e° and 2ce° +(1-2)c,e° =-2e° = c,=-landc, =1. 
The unique solution is then y(1) = (t— Ne* ; 


4(c). lim y=-co and limy=0. 
5(a). 44?-444+1=(2A-1) =0. Thus y=ce? +c,fe?. 


5 bos wee 
5(b). y= zee +c,(1+ ae From the initial conditions, we have 


1 1 1 1 


1 1 
ce? +c,e? =—4 and aoe + aoe =0, and thus c, =—6e * and c, =2e *. The unique 


t-l 


solution is then y(t) =(-6+ 2ne?. 


S5(c). lim y=0 and limy=o, 


6(a). A -4A04+4=(A-2) =0. Thus y=ce” +c,1e". 
6(b). ce°—c,e° =2 and 2ce* + (1-2)c,e* =1> c, = -e’ and c, = -3e” 
The unique solution is then y(t) = (-1-30e**”. 


6(c). lim y=0 and limy=-, 


7 (a). 1647-84+1=(4A-1) =0. Thus y=ce4 +c,te?. 
1 2 


1 
7 (b). From the initial conditions, we have y(0)=c, =—4 and yj = Tig) +c, = 3. Thus c, =4, and so 


t 


the unique solution is y(t) =(-4+ Ane , 


7(c). lim y=0 and liny=o, 


8(a). A +2V204+2=(A4+ V2)? =0. Thus y=ce™ +c,te™. 
8(b). c,+0=1and —¥2c,+(1-0)c, =0=5 c,=1andc, = 2 
The unique solution is then y(4)=(1+ J2ner. 


8(c). lim y=-coand limy=0. 


t—-00 too 


9 (a). 


9 (b). 


9 (c). 
10 (a). 


10 (b). 


10 (c). 


11. 


12. 


15: 
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2: 5’ 


2 
V-5A4+6.25= [2 - 3) =0.Thus y=ce? +c,Ie?. 


5 3 5.) 3 ee de 
i zoe + of + 5 t je* . From the initial conditions, we have 


5 ee 
ce —2c,e° =0 and zee —4c,e° =1, and thus c, = 2e° and c, = e’. The unique solution is 


(142) 
then y=(2+Ne? 


lim y =0 and limy =e, 
302 +230 41=(V3A 41? =0. Thus y=ce™ +e,te%. 


y= toe * +e,(l--p)e * c, +0 =2¥3 and Fe t+-O)c,=3> c= 2¥3 andc, =5. 


le 
ya! 


The unique solution is then y(t) = (23 +5ne 


lim y =—eo and limy =0. 


t— 00 100 


#200 +0? =(A-a) =0.Thus y=ce” +c,te”. From the initial conditions and the graph 


provided, y(0) =c, =0 and at the maximum, y’ =c,(1+ at)e“ =0. Solving for the t coordinate 


: 1 1 
at the maximum gives us ¢,,,, =—-— =2, and thus @ = Br 
a 


: . t = - 
Solving for the y coordinate at the maximum gives us y,,,, = (=e =2c,e'=8e', and 
a 


t 


thus c, = 4. Finally, the equation for y(f) is y(t) = 4te ?,and a= 5 > =9, yy =4. 
a” , , , 1 
y"=0 4.0=0, Y= Yolt Yor YO)= Yo =2, WA) = (NMA) +2= 09 yy =—5. 


1 
Therefore, y(t)=—41+2, a=0, y, =2, Y=A5: 


t t 
AV +4041=(2A+ 1) =0.Thus y=c,e * +c,le *. From the first point given, we have 
zs a al 
yl) =ce 2 +c,e ? =e 2. From the second, we have y(2) =c,e | +2c,e' =0. Solving these 
t t 
two simultaneous equations yields c, =2 and c, =—1. Finally, we have y(t) =2e * —te *, and 


t 


differentiation gives us y’ = -e ?- 502 = te ?. Thus y(0)=2 and y’(0) =-2. 
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14 (a). y,=e'v, yy =e'vt+e'v’, yy =e'v + 2e'v’ +e'v”.. Therefore 
t((v’ +20’ + y)—-(2t+)(v’+v)+(¢4+)v=05 
to” + (Qt-—2t-1)v’ + ¢-2t-14+ t+ Dv = tv” -—v’ =0; 


2, 
7, 
u=v’, u—t'u=0, (1 'u) = 0, ce aa “y,=te 


iL re t 
14().W=f © |= 2te”" #0 on (9,0) and (0,00). 
e (t +2ne' 
2t+1 
14(c). po= 2) ) q(t) = a. continuous on (—°9,0) and (0,9). 


15 (a). y, =fv, =v+tv’, y=tv” +2v’. Therefore 


3,07 


(tv +2v')- (vt tv’) + tv=fv" +00 =0(t” +v’)=0, and so 
, ; c 2, Sst ; 
(rv’) =0, which means that v’ =—. Antidifferentiation yields v = cIn|t|+c’ , and thus 
t 


y, = tInl¢. 


tt In|d| 


15 (b). W= 
” wi 


= t #0 on (—°,0) and (0,0). 


IS(c). po=--, qoD= = continuous on (—°°,0) and (0,°°). 


16 (a). y, = vsint, y; = v’sint+ veost, yy=v”" sint+ 2v’ cost—vsint. Therefore 
(v” sint + 2v’ cost—vsint) — (2cot f)\(v’ sint + vcost) + (1+ 2cot’ f)sinv =0 > 
v’ (sin?) + v’(2cost— 2cot rsinf) + v(—sint—2cot fcost+ sint+2cot’ fsint) =0 
=>v"sint=0> v"=0, v=cttec, -.y, =tsint. 


sint tsint a5 
16 (b). W= . = sin’ t#0 on (nz,(n+1)7),n =...,-2,-1,0,1,2..... 
cost sint+fcost 


16 (c). p(t)=—2cott, g(t) =1+2cot’ ft, continuous on same intervals. 
17 (a). y, =(t+1)v, yy =2t+ Dvt(t4+ lv’, y¥= (t+ 1)’ v” + 4(¢4 Dv’ + 2v. Therefore 
(t+1)*v" + 4(¢4+1)v’ +2(t4+1) v- 4[2(r+ 1?v+(t+ piv’ +6(t+1)*v 
=(t+1)*v” =0, and so v” =0. Antidifferentiation yields v = c,(t+1)+c,, and thus 
=(t+1)’. 


(t+1) (¢+1) 


17 (b). W= 5 
2(t+1) 3(¢+1) 


=(t+1)* #0 on (-%,-1) and (-1,~). 


17 (c). 


18 (a). 


18 (b). 


18 (c). 
19 (a). 


19 (b). W 


19 (c). 


20 (a). 


20 (b). 


20 (c). 
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p(t) = =. q(t) = Joes continuous on (—9e,—1) and (—1,°9). 
t+ 


(t+1)’ 
2 2 = 
y, =e VU, y5 =-2te’ vte'v’,. 
2 2 2 +4 Z 
yy=-2e'vt+4te'y—2te' v’-2te' vy’ t+e' vu". 


erefore, v” —4tv’ + (-2+ 4h v + 40-2 +0’) + (24+ 46P)v=0> v” =0; 
Theref ”— Atv’ +(-2+40)v + 4n(-2 )+(2+40)v=0> v” =0 


2 
APS CLG, FH 16 


=f zp? 


e te 


2 2 2 
Oe ge re 


2t 


We =e 40on (—0¢,00), 


P(t) = 4t, g(t) =2+ 40, continuous on (—%,°°). 
y, =(t-2) v, y, =2(t-2)v4+(t-2) v0’, yY=(t-2)’ v” + 4(t — 2)v’ + 2v. Therefore 
(t —2)*v” + 4(¢ —2)°v’ + A(t — 2)’ v + At — 2) v + (t — 2)’ v’ — 4(¢ - 2)’ v =, and so 


vo” + v’ =0. Thus ((¢ -—2y v’) = 0, and antidifferentiation yields v = — 


ee, 
(=) AGO" 
and thus y, =(t—2)°. 


(t-2) (t-2)° 


1¢=2) 26-2)" = ; #0 on (—eo,2) and (2,09). 


(@=2) 


P(H= mee q(t) = > continuous on (—ce,2) and (2,°°). 


ti 


y, =e'V, y, =e'Dt+e'v’, y/=e'v + 2e'v’ +e'v”. Therefore 
n—-1 n—-l 
ve2vsy-(24* Nora (tet }y-05 
t t 


n—-l ; 
DY =——Vv =0S (6°) S08} eer SVS sr. hoy KT 
t 


1 
nh 


e t'e' 
- nt" 1e7 . 


e’ (nt"'+t")e' 
Ifn=1, W #0 on (-,°7). Ifn =>2, W #0 on (-,0),(0,09). 


-1 -1 
poH= (2 + a) q(t) = ( + a1) continuous on same intervals. 
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Section 4.6 


1 (a). 


1 (b). 


1(c). 


1(d). 


1 (e). 


2 (a). 
2 (b). 
2 (c). 
2 (d). 
2 (e). 
3 (a). 
3 (b). 
3 (c). 


4 (a). 


4 (b). 
4(c). 


5 (a). 


5 (b). 


Ie? = 2{ cos +isin 4 =1+i/3 


~2./2¢e "4 = -23{ cos +isin =) =—2+i2 


(2-i)e®"? = (2-i)(-i) =-1-72. 
ee ae ml Tt 7m) V3. 1 


—= — =| cos— + isin— | = —-—— -i—= 

2° BO 6 6) A, AND 

(/2e'"*) = 42?" = 4{ cos + isin | =4 sgs3. = 2 +i2J3 
3 3 2 pl 

2cos(v21) +i2 sin(V21) 


2e cos(3t)-i2e™ sin(30) 

—te"[cos(t+) +isin(t + 2)] = 4e" cost+ite” sint. 

34/3e* cos(31) + i3V3e™ sin(32) 

—~2 (cos 3at + isin 37t) = —2 cos(3nt) — i sin(3at) 

XX +4=0,and thus A =+i2. 

y =c,cos(2r) + c, sin(2r) 

y’ =—2¢, sin(2r) + 2c, cos(2r). Using the initial conditions, we have 
y(t/4) =c, =—2 and y’(n/4) =—2c, =1. Thus 


c= -5. c,=—2, andy= ~5c08(21 —2sin(2r). 


9+ mm 
2 +2A42=0=5 A= ot. 


_ -t tos 
y=ce ‘cost+c,e‘sint 
y’ =-c,e" cost—ce™ sint—c,e sint+c,e~ cost. y(0)=c,=3 and y’0)=-c,+¢,=-1. 


Thus c, =3, c, =2, and y = 3e‘cost+2e“ sint. 


9X +1=0, and thus A=siz. 


t re 
y=c,cos 3 +c, sin 2 
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i () Pam ee -=4 sn( 5) + 36 cos{ +) . Using the initial conditions, we have 
43 4 F 1/1) 1 (v3 
OE te =4 and yin2)=-se(5)+ 56 “5 =0 


Solving these simultaneous equations gives us 
C= 273, c, =2, andy= 23cos{ +) + 2sin{ 4), 
2+74-8 


6G)... DP Sato qe 
4 2 
6(b). y= ce cos($) + ce? sin(5) 
6 (0). y’=4eeteos(s)—4eetsin(s) + 4evetsin(s) + Fee eos() 
y(-m) =~-c,e? =1 and y’(-m)=—4¢,e 2(-1) +4c,e 7 (-1) =-1. Thus 


c= —3e?, c,=—e*, andy= 3e7 cos($) -~e? sin(+) : 


T(a). 4 +A+1=0,and thus a=tai 


7(b). y= ce? co( j + ce? snl Sr] 


se ie gece NB 2 
(c). rape cos pe age Oe sin rg 


4. (8) 38 4 {8 
= Ce > Sin) =F | ee: COs) ——— 7 | 
2 2 2 2 
; . ; 1 a 
Using the initial conditions, we have y(0)=c, =—2 and y’(0)= =H + ee =-2. 
Solving these simultaneous equations gives us 


GS 255 = —23, and y= —2e ? co] —24/3e 2 snl ‘ 
~4£-V16=20 _ 


8 (a). V+414+5=05A= 5 


at 
8(b). y=cecostt+c,e” sint 
Poet 2t 2t: or: 2¢ 
8(c).. y=-2ee" cost—ce sitit—2¢c,e" simf+cjée™ cost, 
x) ce eee | *{a\_ =i i 
y(¥) =c,e "= 5 and y (5) =—ce- -2e,e" =—2,, Thus 


c, =e", c,=4e", andy =e" )(cosrt4sinn). 
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9(a). 94° +6A+2=0, and thus j= -atig. 
9(b). y= oe cos( +] + nie sn( ©) 
3 3 


1 - a oe t) 1 = 1 - t 
9(@). ys =a "cos |= — ce *sin| — |= = c5e > sin ba +—c,e *cos| — |. Using the initial 
3 3) 3 33° 3 Bf 8 3 


. Solving these 


1 1 
conditions, we have y(3m)=-c,e “=> c,=0 and y’(3m)= mae eG 


za , 
simultaneous equations gives us c, =0, c, =—e", and y=~—e %e* sin( 4), 


10 (a). +4? =0>A=2L2701. 
10 (b). y =c, cos(2at) + c, sin(27t) 
10 (c). y’ =—2zc, sin(271) + 27, cos(271). 


y(l)=c,=2 and y’(1)=2ac,=1>¢, ==. 
1 


Thus y = 2cos(2at) + =—sin2m). 
1 


11 (a). # —2V22+3=0, and thus A =-+/2 +i. 


11 (b). y=ce*™ cos(t)+c,e™ sin(s) 


11(c). y’ =V2ce cos(t) — ce sin(t) + -V2c,e™ sin(t) + c,e%” cos(t). Using the initial conditions, 


1 
we have y(0)=c¢, = 5 and y’(0)=~2c, +c, =~2. 


Solving these simultaneous equations gives us 


C se om _ 32 andy = 16 cos(t)+ 282 6 sin(t). 
2 P 2 2 
2 2 q . 
12 (a). 90 +m? = 05 A= 47. 


12 (b). y=c, cos(¥ t) On sin(4 t) 
ie y = =o sin(4 t) + ao cos(= t). 
y(3)=-c,=2 and y’(3) =-Fe, =-f => c,=-2, c,=3. 


Thus y= —2cos(4 t) # 3sin(4 t) 


13, 


14. 


1; 


16. 


ie 


18. 


19. 


20. 


2 lie 


pas 


oo: 


24. 
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A = +i, so the characteristic equation must be 47 +1=0.Thus a=0 and b=1. 
1 1 
= y(m/4) = —-— land y = y'(n/4) =~ +1 
Yo a i Yo DD) 


A = +2i, so the characteristic equation must be 4° +4=0.Thus a=0 and b=4. 

Yo = y(N/4) = 2 and yy = y'(n/4) = —2 

A =-2+i, so the characteristic equation must be 7 +44+5=0.Thus a=4 and b=5. 
= (0) =1 and y, = y’(0) = -2-1=-3. 

A =1+2i, so the characteristic equation must be (A—-1)° +4= 2° -20 +5 =0. Thus 


1 v3 13 
a=-—2 and b=5. y,= yinfs) = 4-98 and y, = y(nfoy=—4- 228 


A =+in, so the characteristic equation must be 2’ + n° =0. Thus a=0 and b=7’. 
= y(I/2) =—1 and yy = y’(/2)=—V3n. 


y =sint+cost, so @=0 and B=1. Rcosd=1 and Rsind = 1, so R=+2 and 6= 7. Thus 
= ico 1-4), 
4 

: . 7% 

y=cosmt—sinat, soa=0 and B=. Rcosd =1 and Rsind =-—1, so R= 2 and 5=—-. 
71 

Thus y= VBeos{ x -2), 
y =e' costt+ Ve’ sint, so @ =1and B=1. Rcosd=1 and Rsind = V3, so R=2and d= 7. 


Thus y =e’ coe =) 
y=-e' cost ++3e” sint, so @ =—1 and B=1. Rcosdé =—1 and Rsind = V3, so 
R=2 and6= am Thus y=2e" cos( 1-22), 
3 3 
y=e ‘cos2t—e sin21, so @ =—2 and B=2. Rcosd=1 and Rsind =—1, so 


7 7 
R=~2 and 6= a Thus y = 2e~ coo 21-72) 


2 


v(t) = 2eos{ Z1) a=0, b=7, y, =2, yy =0. 


3 3 
wrenfSe$) en acb nme Sal) 
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255 vt) = 5 00s{ 2-2) a=0, b=4, yw sibene WG Ge 


2 6 6 
2 2 = w-40° His i 2 2 
26 (a). A +pA+@°=0. RS i = a 4@°-U 


26 (b). y(0) = c, = 2, y¥@=-Fe+ \o?-“c,=050¢,= Z aie 
2 a 
@ a 


y=e" 2eos{ fo? 1} + snl o£) ‘ 
4 
26 (c). a=, B=o?-*. 


27 (a). e” cos Br= sonny ery sen e” sin Bt = ser a se 
Be ge 

27 (b). [e” cos Br , sin pr] =[e"r elo] ; 2i 
a. Di 


1 
ae Eye? ae 
27 {c): eT ae =-2i a Tal eal Fe me 
2 


ler eee = [e cos Bt s e“ sin a, | so 
i-= 


i 
(@+iB)t _ ot - Ot: (a-iB)t _ ot a ayOt as 
e =e" cos Bt +ie™ sin Bt and e =e" cos Bt —ie® sin Pr. 
28. From Abel’s Theorem, a=0 .. y=c,cos3t+c, sin3r. 


—47+~/-16—- 
29. A +4iA+5=0, and thus j= EN ai —5i. Thus y=ce" +c,e°". 
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Section 4.7 

_ 9.810) 
~ 0.030 
2(b). my” +ky=0, y” +326.67y =0, y(0)=0.07, y’(0) =0. 


2(a). ky=mg,k 


= 3266.67 N/mor 3.2667 N/mm. 


2(c). w= + =18.0739..., y=c,cosartc, sinar. 
y(0) =0.07, c,@=05c¢, =0 +. y =0.07cos(18.07397). 


3: my” +ky=0, y(0)=0, y’(0) =2. The general solution to this differential equation is 


y =c,cosa@ft +c, sin@t, where @ = ,{/— . From the initial conditions, we have 
m 


2 2 
y(0) =c, =0 and y’(0) = ac, =2, and thus c, = —. The unique solution is then y = —sinar. 
@ @ 


We know that y,,, =0.2 = a so @=10= = . Solving for k yields k = 2000 N/m. 
oY) 
4(a). T=4(3-3)=2 s. 


1 1 
4 (b). [aR 5 Hz, @=2nf =7 rad/s. 


4(c). R=3; the first maximum occurs at 


=3-(3-2)-4 .0(})-5=0 = d=7, y = 3cos(m— 4) cm. 


3 
4(d). yO) = 3cos($) = 2.1213..cm, y’(0) =—3z sin(—4) = a = 6.6643..cm/s. 


5 (a). my” +y’+ky=0 withm=10, y=7, k=100, y(0)=0.5, y’(0) =1. Thus with numerical 
constants the initial value problem reads y” +0.7y’+10y=0, y(0)=0.5, y(O)=1. 

5(b). A +0.70+10=0, and thus A =—0.35 +13.14285 = -a@ +iB. The general solution is then 
y=ce °°" cos3.14285t + c,e °°” sin3.14285r. From the initial conditions, we have 
y(0) = c, = 0.5 and y’(0) = -0.35¢, + 3.14285c, =1. Solving these simultaneous equations 
yields c, =0.5 and c, = 0.37386. Thus the unique solution to the initial value problem is 


y=e°?"(0.5co0s(3.14285r) + 0.37386 sin(3.142857)). lim y(t) = 0, which means that the 


damping dissipates the energy of the system, causing the motion to decrease. 


-ytfy’ — 4mk 


6 (a). my’ +y’+hy=0, me+Ant+k=054-— ; Critical damping: ? = 4mk. 
m 
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6 (b). 


7 (a). 


7 (b). 


7 (c). 


8 (a). 


a cem™ + cyte, y0)=c,=0, y’(O)=c, =4. 


Ein 2 
y'()=e,(1- Fae 2m : y (H=0 when Ln a 


2m 4.4 2m e€ m e 
y(t,,)=Cy) —e =z 2.4—H= >> -—=—. 
Y 2 y 2 yy 16 
2: 
m=1 slug, y=16e7 ~5.886..Jb-sec/ ft, k= i= 8.6614..1b/ fi. 
m 
—y £./y° —4mk 
my” +p’ + ky =0 with y(0) = y,, y(0)=0. m2 +4k =0, and thus 4- ow 
m 


-y -y’ —4mk re _-y+y? —4mk 
Se = 


We can rewrite this as A, = 
2m 2m 


. The general solution 


“" From the initial conditions, we have 


to this initial value problem is y = c,e“"’ +c,e 
y(0) =c, +e, = yy and y’(0) =A, c, +A,c, = 0. Solving these simultaneous equations for 


Asy 
. = 270 
c, and c, gives us c, = 7 


and c, = —Aye 


2 1 2 1 


, and thus the unique solution is 


(A,e*" _ A,e”*") 


eos tea 


Yo: 


a 24 2 De: 
ed ee ee 


4m? 4m? 


k 
4mk k Me 2k . Therefore, limA, =0. 


——- = — > Se —————— 
4m> im A ytay’ —4mk ae 


Then, since A, +A, = f=) ook lim A, = tim( i] =—0o, 
m 


ae) 
mM y2 ye 


m 
y e is Ae’ XZ en Le 
lim y(#) = lim} |} = = y, lim|| —~—_- + 
ew) in ah ao, al ek en, 
e*! 1 
= y| O- a aT = Vo - 4 = y). As damping increases, the motion becomes suppressed; 
Yor 2 = 
Ay 


the system “locks up” and tends to stay at its initial displacement. 


—y+t 2A 
y’ +p’ +y=0, y(0) = 1, y (0) =0, #P +h +1=0 > A= 


> 


va -_ 4 = 0 => Verit = 2. 
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8 (b). 


HE 2 3 4 5 Me 


The plots are consistent. For a fixed f, y is tending toward y, =1 as y increases. 


Y and PB = Lm The volume of the drum is 


9: For this problem, we must make pt = 
m pL om 


V= “(5 ) 8 = 50x cubic feet. Therefore, 


P, _ weight of equiv. vol. of water _ 50%(62.4) 4 GAR: Lan B.£-1634.(2)- 6535 2 
p weight of drum 6000 m 8 


J hte) ae = N =05 kg 
and “—=0.1s!, m=5 kg, k= 32.675 NW Y=05 ef 


—ytay— 
10. my” +p’ +ky =0, y(0) =0, y’'0)=y,; mi ++ k=0—9 p= 
m 


. 


4 = 2 
10 (a). Underdamped: A=-a@+iB, a=F ,ee. 


on 2m 


2m ? 
y=ce cosBt+c,e™ sin Bt, y(0)=c, =0, y’0)= Bc, =y, - YD= em sin Br. 
Critically damped: 


<= tt —tr = a , _ a 2 =. SP Et _ owe fer 
y=ce ™ +c,te , yO)=c,=0, WO=Hc,=y -- y\H=yote ™ =yote *”. 


i 1 | 2 ¥ a k 
verdampe am is Y mM am tao = 


, 
y 
y= ce" +c,e, c, +e, =0, Ac, +4,c,=9 =(A,-A)e, 2.0) == = -«, 
(A, _ i) 
! Ait Ant 1 Et a vk t vk t 
y(t) = ry 9. [e 1 —@é 2 bye = iG oe 2m —e {5 elt ee 
. 4m? a 


10 (b). As yy me 2, 


crit ? 


oy _fz . sinh(xt : 
ey e Vai and use: jg =f, lim 
xlo xX. xTo x 
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Section 4.8 

l(a). y,=3, y, =0, 0-—2(3)- 361-1 =-91-64+3=-91-3. 

1(b). A’ -2A-3=(A-3)(A +1) =0, and thus y. =ce' +c,e". 

l(c). y=ce'+c,e" +3t-1. From the initial conditions, we have 
y(0)=c, +e, —1=1 and y’(0) =—c, + 3c, + 3= 3. Solving these simultaneous equations yields 
C, =< and c, = >and so y =e" +e" +3t-1. 

2(b). y.=ce't+c,e™. 

2(c). y=ce'+c,e" -e", 
y(0)=c, +e, -+=1and y’(0) =-c, + 3c, -4=05¢, =? and c, =>, and sO 
y=te'+te™%—te”, 

3 (a). y,=8e", yo =32e*, e*(32-8—2(2)) = 20e"’. 

3(b). A -A-2=(A-2)(A+1)=0, and thus y, =ce'+c,e". 

3(c). y=ce'+c,e" +2e"'. From the initial conditions, we have 
y(0) =c, +c, +2 =0 and y’(0) =—c, + 2c, +8 =1. Solving these simultaneous equations yields 
c,=landc,=-3,andso y=e'—3e"% +2e". 

4(b). yo =ce't+c,e”. 

A4(c). y=ce'+c.e"—-5. 
y(-l) =ce' +c,e° —5 =0 and y’(-l) =-ce' + 2c,e* =1=> c, = 3e | and c, = 2e*, and so 
y = 3e 4 2076) 5, 

5 (a). 2+(2t-2)=2t. 

5(b). A +AH=A(A4+1)=0, and thus y. =ce‘+c,. 

5(c). y=ce'+c,+f —21. From the initial conditions, we have 
yl) =ce'+c,—-1=1and y’(1)=-ce'+2-—2=-2. Solving these simultaneous equations 
yields c, =2e andc, =0,and so y=2e “+r —21. 

6(b).. y= ce” +e. 

6(c). y=ce't+c,—2te™. 
y(0)=c, +c, =2 and y’(0) =-c, -2=2 > c, =—4 and c, =6,and so y=—4e'+6-2te™. 

7 (a). y,=2—2sin2t, yy =—4cos2t, — 4cos2t+ (2t+cos2t) = 2t— 3cos2t. 


7 (b). 
7 (c). 


8 (b). 
8 (c). 


9 (a). 
9 (b). 
9 (c). 


10 (b). 
10 (c). 


11 (a). 


11 (b). 


11 (c). 


12 (b). 
12 (c). 


ES: 
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WV +1=0, and thus y, =c,cost+c,sint. 

y =c,cost+c, sint+ 2f+cos2t. From the initial conditions, we have 

y(0)=c, +1=0 and y’(0) =c, +2 =0. Solving these simultaneous equations yields 
c,=—land c, =—2, and so y=—cosf—2sinf+2t+cos2t. 

Yo =¢,cos2t+c,sin2t. 

y =c,cos2t+c, sin2t+2e'™. 

y(m) =c, +2 =2 and y’(z) = 2c, +2=0 => c, =0 andc, =—1, and so y =—sin2r+2e'”. 
10 — 2(10(t + 1)) + 10(t + 1)” = 10 — 20-204 10? +204+10=107°. 

V-2A+2=0, sod =1+ti,and thus y, =c,e'cost+c,e' sint. 

y=ce'cost+c,e' sint+5(t+ 1)’. From the initial conditions, we have 

y(0)=c, +5 =0 and y’(0) =c, +c, +10=0. Solving these simultaneous equations yields 
c,=—5 and c, =—5,and so y =—Se'cost—5e' sint+5(t+1)’. 

Vo =Ce' cost+c,e' sint. 

y=ce'cost+c,e' sint+2cost+sint. 


z 
2 


y(4) =c,e? +1=1and y(%) =-ce? +c,e? -2=0>c, =—2e ? and c, =0, and so 


y =—2e' *cost+2cosr+sint. 


2 


, 1 t ” 1 t i t 1 t t t t 
Yp=ZQtte ye r= s+ art rye , and [5 +2r+e -2-5(21+ Je eRe ne. 


2 2 oe = 
A -2A4+1=(A—-1)° =0, and thus y, =c,e' +c, te". 
r 
y=ce'+c,te' + °° From the initial conditions, we have 


y(0) =c, =-2 and y’(0) =c, +c, =2. Solving these simultaneous equations yields 


r 
c,=—2 andc, =4,and so y =—2e' + 4te' +e 
Ve =C,e' +c,fe'. 
y=ce'tc,te' +t +4t+10+cosr. 

y(0) =c, +10+1=1 and y’(0)=c,+c,+4=3—>c,=—10 and c, =9, and so 
y =—10e' + 9te' + 1° +444+10+ cost. 


First, yp =au+a,yv . Now we have 


ye + pithy, t+q(Oyp = au’ + piu’ + q(Ou) +a,(v” + pv’ + q(Dv) = ag, + ag, 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21, 


22, 


Dos 


24. 


2: 


26. 


1 2 
SPs 


11 
x +2t+> = 5[2e! +1]+ “(34 Thus y,= Ru 


p2 


4e*—2=2[2e*-1-1]+ “(31 Thus vp = 2, +t, 


it 1 1 1 lf 1 
cosht=—e' +~e' =—|2e' +1 2 -1-1]+< 31], Thus y¥,=—4,+—4 + 
gg? gee abe" [eagle ie git gig 
Differentiation gives us y’, =2e” —21, y% = 4e” —2. From the given differential equation, we 
have g(t) = 4e"* —2+2e" —2t-e* +2 =5e" +? —2t-2. 
7 Z. Ll 43 
Differentiation gives us y, =3+—17, y;=——t °. From the given differential equation, we 


1 3 i ee 1 
have g(f) = ae -o34ir? 6-14 


Differentiation gives us y,, = 3, yy =0. From the given differential equation, we have 


e(th=t-O+e'-34+2-3t= 3e' +6. 


1 ; 
, )p =-=—~ - From the given differential equation, we 


(+f) 


Be alee, 38 ; 1 
Differentiation gives us y, = es 


have g(t) =— +Indi+f, t>-1. 


1 
(1+ 1) 
Differentiation gives us y, =—sint, y; =—costf. From the given differential equation, we have 
g(t) = —cost— sin’ t+ 2|¢cost = (2|¢|—1)cost— sin’ r. 

(A-l(A-2) = -344+2=0>5 a=-3, B=2. Differentiation gives us 

y,=-4e", y? =8e, and so g(t) = 8e — 3(-4e*") + 2(2e*') =24e"', 

A=-1,0 > (A+1)A=0, sodA’ +A=0 and a=1, B=0. Differentiation gives us 

yp =2t, yp =2,and so g(t)=2+21. 

(A-1l? = -2A4+1=0> a@=-2, B=1. Differentiation gives us 

yp=(P +20)e', yy =(P +4¢+2)e', and so g()=(P + 41+ 2)e' —2(r +21e' + Pe! =2¢". 
A=ltisU- 1) =-1, so # —224+2=0 and a@=-2, B=2. Differentiation gives us 

yp =e +cost, yp =e’ —sint, and so 

g(t) =e' —sint— ae’ +cos t| + ae" + sind] =e'—2cost+sint. 

V+4=0> a=0, B=4. Differentiation gives us y),=cost, y% =—sint, and so 


g(t) =—sint+ 4(-1+sinf) = 3sint—4. 
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Section 4.9 
la). V-4=0>y,=ce" +c,e" 


1(b). ypHAP+Att+A,, y,=2AI+A, yf=2A,. 


1 
yp—4y, =2A,-4(A + Art A,)=40 = A, = 7A =0,A, =-1. 


Therefore, y, = ce ee 5 


l(c). y=ce" +c,e 
2a). yo=ce +c,e 


if 
2(b). yp= ee 


1 
2(c). y=ce"+c,e" ~ gsin2r. 
3 (a). A+1=0> y, =¢,costtc,sint 
3(b). y,=Ae', y, = Ae’, yp = Ae’. 
yp t+ yp = 2Ae' = 8e' > A=4. Therefore, y, = 4e' 
3(c). y=c,cost+c, sint+ 4e' 


4(a). yo =c,cost+c, sint 


2 1 
4 (b). =——e'cost+—e' sint. 
(b). yp 5 5 


24 eae 
4 (c). DEC COSE Cnt e Ss sint. 


5 (a). (A-2) =0> y, =ce” +c, te" 


5(b). y,=Ate”, yi, =(2At? +2Ane”, y? =(4Al +8At+2A)e. 


2 


1 t 
yp—4y,+4y, =e" > A= - Therefore, y, = me 


2 
t 
Dc): YSte +o + Ae 


6(a). y.=ce" +c,te" 


1 
6(b). yp= eee 


1 
6(c). y=ce" +c,te" + eee 
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7 (a). 
7 (b). 


7(c). 
8 (a). 
8 (b). 
8 (c). 
9 (a). 
9 (b). 


9 (c). 


10 (a). 
10 (b). 
10 (c). 


11 (a). 


11 (b). 


11 (c). 
12 (a). 


12 (b). 


12 (c). 


13 (a). 


V+2A4+2=05A=-14i> y, =ce“ costt+c,e" sint 


ypHAPt+AP+AttA,, yp =3A, +2At+A, yo =6A,t+2A,. 


” , 3 3 1 

Yp t+ 2yp + 2yp =P = A= 0A, = 5,4, =—7 A= 5. 
1 3 3 

Therefore, yp, =-P-—P+=1 
2 2 2 

“1 7a Le Big SD 
y=ce cosit+c,e sinf+—~f —-—~t +t 
2 2 2 


2t 
— 2 
Vo =e? +€,€ 
yp=—te' +e’. 
$ 2t t t 
y=ce’t+c,e —te +e. 
= -t a 
Yo =Ce cost+c,e sint 


yp = Ae’ +A,cost+ A, sint, y, =—A,e’ — A, sint+ A, cost, 


Z 
yp = Ae — A cost— A, sint. yp +2y, +2y, =e" +cost=> A, =LA, =—,A, =5 


nl e 


1 2 
Therefore, y, =e ‘+ zost: zomt 


. 1 ae 
y=ce ‘cost+c,e ‘sint+e'+—cost+—sint 
5 ws) 
_ -t 
Vo HCe +e, 
yp =2P —6f +120. 


y=ce'+c,+2f -6f +121. 


t 


1 a 
24 — 5A +2=(2A-MW(A-2)=0 A= 5,2 Ye =ce?+c,e" 


t 
Yp= Ate”. Substituting into the differential equation yields y, = 2te?. 


t t 
Lag? 2 2 
y=ce’?+c,e° + 2te 


_ -t 
yo Hae +C, 


1 L 
Vp =n COS aie 

4 1 12 
y=ce eg One eG 


9” —-61+1=(3A-1? =0> y, =e? +¢,1€3 
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1 1.2 
13 (b). yp =(AP + A,t’)e?. Substituting into the differential equation yields y, = ee 


t t t 
é ae ee 
13 (c). y=c,e? +c, te? Te 
_ 2r 2r_: 
14 (a). yo =ce  cost+c,e ~~ sint 


5 e' 
14(b). y,=t-—+—. 
(b). yp eer 


—t 


; > 
14(c). y=ce“cost+c,e“ sint+ aa 


15 (a). V7 +404+5=0SA=-2ti > y. =ce“costt+c,e™ sint 


15 (b). y,= Ae + B,cost+ B, sint. Substituting into the differential equation yields 
1 1 
=2e* +—cost+—sint. 
a 8 8 


15(c). y=ce" costt+c,e” sint+ 2e~ 


Ree ery 
8 8 
16 (a). y.=ce'+c,e" 
16 (b). yp = Ae ‘cost+ Be‘ cost+C,t +Crt+C, + (D, + Dye" 
= Ae'cost+ Be‘ cost+C,f +Ct+C, + Dre” + Dyte* 
17 (a). yo = ¢,cos3t+c, sin 3t 
17 (b). yp =A, + At + A,)cos 37+ (BP + B+ By)sin3t+ Ccost+ Dsint 
= (A,r + Ai? + Ayt)cos3t+(B,r + By? + Byt)sin31+ +Ccost+ Dsint 
18 (a). yo =e, + c,€° 
18 (b). yp = HAL +Al+ A.) +B + Bt+ Be =A + At + Att (Be + Br + Bde’ 
19 (a). A -2042=(A-1)’ +1=0; y, =ce' cost+c,e' sint 
19 (b). yp = Ae‘ cos2r+ Be‘ sin2r+ Ct+C, +e '(Dt+D,)cost+e‘(E,t+ E,)sint 
20 (a). yo = ce +c,€' 
20 (b). y, = Ate’ + Bte' + Ce” + De™ 
21 (a). yo =¢,cos2t+c, sin2t 


21 (b). Using sin(2) = 2sintcost and cos(2(21) = 2cos’ 2r-1, 
1 1 1 
sintcost+cos’ 2r= aout + 5 + ao 4t. Therefore, 


yp = Atcos2t+ Brsin2t+ C+ Dcos4t+ Esin4t 
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22 (a). 
22 (b). 
oe 


24. 


25: 


26. 


2a 


28. 


29. 


30. 
31 (a). 
31 (b). 
31 (c). 
31 (d). 
31 (e). 


32. 


32 (a). 


Yo =¢,8in2t+c,cos2t 

yp = Ae +B+Ce” 

(A+1)(A-2)=2 -A-2=0,80 a@=-land B=-2. y”—y’—2y = 4t, which leads to the 
general solution of y=c,e‘ +c,e" —2t+1. 


AMA+1l) =H +A=0,s0 @=1and B=0. y” + y’ =1, which leads to the general solution of 


r 
y=e,+c,e" sarees 


(A+2)(A+2)=2' +424+4=0,50 ~@=4 and B=4. y”+4y’ + 4y =Ssint, which leads to 


4 : 
the general solution of y =c,e“ +c,te" — aoe if Zn te 


if 
a=Oand B=1, y=c,cost+c,sint+ t—Jsin2t. 


A= -1+i2, so (A +1) =—4 and thus 2? +2145 =0. Therefore. ~@=2 and B=5. 

y” +2y’ +5y =8e", which leads to the general solution of y =c,e ‘cos2¢+c,e" sin2r+2e". 
Since y, = (Af + A,)+ Byte”, we know that 1 and e™ are solutions and 2’ — 3A =0, and thus 
a=-3 and B=0. 


—2t 


Since y, = A,le” + B,te~' +C,t+ C,, we know that e” and e™ are solutions of the 


homogeneous differential equation. This means that A = +2,s0 (A+2)(A-—2) =H —4=0, and 
thus a =0 and B=-4. 

We know that cos2¢ and sin2r are solutions and 4° + 4=0, and thus @=0 and B=4. 

Graph C 

Graph E 

Graph A 

Graph B 

Graph D 


W,, = 200 /b. The weight of an equivalent weight of water is W, = 8(62.4) = 499.2 Ib. 
200 499.2 32 
m, = ——. Note: 2 == =2.496 = w = 2.496 —|> w= 39.936. 

32 p 200 pi 


10 
y” + @’y = oe y(0) = 0, y’(0) =O. 
b 
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32 (b). y, =c,cos@r+c, sin@t, y, = Atcosa@r+ Brsinat 
y, = Acosat— @WAtsinat + Bsinwt + @Btcosat = (A + wBt)cosat + (B — @Ar) sinat 


y= @Bcosat — (A + @B1) sin at — WA sin at + @(B — @At) coset 


. F 10 . 
+ oy, = @Bcosa@t— WAsinat — @Asina@t + @Bcos @t = —sinar. 


Mm, 
10 5 
Therefore, B=0, A=- =— and 
2am, om, 
y =, Cos@t +c, sin@t— tcosa@t, y(0)=c, =0, y’(0) = ac, - = oS¢.2——: 
“ on, ~ OM, om, 


1 


y= Es sin @t — tcos@t, @~6.3195 sec’, m,=6.25 slug. 
ae 


mM, am, 
32 (c). Before being put into motion, the block is floating with a depth Y submerged, where 
62.4(4)¥ = 200 => Y =0.80128...ft. Therefore, the model is valid if 
—0.80128...< y <2—0.80128. From the graph, y =—0.80128 att=7 sec. 


33. ye t+ p(y, tqy,p =(u’ tiv”) + p(w tiv’) + qD(utiv) 
= (u” + p(t)u’ + q(t)u) + i(v” + p(t)’ + qtyv) = g(t) +ig,(t). The real and imaginary parts 
must be equal on both sides of the equation, so 
u’ + p(t)’ + q(tu= g(t) and v” + p(t)v’ + q(dv = g, (0). 

34 (a). y”-y=e'”, y= Ae, y= i2Ae™, y= —4 Ae’ 


a 1 
—4Ae™ —Ae™ =e" 3 A= =e 


1 1 1 
34 (b). Ae’ = Se ceseEt: isin2t) > u= eee = son: 


35 (a). y, =iAe", y7 =—Ae". —Ae" + 2iAe" + Ae" = 2iAe" =e", so A= ao = and y,= ae 
i 
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35 (b). 


36 (a). 
36 (b). 


37 (a). 


37 (b). 


38 (a). 


38 (b). 


39 (a). 


39 (b). 


j 1 j 1 1 
Yp= —5 (cost + isin) =—sinft— 5 00st. Thus u= Pau and y = = sor For the real function, 
a” , 1 - 1 Al . . . fs 
u’+2u’ +u= re 2 awa + zone = cost. For the imaginary function, 


7420p + beirut line Lee} sint 
== = — =sint. 
y y+y 5 5 5 


it 


; ; ; ; 1 1 
y,, =iAe", yy =—Ae". —Ae" + 4Ae" =e" > A= 5 and y,= ae 


Goi? isint) > Sree t Sint 

=— l u=— > v= sini. 

ae 3 3 

yi, = A(1+i2ne, yi? =(i2+i2—4nNAe™ = (41+i4)Ae™. (-41+i4)Ae™ + 4 Ate™ =e, so 
i2t 


i Hl 
A=-—— and =——te 
aie ae” 


be. fk Boe: t 
Yp= ~~ (cos2r+ isin2t) =—sin2r+ i] -—cos2t|. Thus u=—sin2t and y =——cos2r. For the 
4 4 4 4 4 
t 
real function, uw” + 4u=cos2t-— tsin2t+ (4 sin 2 =cos2t. For the imaginary function, 


y” + 4y = sin2t+ tcos2t— 4{ £e0s21] =sin2r. 


» =—i2Ae™, yy =—4Ae™. (-4-i2)Ae" =e" => A= = 
a ee SMe ee 4+i2 20 5°10 


ere “ 
=|-—+i— le”. 
ce aml ke 


1 1 1 1 1 if 
Yp= [-z +i— |(cos2t—isin2t) > u=——cos2t+—sin2t, vy = —sin2¢+—cos2r. 
5 10 5 10 5 10 


y, =(1+i)Ae"*", y% = (1+ i) Ae"* = i2Ae"*" | i2 Ae" + Ae =e" 59 
1 1-i2 1 2 ; 
1 ia yp= (Z ae iZ 


1) 22 %5 ™ al 2. = fa 2D 
yp =| ——i= |e’ (cost + isint) = e'| —cost+—sint |+ ie'| —sint——cost |. Thus 
x 5 5 5 > 


b= o( Zoos t+ sin | and y = e( sint— =cos 7 For the real function, 
{4 pi efi Qe , ; ; ; 
u’+u=e 5008 t— sine +e cost + sine = e' cost. For the imaginary function, 


. (2 4. ( 2 1. 2, 
vy +tv=e]—cost+—sinft|t+e |——cost+—sintf |=e Sint. 
5 5 5 5 
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Section 4.10 


1 (a). 


1 (b). 


1(c). 


2 (a). 


2 (b). 


2(c). 
3 (a). 


3 (b). 


Yo = ¢,cos2t+c, sin2t 
cos2t  sin2¢ | wu 0 us| 1|2cos2t -sin2¢} 0 —sin’ 21 
—2sin2t 2cos2r| ui} | 2sin2¢ oe u,| 2|2sin2t cos2r | 2sin2r] | sin2rcos2r|' 


a) 
2t 
= . Thus 


ee 
Antidifferentiation gives us u, = 5 +E Peas 4t and u, = 
t i ee je 3 
Yp= Tig OEE GouerOnee —sin’ 2t and 


t i 1 
y =c,cos2t+c, sin2t— Ronee + gon 4tcos2t+ zie 2h 


yp = Atsin2t+ Btcos2t, y, =(A—2Bt)sin2t+(B+2Ap)cos2t, 
yp = (-4B— 4At)sin21+(4A—4Br)cos2r. —-4Bsin2t+4Acos2t=2sin2r, and thus 


1 1 
A=0, B= ss. and y, = 5 tcos2t. Combining the particular solution with the 


F . ; t 
complementary solution gives us y = C,cos2r+C, sin2t— Pes 
To reconcile, y, =+sin4tcos2r++sin*® 21 = 4sin2¢cos’ 21+ 4sin’ 2¢=+sin2r. Therefore, the 
boi : ‘ t 

solution in (b) can be written y =c,cos21+(c, + 4)sin21— Reese 
Yo =¢,cost+c, sint 

cost sint | u 0 u,| |cost —sint] O — at a ee 

, _|= p8O7 | 3, |= al 5 = . Antidifferentiation gives 
—sint cost] uw; sec t us sint cost | sect 1 


us u, = In|cos¢| and u, = ¢. Thus y, =(cosf)In\cosd + fsin¢ and 


y =c,cost+c, sint+(cosf)In(cos#) + tsint, since cost>0 for —%<1<4. 
Method of undetermined coefficients is not applicable. 


_ t 2 
yoHce +e,re 


tr 1 
Antidifferentiation gives us u, = (f +t+ te" and u, = aoe . Thus 


2 
t 1 

yp=|~—tt+lle‘e' -—e're' =t+1 and y=ce'+c,e' +141. 
2 Z 
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3 (c). 
4 (a). 


4 (b). 


4(c). 
5 (a). 


5 (b). 


5 (c). 


6 (a). 


6 (b). 


6 (c). 
7 (a). 


The method of undetermined coefficients is not applicable. 


_ -t t 
Ve= Ge hee 


e e' uy 0 uy 1 e! —e' 0 $5 ea neces ; 
ae ed ec ea eo {=| pe | Antidifferentiation gives us 
—e em) Lae el 2je" e Lue] Lane 


= t 


1 Pave A 1 
4, =—zIn(1 +e!) and u, =—Fe!+>In(lt+e). Thus yp = SF In(1 +e!) “at Find +e") 


= t 


e° 1 _ e 
d y=ce'+c,e' -—In(1+e')-—+—In(i +e"). 
ane =e Ree Ss, n(1+e) ers n(l+e‘) 


The method of undetermined coefficients is not applicable. 


= -t t 
VaHce° Pee 


-t t , 0 F A ee uns 

[2 4 ir Pe HW = | - : | - 2 |. Antidifferentiation gives us 
=e! e! u, e U, 2: e t e t e 1 
2 


Ls t 1 t _ 1 t 
u,=——e” and u,=—. Thus y, =——e'+—e' and y=ce'+c,e'-—e' +e’. 

1 4 2 Yp 4 ) bs 2 4 2 
yp = Ate’, and differentiation gives us y, = A(1+ de‘ and y; = A(2 + fe’. Then we have 


1 t t 
A(2 + te’ — Ate’ =e’, and so a Yp Sige and y=Cje'+Cye' +56 


. Sth , 7 t 
To reconcile, the solution in (b) can be written y=ce '+(c,— ae’ + a 


y, =. Use Reduction of Order to obtain y,(). y, =v, ys =2v4+tv’, y¥=2vt 40’ + Pv” 


Therefore, 
, 2.0 , 2. , 2 avr , k, k, 
2v+ 40 +t" —4y—-2t'4+2v=05 fv" +20 =(t VY Sv =s Sve +k. 
t t 


Using v=r', y,=t, y, =e,’ +e,f. 


r tila] | 0 uy 1M is ee Fae Ne ese us ee ene 
PIS e805 See >|, |=| _, |-Antidifferentiation gives us 
2t 1% rr Hy t[-2t t 1+1? 141? 


1 t 
u, = tan 't and u, = aa a °). Thus y, =f tan't— ae t°) and 


t 
y=et +e t+ tan't— 5 ind+ aay 


The method of undetermined coefficients is not applicable. 


25 t t 
Ye= ce’ texte 
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: te’ (| | 0 (| 1 |{(t+tje’ -te’ |} 0] |-2 
7 (b). = i z =| ,|,so : =z ee ‘ / |= . Integrating gives us 
e' (t+e' |u| le u,| e -e' e’ lle 1 


re 2 r 
2 
v= ae +fte'= oe and y=c,e’ +c, te’ tae 
7(c). yp, = Ate’, and differentiation gives us y;, = A(? + 21)e" and y= A(? + 4t+ 2)e". Then we 
have A(r? +4t+ 2)e! - 2A(?? + 21)e' + Ate’ =e', and so 


1 tr t t t ‘a t 
A=>: Dn ae and y=de'+d5te rae : 


8 (a). yo =c,cos6t+c, sin6t 
se cos6f = sin6t_ | uw 0 u| 1|6cos6t —sin6r} 0 — sso 
(b). —6sin6t 6cos6r] ui} | csc*6r ae u,| 6|6sin6t cos6t | csc*6r] maaan 


if 1 
Antidifferentiation gives us u, = Bee and u, = ~ 75 ose"(61) . Thus 


Yp= 5, c0s(6t}eot(st) 7 =ese(61) and y=c,cos6f+c, sin6f+ =cc0s(6t}eot() = =ese(61) : 


8 (c). The method of undetermined coefficients is not applicable. 


9(a). yo =c,sintt+c,tsint 


90) sint rsint uy 0 ur 1 [sint+fcost —-tsint| 0 -? 
. : lie sO =a ; ‘ = . 
cost sint+tcost}ui| |rsint|’  |ui} sin?t| —cost sint || tsint t 


3 2 3 3 3 
t 


Antidifferentiation gives us u, = ge u, = 5° Yp= an rr aoe = ao and 


3 
y ein CaS Ee aie 


9(c). The method of undetermined coefficients is not applicable. 


10 (a). yo =e,t+c,¢ln It 


, ‘¢) , _ 0 . 5 
10 (b). |" ein RE 14 {>80 fee Inj]+1 —sInlq Peale —+(tnld)” | 
ae Ee cee zi i Bele nl + In| 


Antidifferentiation gives us u, = = (int) and u, = 5 (Inkl), Thus 


yp =—~(inft|)’ +(inkt\)° == (Inft))’ and y =¢,¢-+ c,¢inld + —(inftl)’. 
3 2 6 6 
10 (c). The method of undetermined coefficients is not applicable. 


lla). ye-= ett c,e° 
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Wel eke 7 me ee fe J (ee ee 
is hie u, 1 (t—1e' » SO ul, ~ (t—De' = t (t-te! a mali; ntidirerentiation 


2 2 2: 
‘ t t 
gives us u, =e’, u, =i ve =—te’ +Fe!, and y=cett+c,e [5- 2 


11 (c). The method of undetermined coefficients is not applicable. 


r 


12 (a). ye =ce" +c, te 


-1? -1? u’ 0 , a eee i ree oc 0 fp 
12(b).] ©, A lid lsc ere rca ee nd) ere 
—2ie* (1-2P)e~ |u| [Fe u; 2te" e' |e t 


4 3 4 


t t 
Antidifferentiation gives us u, = = 7 and u, = ri, Thus y, = ae 


2 2 fp 
y=ce"’ +c,te’ + dl : 

12 (c). The method of undetermined coefficients is not applicable. 

13 (a). y,=(t- ibe and using reduction of order we have y, = (t- 1)’v . Differentiation yields 
ys = 2(t—1)v + (t—1)’v’ and y¥ = 2v + 4(t—1)v’ + (4-1) v”. Then we have 
(t-1)'v" + 4(r-1)'v’ + 2(r-1)'v — 4(¢— 1] 2(t—- Dv + (1-1) v/] + 6(t-1)'v = 0. Thus 
(t—1)'v” =0, and antidifferentiation of v” =0 gives us v = k,(t-1)+k,.Then y, =(t-1)’, 


and so y. =¢,(t—-1)’ +¢,(t-1)° 


2 3 , 0 
13 (b). ae zy |Z} : t | so 
t 


2(t—1) 3(r-1)° | gy 
0 t 
, 2 3 3 
He : de | t (1) . Antidifferentiation gives us 
wl) (9 -20-1) (0-1 JG] | 


: - 1 a A i ‘ee | 

u, =(¢-1) +—(t-1)”, ar ait is alt 1)”, Yp=(t te a! 1) 3°90 3 
t 1 
d y=c,(t-1) +¢,(t-1)' +=--. 
and y=c,(t-1) +c,(t-1) 5a 


13 (c). The method of undetermined coefficients is not applicable. 


14 (a). 


14 (b). 


14 (c). 


Id; 


16. 


TF, 
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y, =e’. Use Reduction of Order to obtain y,(f). y, =e'v, yj =e'vte'v’, yy=e'(vt2v’ +”) 


Therefore, v” +2v’+v—(2+2)v +v’) +(14+2)) =0 > v”—2y’ =0 


r 
SCV y 037 0 =k S405 k 5th. 


Using y,=fe', y,=ce't+c,re'. 


e! Pe! ul 0 ur eu cs at 3f Je’ _pe' 0 —t 
t 3 Dt , = t |? so , oa “Ae t t t = 1 . 
e (f +36 je | 4, e uy 3t —e e e ay 


2 -l 2 


Antidifferentiation gives us u, = mies and u, = =a Thus y,=-—e -~e' = ae and 


2 
3 
y=ce' tere’ cha 


The method of undetermined coefficients is not applicable. 


Y2S 
u 0 u 1 , = 0 _—— 
y | || =| |e “a | k W’ |. Antidifferentiation yields 
Mi Y2 JL § uy} WL-y ™ Ls pated 
W 


y(A)g(A) y,A)g(A) ely, A-», yA) 
= =-[ Wd) —=—-—d and a Wa) ————di , and so eee 77 ae g(A)daA 


4 [/P2Ox@= Oy.) 


and y=cy, +¢2y> Wa) g(A)dd. y(0)=c,y,(0) +c, y,(0) = y, and 


y’(0)=c¢,y, 0) +c,y, (0) = y%, since y,(0) = y,(0) =0. 


; . cos2t sin2t 
For this problem, we have y, =cos2t, y, =sin2t, and W = =2.Then we 


—2sin2t 2cos2t 


have y, = [ SIZ cosa SCOs2isin2s 5 COS RINE Asc ite i, sin(2(1— A))g(A)dd. Since y= yp, 


a=0, B=4, y,=0, yj=0. 


—t t 


For this problem, we have y, =e", y, =e’, and W = = 2.Then we have 


He.” “e 
> te" , 

: 7 BAA = if sinh(t—A)g(A)dA . Thus we can see that y =e ‘+ y,, and so 
@=0,. B= 1, y=]; yy ==1, 
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1 
18. For this problem, we have y, =1, y, =1, and W = i 


=1.Then we have 


Ve = | [:-A]g(yad. Thus we can see that y=f+ y,(ft),and so @=0, B=0, y, =0, yj =1. 


Section 4.11 


1 (a). 


Vo = C, COSM,t +c, SINDgt 


1(b). Case i: @# @. yp = Acosat + Bsinat, and differentiation yields 


2 (a). 


2 (b). 


y% =—w’ Acosat— @’B sina. Then we have (a, = oo”) Acosar - (a, = o°)Bsinar =F cos@r, 


F F 
and thus B=0 and A = —;——.. The particular solution is then y, = —3——;cosa@r. 
) —@ OQ, —@ 


Case ll: : @=@,. Yp = Afcos@pf + Brsin@,t, and differentiation yields 
yp = M,Bcos Wot — @,(A + @,Bt)sin@,t — © Asin@,t + @, (B — @,At)cos@yt 


- (20,B = @, At) COS Wyt + (-20,A = ©, Bt) sin@,t. Then we have 


a 
2@,B COs Wt — 2@,A sin@,t = F cos@,t, and thus A=0 and B= a The particular solution is 
0 


ae 
then y, = Tee 
0 


10-9.8 
ky =me, k= =1000N/ .. 
Se 008 Vii 


10y” + 1000 y = 20cos(101); y” +100y = 2cos(100), y(0) =0, y’(0)=0. 
yp = Atcos(101) + Brsin(107) and differentiation yields 
yp = (20B — 100A?) cos(102) + (-20A — 100B7) sin(101). Then we have 


1 
us + 100y,, = 20Bcos(101) — 20A sin(104) = 2cos(101) > B= 10° A=0, and 
t t 
soy, = ran deae ,and y=c,cosl0f+c, sinl0f+ eee From the initial conditions, we 


t 
have y(O)=c, =0 and y’(0) =10c, =0. Thus the unique solution is y= oo 


2(c). 


3 (a). 


3 (b). 


3 (c). 
4 (a). 


4 (b). 
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There is no maximum excursion. 


10-98 
ky = mg, k= =1000N/ . 
Y= MBs K=O ogg = 1000 Ym 


10y” + 1000y = 20e"; y”+100y =2e", y(0)=0, y’(0)=0. 


yp = Ae ‘, and differentiation yields y7 = Ae’. Then we have Ae‘ +100Ae™ = 2e', and so 
2 De 03h ; 2 ee 3 
A=—, yp=~~e ‘,and y=c,cosl0¢+c, sinl0t+——e °. From the initial conditions, we 
101 101 101 


2 : 2 2 1/( 2 
have y(0)=c, aa” and y O)= 0G, rane thus c, ="To1 and c, - ala): 


2 1 
Thus the unique solution is y =——] —cos10¢+—sinl0r+e" |. 
101 10 


Yn ~ 0.035m. 


m 


10-9.8 
ky = me, k=——— = 1000N/.. 
Fes 6.098 m 


10y” + 1000 y = 20cos(81); vy” + 100 y = 2cos(81), y(0)=0, y’(0)=0. 
yp = Acos(8t) + Bsin(87) and differentiation yields y; =—64Acos(81) — 64Bsin(81). Then we 


1 
have WM + 100y, = 36Acos(8/) + 36Bsin(81) = 2cos(8/) > A= 18” B=0, and 
1 ; 1 ay a 
SOY, = oo ,and y=c,cosl0¢+c, sinl0r+ noo” From the initial conditions, we 
1 ; 1 . ee 
have y(O)=c, + 18 =0 and y'(0)=10c, =O > ¢,= aR c, =0. Thus the unique solution is 


1 1 
y= ae + rT saad : 
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4(c). |y| | ~0.11m. 


-0.05; 


5 (a). See 3 (a) 
5(b). On OS rst: y”+100y =2, y(0)=0, y’(0)=0. y, =A, and differentiation yields y7 =0. 


1 1 1 
Then we have 0+ 100A = 2, and so aa 5 = 5° and y=c,cosl0f+c, aT, From 


1 
the initial conditions, we have y(0)=c, + 50 =0 and y’(0) =10c, =0, and thus 
1 fee tk , 4 
c,=——~ and c, =0. Thus the unique solution is y =—~——cos10r. At 
50 50 50 


i ee | 10 
t=, y(%)= 50, Cae oe 0 and y’(m)= n= 0. Then we have 


y”+100y =0, y(w)=0, y’(w)=0 for t> 7. 


y=c,cosl0r+c,sinl0t=> y(7z)=c, =0, y’(7@)=10c, =0. Thus y=0 for this region. 
2 
5 (c). || =—=0.04m. 
il 

6. y =0.1sin(z#) sin(72t) = ou (cos(6zt) — cos(8) = 0.05[cos(6zf) — cos(8zt| 

Therefore, y, = Acos(6z1) + Bsin(6z1) and ie =(62)°. If y » = Acos(82t) + B sin(8z1) , then 

m 
5 ; ‘ : 20. 
—(82)*[ Acos(8zr) + Bsin(8zt)| + (677)"|Acos(871) + Bsin(8z1)| = ~ cost 87) ; 
1 20 5 


20 
Therefore, (— 64+ 36)7A=—, (-64 + 36)a°B=0 = A=-—,— =--—5 
282° m 7am 


and £ = 367’, — 


=—0.05 > m=1.447..kg, k = 36n°m = 514.2857..N /m. 
m um 
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7 (a). 


7 (b). 


8 (a). 


8 (b). 


9 (a). 


2y”+8y’ +80y =20cos8r, y(O)=0, y’(0)=0. For the complementary solution, we have 

V +414 40=0, and sodA =-2+i6.Thus y, =ce cos6t+c,e™ sin6r. For the particular 
solution, we have y, = Acos8/+ Bsin8r, and differentiation yields y, =—8Asin81¢+ 8Bcos8t and 
yp = —64Acos8t—64Bsin8r. Then we have 

—64Acos81— 64Bsin81+ 4(-8Asin8¢+ 8Bcos81) + 40(Acos8/+ Bsin8r) = 10cos8r. Solving for 


3 1 3 1 
A and B yields A=—-— and B=—. Thus y=c,e “ cos6f+c,e “ sin6ér——cos8r+—sin8r. From 
20 5 20 5 
ae we 3 ; 8 ; 
the initial conditions, we have y(0)=c, — 50 =0 and y’(0) =—2c, + 6c, + 5 = 0. Solving these 


: ; : > 1 
simultaneous equations yields c, = aH and c, = 6’ so 


13 3 1 
y =—e cos6t—-—e ™ sin6t— —cos8t+—sin8r. 
20 60 20 5 
a4 3 i jut ; eee 
For sufficiently large t, y(t) = “ane 8+ 5om 87, and so the limit does not exist. This equation is 


called the steady state solution. 


Yo =ce  cos6t+c,e ~ sin6r. For the particular solution, we have y, = Ae", 


10 
yr +4y’+40y, =10e' => A-4A+40A=10 > A=" Thus 
2 Eee TO eid sae 
y=ce “cos6t+c,e ~ sin6t+ 37° . From the initial conditions, we have 


10 , 10 
PONT ae and y re ae eek aa Cs 


y= em cos6t— Se sin6¢+ =e ; 

limy( =0. 

Yo =e“ cos6f+c,e ~ sin6r. For the particular solution, we have y, = Acos6t+ Bsin6r, and 
differentiation yields y, =—6Asin6¢+ 6Bcos6t and y; =—36Acos6t— 36Bsin6t. Then we have 
—36Acos6r— 36Bsin6r + 4(-6Asin6¢ + 6Bcos6r) + 40(Acos6r+ Bsin6f) = 10sin6r. Solving for 


30 5 30 e) 
A and B yields A=——— and B=—. Thus y=c,e cos6t+c,e™ sin6t— —cos6t+ —sin6r. 
74 74 74 74 


30 30 
From the initial conditions, we have y(0)=c, — 74 =0 and y’(0) =—2c, + 6c, + 74 =0. 
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9 (b). 


10 (a). 


10 (b). 


11 (a). 


30 a 
Solving these simultaneous equations yields c, = eT} and c, = FA? so 


30 30 
y=—e™” cos6t+ > 4-1 sin6t— —cos6t+ eee. 
74 74 74 74 


30 a 
For sufficiently large t, y(1) = Fie 61+ rie 61, and so the limit does not exist. This equation 


is called the steady state solution. 


On OS tS: 


Yo =c ee cos6t+c,e sin6r. For the particular solution, we have oS =. Thus 
—2t 2t a: 1 ei dae site 
y=cecos6t+c,e ~ sin6t+ ri From the initial conditions, we have 
1 } 1 
y(O)=c, ara and y’(0) =—2c, + 6c,=O0>¢, ar Cc, =-—. 


1 1 1 
y= aye cos6t— oo sin6t + 7 (2) = 


On 5 <f<oo: 


—2t 


y=de~cos6t+d,e~ sin6t. From the initial conditions, we have 


4 = 1 _n | 2 1 -a 
iF) =-de" = qlite ) and y ()- 2de ” —6d,e" =0 


= d, =F le" +1), d, =-—( x +1). y =F (e" +ife* cos6r +e sino 


lim y(t) =0. 


~26+/465° —40,° 
y” + 26y’ + @ y = Fcosa@,t, y(0)=0, y’(0)=0. A= = 8 ty, - . Thus 


yoSce: cos(tfon,” -6 +c,e* sin( Joo,” -8 . yp = Acos@,t + Bsin@,t, and differentiation 
yields y/, =—@,Asin@,t+@,Bcos@,t and y/ =—@,Acos@t—@, Bsina,t. 


Then we have y’ + 26y’, + @ yp =26|-@,A sin@,t + @,Bcos@,t| = F cos@,t. Solving for 


. Thus 


F 
A and B yields A=0 and B= 
260, 


F 
y= ce" cos(f0,” -S + oe sin(t Joo,” oP + 55a 


0 


SIN@,f. 


11 (b). 


11 (c). 


12 (a). 
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F 
From the initial conditions, we have y(0)=c, =0 and y’(0) = Cy Wy 8 + 5 =0. Thus 


Of os 2 2 
Flsinat © sin( r/o, - 8 


,and so y=—~ 
26 ® JQ - 8 


F qo,” — & sinayt— aye * sin(rf0o,” - 8°] F N(6) 


First, let us rewrite y= =} _41777A??] —  _ ] = : 
2 50,40, — 2 D(O) 


L’Hopital’s Rule to find the limit, we need 
dN 1 i 
aa 5 (0° — 5°) ?(-26)sina,t+ ate * sin(rJoo,” - 5°) 


1 tk 
-—w,e* cos{ta,” -S : 5(0," - 5°) 2(—26)r. Thus = >0+@,fsin@tt+0as d>0. 


c,=9 andc, =— 


1 
= =W\@, —5 +60, Sa, = 5°) 2(-26). Thus < — @, as 60. Therefore, 
FN(O) F _., 
im ——— = ——/sin@)t. 

630' 2 D(6) 20, 

we) F sin@ot . k 
For sufficiently large t, y = ar Knowing m and k means that we know @ =./—. 

F m 


Therefore, by measuring the amplitude of the steady state solution and knowing F =—, we 


=| 


0 


can determine 6. 


y” + 26y’ + @, y = Fcosa,t, y(0)=0, y’(0)=0. 


yea ce cos(tf0,” -6 +c,e% sin( Joo,” -6 . yp = Acos@t+ Bsing,t, and differentiation 


yields y, =—@,Asina@,+@,Bcosa@,t and y7 =-@, Acos@t—@, Bsina,t. 
Then we have 


ye + 26), + Wy Vp = (a, - @,)[A cos@,t+ Bsinayt| + 26[-a,A sin@,t + @,Bcos a,t| =F cos@,t. 


Fh 
(w,’ - a) + (260,) 


voce cos(tf00,” 2 5°) +c,e° sin(ea,” 7 5°] + Acos@,t+ Bsing,t. From the initial conditions, 


we have y(0)=c, + A=0 and y’(0) =—6c, + co," —~5° +@,B=0. 


Solving for A and B yields A= 5 and B= 
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dA aoe 


QO, — 


Thus c, =—A and c, =— , and so 


- (aw) bn 3 @, )cos@t + 26a, sinw,| - 
0 1 1 


in( tafoo,? — 6° 
Fe? =4(@,° - 7 Jeos{ ton” -S + [d(a,” —@,°)+ aan Ne) 


(w,’ - @,) + (260,) 


12 (b). Using 6(a,° — 7) + @,(250,) = 6(@,? + @?), 
sin[ t/@, — 
dim 0 = Be yt siN@)t— onal JQ) *] ca | 


F |sin@,t _, Silty @y — - 


~ 25) a Wo a Oy -S 
12 (). 
F 
lim y(t) ee ary {(a,” = «,’)cosant} — ay ke @,)cos@t} 


*) {cos@,t—cos@,t} = (0 5 


— 5) {cos@)t—cos@,t}. 
1 0 


(or —Q@, 


13 (a). mx” =—kx — mgcos (=) x(0)=—10, x’(0)=0. 
” k & k -2 : . 
13 (b). x” +—x =—-—=. — = 72H = 328 ~. Thus the complementary solution is 
m 
te =C, cos(t1/32) +, sin(1V/32). Xp =A, so —A= meas and so A= = and 
V2 2 
. 1 
X=C¢, cos( 1/32) +, sin(t-/ 32) = no ‘ 


1 
From the initial conditions, we have x(0) = c, — "Dy =~—10 and x’(0) = v32c, =0. Thus 


1 1 if 
7 a eas c, =0, and x=( 5-10 eos(-/32)- 


13 (c). 


14 (b). 


15. 
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1 
Differentiation gives us x’(f) = -¥32 C - al sin(t 32) . We need x’ when x =0, so 


il 
cos(t/32) = v2 . Solving for sin(rV/32) = 9971, and so x’ = 52.4161 ; 
—10 


ae 


Letting x and y represent horizontal and vertical coordinates which have their origin at the mouth o 


the “cannon,” we have y” =—g, y(0)=0, y’(O)= a and x” =0, x(0)=0, x’(0)= ce For the y 


a 
initial value problem, we have y’ =—gt+ a0 and antidifferentiation yields y = 5 


Rv, 


y =0 gives us t=0, ——. Substituting the second value for r into the solution of the initial value 
& 


vot : 
+—<. Settin 
2 


2 2 
. 7 Vv V5. ¥ (52.416) 
roblem for x gives us x(t)=—2t=—& V2 2 = © = = 85. 8571. 
p x gi x(t) V2 V2 : 32 
sgt Se 30° , 1 
(). = -ay +, -=0+4C, > v7 =—2gy +900, v2) = (900-128)? = V772fi/see. 
2 F72 
Gy. =- Fy-2y-- gy-2) 46, C= av? =H Gy-29' -26(y-) 4772 
2 2m 2 m 
k k i 708 
3)=0>50=-—-— 2294+ 772 = — =772- 64 = 708, = 16 —, k = —— =] 3828 lb/ft. 
ye) we m me gg = 1639) ji 
vars 'I(A) dA , so yy spay 1(0)=0, 1’(0) =0, and therefore peepee. 
dt C0 dt C 4 dt 


1 t t 
V,=5sin3¢, sol” +—I =15cos3t. Thus I. =c, cos 5] #c, sin 5) and J, = Acos3t+ Bsin3r. 
: 4 2 Z. 
Differentiation gives us [7 =—9Acos 3t— 9Bsin 31, and then we have 


[-9+ F]Acosar4 [-9+ 7 |Bsingr= 15cos3t. Thus B=0 and A= -=, and so 


12 t ae: 
I, = ag oe 3randI=c, co 5] +¢, sin 5) = im 00s 3t. From the initial conditions, we have 


12 i IZ 12 t 
1(0)=c, -—=0 and /’(0) = =c, =0. Thus c, = — and c, =0 and /(t) =—| cos=—cos3t |. 
~ A a eee: : 7 2 
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16. 


17. 


18. 


1 1 t t 
I” +—1= Ne. V,=10te", sol” +—I=10te". Thus I. =c, coy 4 #5 sin 4 and 
4 dt 4 2 2 


I, =(At+ Be‘. Differentiation gives us [7 =(At—2A + B)e“, and then we have 


1 24 
kai i a ees A=-8, Para 


24 t 24 
Thus, J, =| -8t-— — |e’ and J =c,cos = +c, sin} — |+]—8t—— |e” . From the initial conditions, 
. 5 ee Nees) ee ND 5 


24 1 24 24 52 
we have 1(0) = c, - — =0 and /’(0) = =c, -8 +— =0. Thus c, = — andc, =— and 
t= 5 a? 5 a, ae 


1K) = eof 4 +2 snl 4 -(s+2 e’. 
5 2 5 2 5 


ee 
R 


1 ft d 1 1 dl 
+ —| V(A)dA + ee. , and then we have CV” + —V’+—V =— , V(0)=0, V’(O)=0. 
L+0 dt R L dt 


I,= 


ji 
a . For this problem, 


t 
ee ee 
P=I-e' >2 < = 2e '. For the complementary solution, we have A = =u =—1l+i,and 


so V. =ce ‘cost+c,e ‘sint. V, = Ae ‘, and substituting this into the original differential equation, 


R=1kQ, L=1H, C=S2F, and so V”+2V’+2V =2 


we have A—~2A+2A=2.Thus A=2,andso V=c ‘cost+c,e ‘sint+2e ‘. From the initial 


conditions, we have V(0)=c, +2 =0 and V’(0) =—c, +c, -2=0. Solving these simultaneous 


equations yields c, =—2 and c, =0, and so V =—2e ‘cost+2e". 


ji T 
V"+2V’+2V =2 = , V(0)=0, V’(0) =0. For this problem, /, = 5sint=> 2 < = 10cost. For the 


complementary solution,V. =c,e ‘cost+c,e ‘sint. 

V, = Acost+ Bsint, V; =—Asint+ Bcost, V;’=—Acost— Bsint, and substituting this into the 
original differential equation, we have (-2A + B)sint+(A+2B)cost=10cost=> A=2, B=4. 
Thus, V=ce ‘cost+c,e‘sint+2cost+4sint. From the initial conditions, we have 

V(0)=c, +2=0 and V’(0) =—c, +c, + 4=0. Solving these simultaneous equations yields 


c, =—-2 and c, =-6, and so V =—2e ‘cost—6e ‘sint+2cost+ 4sin¢. 


Chapter 5 
Higher Order Linear Differential Equations 


Section 5.1 
1-5 __-~ Verify by substituting into differential equation. 
6. Discontinuities for the relevant functions exist at f= —3,-1,3. 
1 
y"— 2G y” +In(t+1)y’ + costy =0; Initial condition at r=0. -l<1t<3. 
as Discontinuities for the relevant functions exist at ¢=—1 and nm+—. Since t, =0, the largest 
interval on which Theorem 5.1 guarantees a unique solution is —1< ft< - : 
8. Discontinuities for the relevant functions exist at += +4 and + . .(P -16)y +2y” + Py = sect; 
ee me a 
Initial condition at f= 3. ry <1<4. 
o. There are no discontinuities for the relevant functions and ¢, =0. Thus the largest interval on whic 
Theorem 5.1 guarantees a unique solution is —co< f< 0%, 
10. y—Sy”+4y=0; 4-50 4+4=(V-1(V-4)=0 A=-1,1,-2, 2. 
11. =M-A=AA-1(A 41) =0,80 A=0, +1. 
12, y"-2y”-y’+2y=0; V-2V-142=HV(A-2)-(A-2) =(A-2y(H - 1) =0 
A=-1, 1, 2. 
13. A-2V41=(7-1? =(A-D?(A +)’ =0, 80 A=41. 
Section 5.2 


eas Saas : a Cc 
l(a). y’” =0, and antidifferentiation yields y” =c,, y’=c,t+c,, and y= ae gee ee Se oe 


1 (b). 


Lt 


W=(0 1 2t=2 +0, and thus the three functions form a fundamental set of solutions. 
0 O 2 
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10. 


he cee See 
Weoe “71510496: 
0 e e 


1 
W=(0 1 -e'l|=e #0, and thus the three functions form a fundamental set of solutions. 
@ 


0 e' 
1 ¢f cost sint 
O 1 -—sint cost i" ao 
We . =1-1-(cos t+sin j=120: 
O O -cost -—sint 
O O sint  —cos 
Log 
W=l0 1 -r°|=2r* #0, r>0, and thus the three functions form a fundamental set of solutions. 
0 O 2r? 
sR ae 
W=0 ¢' 24=1-(3r')=3r' 40, t>0. 
0.7" 2 


y=c,+c,e'+c,e ‘, and differentiation yields y’=c,e'—c,e ‘ and y” =c,e' +c,e ‘. From the 
initial conditions, we have y(O)=c, +c, +c, =3, y’(0)=c,—c,=—3,and y”(0)=c, +c, =1. 
Solving these simultaneous equations yields c,=2, c, =—1, and c, =2, and so the unique solution 
is y=2-e'+2e". 


y=e,te,ttce", yYD=e,t+e,+ce'=4, y(M=c,-c,e' =3, y"A=c,e' =0 


. €,=0, c, =3, c, =1 and y(t)=14+ 31. 
y=c,+c,t+c,cost+c,sint, and differentiation yields y’ =c, —c,sint+c,cost, 


y” =—c,cost—c,sint,and y’” =c,sint—c,cost. From the initial conditions, we have 


Tt qT , Tt ” Tt we Tt 
(F)-c tee =2+7,y (F}ee-e=3. y (E}=-c =-—3,and y (F)=e)=1 


Solving these simultaneous equations yields c, =—1—m, c,=4, c, =1, and c, = 3, and so the 


unique solution is y=—1—m+4?+cosf+ 3sint. 


1 1 3 
Yaorrerror: VSO. 64-3 S26, Oe aa ae ass PO Or Be se 


a” 1 3 1 1 
y Cae ies => c,=-2, 25 Cie UD Cae) oe => c¢,=-2 
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11. 


12; 


13. 


14. 


15; 


16. 


17. 


18. 


19. 


20. 
vale 


y=c,t+c,Int+c,t’, and differentiation yields y’=c,t'+2c,f and y” =—c,f° + 2c,. From the 
initial conditions, we have y(1)=c, +c, =1, y’(=c, +2c,=2,and y”(1) =—c, + 2c, =—6. 
Solving these simultaneous equations yields c, =2, c, =4, and c, =—1, and so the unique solutior 
is y=2+4Inr-r. 

y”—y'=0; p,,()= p,(t)=0. Abel’s theorem predicts W(t) = W(t). 

If 4, =—1, then W(t) = W (1) =constant. From exercise 2, W (1) = 2. 

P, ,(2) = p,(t) =1, and so Abel’s Theorem predicts W(t) = W (O)e‘ with t, =0. From Exercise 3, 
W(th=e'=W(O)e" since W(O)=1. 

yO +y”=0; p,,()= p,(t)=0. If t,=1, Abel’s theorem predicts W(t) = W (1) =constant. Fron 
exercise 4, W(t) =1. 


Mal) 


3 


2 ‘24 
P, ,(t) = p,(t)=—, and so Abel’s Theorem predicts W (ft) = W (De rs = "= W (Del sinh aa 


with 4, =1. From Exercise 5, W(f)= 21° =W(1)r° since W(1) =2. 


2.0 


1 
Py” +ty”—-y’=0; ps@= AG aad With 4, =2, Abel’s theorem predicts 


VQ 


W(t)=W(2) of J an = W (2)exp{—Inr+ In2} = W(2) expo 2)|=2 


2 


From exercise 6, W()=3t' +. W(2)== = and W(j)=2—— ae 


Pra) = p,(t)=—-3. W@)= wie to = oD. 


P,,@)=p,O=sint. W(h= Widen | ins =0 since W (1) =0. 


1 
PraD= p=2.WO=W(de!=3r', 150, 
p,_,(t)= p,()=0. 2. W()=W()=3. 
u”—u=0,s0 # -1=(A+1)(A-1)=0. Then we have u=cje' +c,e' = y’. Antidifferentiation 


yields y=—ce‘ +c,e' +c, = Ae’ + Be’ +C(1). 


22 (a). u=y’; u’+u’=0, V+A=0 => A=0,-1 u=y’=c,+0,e% 


. y=et-c,e'+c, = ¢ttce'+ce,-1 


22(b). v=y” ov +v=0 => vay"=ke’ => y’=-ke‘+k, > y=ke't+kt+k,. 
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23. v”+v=0,s0 we have vy =c,cost+c, sint= y”. Antidifferentiation twice yields 
y =—c,cost—c, sint+c,f+c, = Acost+ Bsint+Ct+D. 
bog ce 
24(a). W=(0 2¢ 4f]=1- [240° 7 81°| =16f°. Note that W(0)=0 but W(f) is not identically zero on 
0. 242 
(-1, 1). If y”+p,()y” + p(y =0 were to have 1, 7°, f° solutions with p,(A), p(t) 
continuous on (—1, 1), we would contradict Abel’s theorem. .. No. 
24 (b). Ify=1, then y” + p,y” + p,y’ =0 is satisfied for any p,, py. 
Ify=r, y’=21, y’=2>50+2p,+2p,=0=> p,+tp,=0. 
Ify=r, y=4r, y"=12P, y” =241> 2414120 p, + 4 p, =0 > 64 3p, +p, =0. 
t 1Jp]_fo]_fa].1f3 -1po]_| % 
Therefore, ea = lhe > eee ier i , 
Py Py A 
Both functions fail to be continuous at ¢=0. 
25 (a). Differentiation yields y’ =c,e'—c,e‘ and y” =c,e' +c,e ‘. From the initial conditions, we have 
y(0)=c¢, +e, +¢, =a, y’(0)=c,-c, =B, and y”(0)=c, +c, =4. Solving these simultaneous 
1 1 
equations in terms of aand B yields c, =a-—4, c,=2+ 5B: and c, =2— 5B. Then we have 
a ee 1 Ea at : 
y(t) =(@-4)+] 2+ aP e+) 2- 5B e '. Since the third term goes to zero as f gets large, we 
must set @ = 4 and B=-—4 so that the first two terms also become zero (for all #). 
25 (b). y will be bounded on 0 < t<-e if B=—4 (a@ can be arbitrary). No choice of a and B will produce 
1 1 
a solution that is bounded on —c0 < t< oo since 2+ 3 Band 2- 5 B cannot simultaneously be zero. 
Section 5.3 
r 
Lis Antidifferentiation yields y=c,+c,t+c,f°. Since t;=0,we have y,=1, y, =, andy, = a from 
the initial conditions provided. 
2 y=e,tettet’, y=c,+2c,t, y” =2c, 


=k yc +e, +e,=1, c,+2c,=0, 2c,=0 ©. ¢c,=1, c,=c,=90, y,(O=1. 


y,i ¢, +0, +0, =0, c, +2c,=1, 2c,=0 = c,=0, c,=-1, c, =-1, y,O=t-1L 


5 (a). 


5 (b). 


5 (c). 


6 (a). 
6 (b). 


6 (c). 
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. 1 1 Dae 
yz €, +c, +c, =0, c,+2c,=0, 2c,=1 > caer, c,=-1, a) BOS ae) 


Y(DEL y= IHL y(D=F0-D* 

Since tf; =0, we have y,(0)=c, +c, =1, y/(0)=c,—c, =0, and y,"=c, =0 from the initial 
conditions provided. Thus c, =1 and c, =c,=0, and y,(4) =1. Similarly, we have 

y,(0)=c, +e, =0, y3(0)=c,—c, =1, and yY=c, =0 from the initial conditions provided. Thus 
c,=landc, =c,=0,and y,(t) =f. Finally, we have 

y,(0)=c, +e, =0, y3(0)=c, —c, =0, and y/=c, =1 from the initial conditions provided. Thus 
¢,=—landc,=c,=1,and y,()=—l1+t+e™. 

VHC rote. Se ce" Se 


=i | -1 _ -1 
i=lk ce, +eje  =1, cz— ce" =0; ce 


=0 => ¢=1, ¢,=c,=0, y(@=1 

Yai ce, te, ese" =0, c,—-c,e" =1, ce" =0, c,=0, c, =1,  =-1, y,=t-1 

Ys: Cc, +c, +c,e'=0, c,—¢,e | =0, ce =1 5 Cc, =e, c, =1, C; ==), y,()=-2+t+ee 
y() = 1, y,() =t-1, y,(=—2+t+e°”, 


{cosht, 1-sinht, 2+ sinh?} is a solution set. 


icPaoaeee feos fgnhpoie ee iene and Fe sips oho! oes his 
2: 2 2 2 2 2 


0 1 2 
1 1 1 
A=|> --> = 
2 2- <2 
1 oi 1 
2 2 
1 1 1 1 1 1 
ie) > 9 > 94 3 
det A=0 e 7 -1 zi +2/¢ ; =a ee the three functions form a fundamental set. 
Oh 1 Olt ia 


{1- 2t, t+2, ae is a solution set. 


1-2r=1-1-2-1+0-e%, t+2=2-141-14+0-e%, e" =0-140-t+e°-e" 


12 0 
A=|—2 1 0 
0 0 e 


det A=e°(5)=5e° #0 .. fundamental set. 
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7 (a). 


8 (a). 


8 (b). 


8 (c). 


10. 


11. 


12. 


13. 


14. 


es ee a = ze ; 
y, =1+1t and y, = — are solutions. However, y, = (t+1) ‘is not a solution and so 
t 


t+1 al. : 
{14 t, et (t+1) ‘ is not a solution set. 


{or —1, 3, In(*y$ is a solution set; In(f’) = 3lnt. 


2r —1=-1-140-Int+2-, 3=3-140-Int+0-7, 3lnt=0-14+3-Int+0-7 


-1 3 0 
A=|0 0 3 
2 0 0 


-1 3 
det A= =| > : =18+0 .. fundamental set. 


Setting c,-1+c,t+c,f =0 and evaluating at t=—1, 0, 1 we have 
c,—¢, +c, =0, c, =0, and c, +c, +c, =0. Thus c, =c, =c, =0, and the three functions are 
linearly independent on the interval. 
c-l+e,-dthte,0t+t+P)=0 +. (c, +0, +¢;)-1+(c, +¢,)-t+e,-° =0 
The argument of 9 leads to c, +c, +c, =0, c, +c, =0, c, =0 > c,=c,=c,=0 
.. linearly independent on —©<f<o., 
Setting c,cos’ t+c,2cos21+c,2sin’ 1=0 and using the identity cos* ¢— sin* 1= cos2r, we have 
c,cos’ t+ 2c,(cos* t= sin’ 1) + 2c, sin’ = (c, + 2c, cos” t+ (2c, + 2c,)sin* #= 0. Taking 
c, =1, c, =1, and c, = —2 to be one nontrivial solution, we can conclude that the three functions are 
linearly dependent on the interval. 
e(? + 2t)+c,(ar+1)+¢,(t4+ a) = et + (2c, tac, +¢,)t+(c, + ac) =0 
a lic, 0 y 

*. ¢, =0, ac, +c, =0, c,+ac,=0 or * eke} det =a’ -1 

. linearly dependent on —oo < f<oo if @=+1 and linearly independent on —co < f< otherwise. 
(nontrivial c,, c, if @=+1). 


On O0<t<o, ff 


|+1= 7° +1. Then we have 

2 2 = 2 = a = = 
c(t + 1) =e ext —1) +¢,f= (Sj - c,)t cae (c, ~c,) =0. Thus c, =c, =c, =0, and so the three 
functions are linearly independent on the interval. 


On -0 <1<0, deft+1=—-0 +15 (e+) +1 —1) + 0() =0, and so the three functions are 


linearly dependent on the interval. 
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15. Since the three functions are linearly independent on half of the interval (see 13), the functions are 
linearly independent on the entire interval. 
Section 5.4 
1(a). 4-4/0 =0 
1(b). A-4A=A(A+2)(A-2)=0. Thus 2 =0, +2. 
l(c). y=c,+c,e 7 +c,e”, since the roots are distinct. 
2(a). A+ -A-1 
2(b). MA+D-A+)=(V-1(A+1)=0 A=-1,-1,1 
e' te’ e 
2(c). y=ce't+c,te'’+c,e; W=te’ (l-de’ e'J= 
e’ (-24+ne" e' 
e'[3-2t|- te ‘[-2]+e'[2-1-14+ tle“ =e “[3- 21+ 21+ 1]=4e' #0 
3(a). M4+N4414+4=0 
3(b). V+ 4404 4=V (A414 4(At I = (HV +4)(A41)=0. Thus A=-1, +:2. 
e' — cos2t sin2t 
3(c). y=ce'+c,cos2t+c,sin2t,since W=+e' —-2sin2t 2cos2t}=10e' #0. 
e' -—4cos2r —4sin24 
4(a). 16A4*-82' +1 
2 | oe es 
4(b). (44-1) =0; are Berea 
e” te” e? te” 
L-4 t\,-4 1k t\ 4 
4(c). y=ce’%+c,te? +c,e% +¢,te? W= Fe oe a noe 
te (4-4) A leh (3+4)e” 
A GQ407 Ob Ue Oy her) a ae 
wo=|2 2 ey \ | Mele i eI e1i(Z}4o 
ao epee TN Sh Oe sh WO. . he 2 
++ 3 44 p 30-4 po -3 0 
5(a). 164°+877+1=0 
5 (b). 162! +82? +1=(48 +1) =0. Thus 2=45, 45. 
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t t neh _ ft ‘ : 
5(c). y=c,cos—+c,fcos—+c,sin—+c,tsin—. To verify this, 
2 2 2 


2 
cos($) tcos($) sin(5) tsin(+) 
-5sin 4) cos($) — sin($) =cos(4) sin(+) + —cos($) 
me Hos 4) - sin(5) - “cos(5) ~~ sin(4) cos($) — —sin(4) 
1 s(t 2 t Bis t t 3 s(t t 
gins) ~7005(3) + 3 in(3) =, 8 cos($) ~7sin(s) = 9 00(3) 
0 0 O 
it 
0 5 1 0 0 
wo)=|_ 1 0 o =e : =-—#0 
a ca | 
ae OP ae 
4 


6(a). A-1 


6 (b). =e? => A,=e%, k =0, 1, 2; A=1, en”, e"4 =1, ree a Sparen as 


\ 3 og 3 
6 (c). y aCe +c,e7 cof Bree anf 


T(a). V-2V-A4+2=0 

7(b). A-2V -A42=H(A-2)-(A-2) = (A +1)(A-1)(A-2). Thus 4 =2, +1. 

T(c). y=ce'+c,e' +c,e”, since the roots are distinct. 

8 (a). A*+16 

8(b). At =-16=16e""™ => A, =2e"") £=0, 1, 2,3; A,=2e* = V2 +iv2, A,= 
2e'* =—/2 +iV2, A, =2e'* =-V2-iJ2, A, =2e'* =/2-iW2 2. A=4tN2 tiV2 
y=cer" cos(¥21) +c,e 7 sin(V2) +c,e7 cos(/21) $o,e"% sin(V21). 

9(a). A +40 =0 

9(b). A +4A=A(V +4)=0.Thus A=0, +72. 

9(c). y=e,+c,cos2t+c,sin2t 

9(d). Differentiation gives us y’ =—2c,sin2t+2c,cos2t and y” =—4c, cos2t— 4c, sin2t. From the initial 
conditions, we have y(0)=c, +c, =1, y’(O)=2c, =6, and y”(0) =—4c, = 4. Thus 
c,=2, c,=—l1, andc, =3,and so y=2—cos2t+ 3sin2t 


10 (a). A +3V4+3A41=(A+1) 
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10): ASAD AA 

10 (c). y=ce'tc,te'+c,0e* 

10 (d). y(0)=0, y’(O)=1, y"(0) =0 
y’=-ce'+c,(l—Ne" + c,(2r- rile", y”=ce'+c,(-24+e'+ e(? —4t+ 2)e" 
y(0)=c,=0, y’(O)=c, =1, y"(0) =c,-2) +¢,(2)=0 > c,=¢c,=1 y= (1+ P le" 


11. x (7 + 9) = A +97? =0. Thus the differential equation is y‘“” +9y” =0, and so 


a,=0, a, =9, a, =0, anda, =0. 


12. y=c,cost+c,sint+c,cos2¢+c, sin2t; (a +1)(A +4)= M+5V+4=0 


vy +59" +490: a;=0,a=5, a =0, a=, 

13. (A-1)'(A+1) = (7° - i) = A* — 27? +1=0. Thus the differential equation is y“ —2y” + y =0, an 
soa, =0, a, =—2, a, =0, and a, =1. 

14. 
y=ce‘sint+c,e‘cost+c,e'sint+c,e'cost, A=-1+il, 1+il. 
(A+1-iDA+14+ i) =A4I? 4+1=0V 42042; (A-1-i)A-14 i) =(A-1? +1=V77- 2042 
(47 4+2442)(42-24 +2)=(42 +2) -42? = 444407 44-42 =1'+4=0 
yO pay a0 -4:=0,.4, 50; =0, 4, =4- 

15. (A-1)° =A*— 423 +62? —42+1=0. Thus the differential equation is 
y\? —4y’”" + 6y” —4y’ + y =0, and so a, =-4, a, =6, a,=—4, anda, =1. 

16 (a). n=5 

16 (b). {1, t, e', Cost, sinr} 

17 (a). n=5 

17 (b). {e’, e'cos2t, e’ sin2t, e ‘cos2t, e' sin2r} 

18 (a). n=8 

18 (b). {sins, cost, tsint, tcost, t sint, t cost, e’ sint, e' cost} 

19 (a). n=7 

19 (b). {sint, cost, fsint, tcost, e’, te’, re'l 

20 (a). n=4 

20 (b). {1, 4, 7,e7} 


21. n=l, a=1, y()=Ce" 
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22, nala=t2 oy £2y S090 = Ce" 
23% n=A, G=0, yOSE POLE? ter 
24. n=2,a=4, y”+4y=0, y=c,cos2t+c, sin2t. 
3v3 : ay 

25. Three values for A must be 3 and — ri ag . Using these values to reach the characteristic 

equation gives us (A— 3)(4’ +34 +9)=2° +30 +94 -30 -9A4-27= 1-27. Thus 

n=3anda=-27. 
Section 5.5 
l(a). A-A=A(A41(A-1)=0. Thus y. =cje' +c, +c,¢'. 
1(b). y, = Ae”, and substituting this into the original differential equation yields (8A—2A)e” =e”. 

Thus A= E and so y, = doa 

6 Yp 6 7 
-t t 1 2t 

l(c). y=ce'+c,+c,e Tee 
2(a). y,=ce +c,+¢,e 
2(b). y, =At+ Bcos2r+Csin21, y, = A-—2Bsin2t+2Ccos2t, y” = 

—4Bcos2t—4Csin21, a = 8Bsin2t—8Ccos2t 

*, 8Bsin2t—8Ccos2t—A+t2Bsin2t—2Ccos2t=4+2cos2t 

1 1 
10B=0, -10C =2,-A=4 .». A=—4, B=0, Ones y; Seen 
2 ; I, 

Z2(C).. ySce” +e,+c,e a a 
3 (a). M-A=A(A+1(A-1) =0.Thus y. =ce' +c, +c,e'. 
3(b). y,=«At+ B)= Ar + Br. Differentiation yields yj, =2At+ B, y% =2A, and y?’=0, and 

substituting into the original differential equation yields 0 —2At— B= 4t. Thus 

A= -2 and B=0 and soy, =-2?r’. 
3(c). y=ce'+c,t+c,e'-2r 
4(a). y,=ce't+c,+c,e 
4(b). y, = Ale’, y= A(t+Ne', yr = A(t+ 2)e", y= Att Ze’; 


y— yi, = Alt+ 3-t-Ie’ =—-4e’ => 2A=-4 or A=-2 -. y, =-2t0e' 
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4(c). y=ce'+c,+c,e' —2te’ 

S(a). M+HV=HV(A4+1)=0.Thus y. =c,+¢,t+c,e". 

5(b). y, = Ate‘. Differentiation yields y, = Ad—Ne“, y? = A(t—2)e", and y?’= A(-t+ 3)e‘, and 
substituting into the original differential equation yields A(—t+3+t-—2)e ‘=6e". Thus 


t 


A=6 and soy, =6le™. 
5(c). y=ce,t+c,t+c,e'+6te" 
6(a). A-N=0,A=0,0,14 y, =¢,4+0,t+c,¢' 
6(b). y,= Ae”, y= —2Ae™, yr= 4Ae", y= -8Ae" .«. (-8A-4A)e = 4e 


1 ‘eee 
aaa ve = Re 


t 


6(c). y=e,t+e,t+c,e' - xe 
T(a). 4-22 +A=A4(A-1) =0. Thus y, =c,+c,e' +, fe". 
7(b). yp =WAt+B)+Cre' = Ar + Bt+ Cre’. Differentiation yields 
yp =2At+B+C(r +2r)e', ye =2A+C(P + 41+2)e’, and y7’=C(P +6r+ 6)e', and 
substituting into the original differential equation yields 
C(t? + 61+ 6)e' - 2[2A +C( +404 2)e"| +2Ar+ B+ C(t? +21)e' =1+ 4e'. Thus 


1 1 
A=5,B=2, and C =2 and $0 Yp= 50 + 21+ 27°e'. 


T(c). y=ce,+c,e' +c¢,fe' +50 42142Fe 
8 (a). A-3V4+3A-1=(A-1) =0; y, =ce' +c, te +c,0e' 
8 (b). y, = Are’, y= A(P +30 )e', y= A(P +6P +6r)e', y= A(P +90 +1874 6)e' 
. Ale +9P +181+6-3(0 +61 +61) +3(P + 37°) te’ =12e => A-6=12; y,=2re' 
8(c). y=ce'+c,te'+c,te' +2re' 


1 3 -« 3 = 3 
9(a). A’ -1=0.Thus A =1, 4298 ana SO Vo =ce' +0,€ ‘cof See ‘si( 


9(b). y, = Ate’. Differentiation yields y’, = A(t+ le’, y? = A(t+2)e’, and y?’= A(t+ 3)e’, and 
substituting into the original differential equation yields A(t+3-—)e‘ =e’. Thus 


if Ly 
ar ANOS Vag ten 
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fie tee | NB ed Soya ss 
9(c). yeo=ce' +c,e * cos cae +c,e * sin nae tte 


; i(m+2ka ee 1 3 
10 (a). #4+1=0, #W=-1=e?™, a,=e. A ane% dai, 
1 3 ; 3 ae 3 
A, =-1, pola y, =ce' +c,e% cos NBs +c,e” sin v3 
2 2 2 2 
10 (b). y, = Ae’ + Bcost+Csint, y’, = Ae’ —Bsint+Ccost, y’’ = Ae’ — Bcost—Csint, 
yi’= Ae’ + Bsint—Ccost .. Ae’ +Bsint—Ccost+ Ae’ + Bcost+Csint= 
1 1 1 
=e’ +cost «. 2A=1, B+C=0,-C+B=1, ry Bins C= 53 


re i 
vp ~ He + 00st ome 


; 3 Geox 3 1 1 Ln 
10 (c). y=ce'+c,e% cos 43 , +c,e” sin ney +—e' +=cost—<=sint 
2 2 2 2 2 


11 (a). 2-42 +44=A(A-2)’ =0. Thus y, =c,+c,e" +c,te”. 
11 (b). yp = A,f + A,P + Att Ay) +0(B,t + Bt + Bye” 
=A, + Ae + At? + Agt + (Bott + BY + Byte” 
12 (a). A-34V4+3A-1=(A-1P=0  y, =ce' +c,te' +0, 
12 (b). y, = Ate’ + Be’ cos3t+ Ce’ sin3r+ D 
13(a). AY -16=(H + AY(A-2)\A+2)=0, A= +42, +i2, and so 
Vo =qe" +c,e7 +c,cos2t+c, sin2t. 
13 (b). yp = At + A, Je” + (B+ Bye’ + (Cr+ C,)cos2r+ (Dt + D,)sin21 
14(a). Ab +84 +16=(24+4) =0 +. A=Hi2, +12 
y, =¢,cos2t+c, sin2t+c,tcos2t+c,tsin2t 
14 (b). y, =P (Art A, )cos2¢+ 1°(B,t+ B,)sin2r 
15 (a). Ab-1= (4 +1)(A+1)(A-1) =0. Thus y, =ce‘ +c,e' +c, cost+c, sint. 
15 (b). yp =H At + A Je’ +1(Cr+C,)cost+ (D+ D,)sint. 
16. y=e,te,ttce"+4sin2z VA-2)=HV-2V=0; y”—-2y”=a(0) 
. a=-2,b=0,c=0. y, =4sin2z, y, = 8cos2tr, y, =—16sin2t, yr= 


—32cos2t. 


17. 


18. 


19. 


20. 


21 (a). 


21 (b). 
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Substitute: —32cos2t—2(—16sin2/) = g(t) 
* a=-2, b=0, c=0, g(t) =—32(cos2t—sin2/). 


(7 +4)(A-1)=2 -1 +4A0-4=0. Therefore, g(t) = y”—y”+4y’—4y. ypar? 


differentiation yields y), = 21, y, =2, and y,;’=0. Then we have 


g(t) =0-24 4(21)- 407 =-4r + 81-2 and a=-1, b=4, c=-4. 
y=e¢,+o,tt+e,t-2°; N=0, y”=g(0; y= —27’, y= 6°, 
y= 121, yyr=-12; a=b=c=0, g(t)=—-12 


oi 


y=c,+c,t+ et + f’,and so 1, ¢, f are solutions of the homogeneous equation. 


0+0+0+c¢-1=0, soc =0.0+0+bt-1=0, sob=0. #-6+ar?(61)=0, soa=-l. 


3. 


Py” —ty” = g(t) and y,=f",80 g(N=f -24t-f -12f =128". 

y=eltt+eot +c, +2Int,  ¢, ¢, f are solutions of homogeneous equation. 
04+0+bt+ct=0 +. b+c=0, O+aP(2)+bi2N+c(P)=0 +. 2at+2b+c=0 
(r) = 47°, ()" =127, (“)" =241. (241)+ar(121°)+b(4r)+c(4) =0 
24+12a+4b+c=0 2. c=-b = 2at+b=0 and 244+12a+ 3b=0 

“ b=-2a => 24412a-6a=0 = a=-4, b=8, c=-8 


py” —Aty” + 8ty’ —8y = g(t) 


(2Int)’ = =, (2Int)” = -=. (2Int)” a 


4 Z p2 
#($}-4e[-2]+8{2)-r61ne= g => g=28-16lnt 


a=—4, b=8, c=-8, g(t) =28-16ln(4), 1>0. 


The three solutions can be verified by substitution. 


DE tO he 0 


1 2t 40 | ui |=| 0 | where y,=1,+Pu,tt*u,. det = 4247 -81°]-1]127 
0 2 12° |u tg 


0 r f£ sy ; 
Thus w/=|0 2¢ 4¢ aap’ gir =—f'g, 
i | 6 6 3 
tg 2 120 
& Oo gt : ; 
= 0 4f|-—=-—r'g)3r|=-—rs, 
“a 6r* sl 2° 


, and 


oF |= 6r 
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22, 


a3: 


DE oO 14 ‘ ; 
and u,=/1 2¢ 0 |- ies at alt] = i & g = 2t?. Making this substitution, 
0 2 fg 
4 1 9 3 Ell 
antidifferentiating the three u’ equations yields u, = —3! 2 uy = zi t?,and u,= ar t *. Thus 


43. 2 375) 2 274, 165 Z. , 
yp=-—t 2(+=t aG )-=1 aG )=->) 0. Finally, we have the general solution: 


1 


2 
g=21; ua at - 


2 , -l 
=> u=-Int w=-t > wat; 
3 


1 1 
wW=—t* > u,=--t°; y,==tlnt+t-—t 
3 9 more 9 
ea, ah eee 744 2 1 _ 2 4 2 
y=ettet +eyt Tages sae SCPE EL ECL tig 


1 | ae a 
g=f+2r+1,andso uf = a (Pr +2P+1)= stats r, and antidifferentiation yields 


ae. 1 1 
u=—tst-sr'. usr (P +2° +1)=-—-1'-—F°, and antidifferentiation yields 
Gi 3, SB 2 2 
1 1 i 
u,=-~—Int+—fr°. uh= 2 (Pf +2P +1)= a + Fics te f°, and antidifferentiation yields 
1 1 
u,=—-—t'——t°—-—r*. Thus 
6 6 24 
Bi -al t 1 1 1 it 
yp =f —+=t-<r' |+- | -=-Int+—9 [4+ fe] -=r'- =r -— 
Gr. 3 3 2 4 6 6 24 
1 3 1 2 2 . * 
ie aia 5 t’ —-——f Int. Finally, we have the general solution: 


1 1 
Veqrmarhar yb eet Int, 


Chapter 6 
First Order Linear Systems 


Section 6.1 
f=) f <1 Dp > Oy C) ns: 
1. 2 A(t) — 31B(1t) = 2 — 3t = — 
2... Orel 0 t+2 4 4t4+2 0 3f+4+6t 
_|2#-2- 3° Or +34 
‘ 4 Pa 9737 
= =”, 
7 2 - ape es 
‘ aineto=|' fi 2 (Hs Ht) +P( Aa ' 
2 2t+1] —-1 2(t+1)+2t+DC) 1 


4, det[tA()] =-8 -— 0° 


B.S 7) 
2. A(t) B(t)— BVA(D) = 


>: There are two natural ways to do this problem. We can form the matrix A(?t)B(1) 
and then calculate det[A()B(‘)]. Alternatively, we can separately calculate det[A(‘)] and 
det[B(1)] and use the fact that det[ A(1)B(4)| = det[A() ]det[B())]. 
Taking the latter course, det[ A(/)] = (t— (21+ 1)- 27 =-(t+1), and det[B()] = 
(t+ 2)= 1° +2t. Thus, det[A()B()] = -(t+ DP? +2) =-(7 +30 +20). 


1 
6. det[A(t)] = 2¢+1 and so the matrix A(f) is invertible for every value tf except f= 5 The 


t t)= , t#—r. 
inverse of A(f) is given by (t) Pali aa 5 
ae As noted in Example 2, a square matrix is invertible if and only if its determinant is nonzero. 
Now, det[ A(‘)| = (t- 3)-—4= ¢ — 31-4 =(t—4)(t +1) and so the matrix A() is invertible for 
every value ¢ except t=4andt¢=—l. The inverse of A(t) is given by 
1 a 3 2 


BO aGst)| 2 1 


} t#4,t4-—1. 
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8. det[A(‘)] = 2sintcost=sin2t and so the matrix A(f) is invertible for every value ft except 
2t=nt> t= oe n=0,+1,42,33,... The inverse of A(f4) is~ given’ by 
: t l t 
1 cost cost Ps ee 1 
A“()= a ee k a + UL te fe OA a 
sinftcost|—sinft sint gees eieee 2 
2 2 
9. In this case, det[ A(t)] = e’e*’ —e%e" =e" —e” and so det[A(] is zero for every value of f. 


Hence, the given matrix A(f) is never invertible. 


sint ee 3 
— cos ——S 10 3 
: _4; t f+1 |_ 
a Ha aa ee . 25 a 1 a 
2 


ie? Hane limte’ —_ limtant¢ 0 O 
11. limA() =lim| , Al ener re aint [= 
10 130| #7 -2 es! lim[t —2] lime —2 1 


cost 3 
12. Differentiating A(t) component wise, we have A’(f) -| oe 4 and 


—sint O 
A’ (H= , AF A(t),A’(t) and A” (ft) are defined for —o0 < t<oo, 


0 i 
13. Differentiating A(t) component wise, we have A’(f)= and 
A”(t) i ‘A A(t) is defined f <1<Qand0<1<1 
= p is defined for — °° an <1. 
-0.25(1-1)°” 9e* 


A’(t) and A’’(f) are defined for —oo<r<0O andO0<?r<l. 


aa sect 
14. P=] . and g(t) = i 
sint ¢ =5 
is yl |tyt(+Dy, +t] [y+ +Dy, Pa oa 
y5| |4y,+e'y,+8ent| | 4y,40'y, 8ilnt | 


tr’ reilly, t Re sea t 
; + . Therefore, P(t) = , | and g(4) = : 
4 t V5 8tlnt 4 i 8tlnt 


rt ol 
16. Let A’(H= i Integrating component wise, we find 
cost 3f 


Pte, t+C3 
AQ) =], : 
sink Cy, Cy 
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Gere 2.3 r+2 +5 
Since A(0)= = , we obtain A() =] | A : 
Cy, Cy Li \=2 sinf+l f-2 


meee: 
17. — Let A’(H)= a “es al Integrating component wise, we find 
t 


Inft]+C,, 2° +C,] Ci 265) (2+ 5 
A(t) = : “|. Since A(1) = = , we 
SEOs, EFC SiGe Lats Ld 


Infr|+2 2°43 
obtain A(f) = ; : 
pHa) S38 
Lf 
18. Let A”()= F 3 Integrating component wise, we find 
2 2 3 


t t t 
A’'(t)= t+C, Sew => A(t) = ea Fee eee 


Cy, Cy Cyt + Dy, Cyt + Dy, 
11 2 rs : 
Since 4i0)=| ; j and ac=| ; | we obs A(t) = rae tae ee oe 
= — —2 2t+1 
19. Integrating component wise, we obtain 


; 'Qsds ‘cossds '2ds ¢  sint 2t 
J B(s)ds= J J J -| | 
i ; 


[sas [w+ ‘as J. 3s° as St In| r+] ct 


; e'-1 3° 
20. Integrating component wise, we obtain ip B(s)ds= i 2m 1—cos2zt 
270 27 


1 ¢ 
21 (a). One example is A= e | 


0 ft 
De. One example is A= ; 
0 0 


Section 6.2 
1. The given problem can be written as y’(t)= P()y()+8(1),  y(3)=Y,y 


. tant 


t 0 0 
where P(t) = a | g(t) = at Yo= "| The coefficient functions 


In| t| 
p,(@=t' and p,,(t)= In| t| are discontinuous at t= 0. The coefficient function p,,(/) = tant 
has discontinuities at +7 /2,+ 37 /2,.... The largest interval containing f, = 3 but containing 
no discontinuities of any coefficient function is the interval 7 /2<t< 37/2. 
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0 
tant is discontinuous at t= +7 /2 and (t+1)* is discontinuous at t=—1. The largest interval 
containing 4, =0 but containing no discontinuities of any coefficient function is the interval 
Sera 2. 


; (cos/t? 1/0 l/r 0 
In standard form, the problem is y’ = yr »y)= : 
2 4t sect Z 


The only discontinuities of p,,(¢) and p,,(f) are at t=0, while g,(7) is 
discontinuous at t= +7 /2,+ 37 /2,.... The largest interval containing 4, =1 but containing no 
discontinuities of any coefficient function is the interval 0< t< 7/2. 


; 1 tant (t+1)° 0 
In standard form, the problem is y’ = Poe 24 yr »yO)= 6 


Bi3 5 
Pa ae oe) 0 
In standard form, the problem is y’ = ite ie y,y()= I 
b= 25, TZ 


The largest interval containing f, =1 but containing no discontinuities of any coefficient 
function is the interval -2<1r<2. 


Differentiating, y/=5c,e" + 3c,e" and y’ =5c,e” — 3c,e*’. Calculating the right hand sides, 


dy, ty, =4(ce” +0,e") + (ce —c,e") = 5ce" + 3c,e" = yy and 
y, t4y, =(ce" +0,e") + 4(c,e" — c,e") = Sc,e" — 3c,e" = ys. 


e' cost e' sint 
y = Cy tos +C, t 
—e' sint e' cost 


ne 2t 2 3t 1 r_ 20 2 3t 1 
For y=ce C50 ip * have y’ = 2ce 1 + 3c,€ il On the other hand, 
2 


Ay = Al ce” eh ee sess Pale 
" f-1) 07 [-1 re t-1p 07 | -1 


aft —2] 2 ft 2] 1 | 4 a| 2 , ; 
cf), aly A C3e ime deca Me +0,€ 3 . Thus, y’ = Ay for every choice of 


10. 


Li 


12. 


13: 


Chapter 6 First Order Linear Systems ¢ 119 


In order to solve the initial value problem, we first note that 


nel 2 1]_[2 1]¢] ame cowie? 21 1e/ 4 ay 
= + = . ‘ = 2 t 
y( ) Cy = Cy | 1-1 C us, SOlVINg 1-1 Cy 3 we obtain 


all 2 Bel el 2e"% +2e* |. ; 
c, =land c, =2. Therefore, y(t) =e 1 +2e |=] _.2 ao is the solution of the 
= —e" —2e 


given initial value problem. 


; ai|2 Aid a S42 _|—3+4 
For y’=c,e 5 +c,€ Lp ppae = Ge pee +c,€ wee 


: 1 -1 Cy -1 . 2e7 = e 
Solving 12 = g |? we obtain c, =2 and c, =3. Therefore, y(t) = Fsstmeest is the 
Cy é é 


solution of the given initial value problem. 


y(t) 
y(t) 


pi On y() —}O 1 ft y® 0 
Y’(t)= lee = ee =Ay@\tein ] = y 2 eA + Pe | Therefore, the scalar 


0 1 
equation can be written as Y’ = P(t)Y + G(t) where P(t) = ie se and G(t)= 


Let Y() = } Calculating Y’(t), we find 


sint | 
Let Y(t) = a Calculating Y’(1), we find 
: y(t) 0 1 | y@® 0 ; 
Y'(O= = + . Therefore, the scalar equation can 
ae ly sect 3fsec ee My +1)sec | 
0 1 0 
be written as Y’ = P(t)¥Y + G(t) where P(t) = peaks Bias ] and G(t)= fe Siyecs | 
y() 
Let Y(1)=| y’(d) |. We solve for y’” by multiplying the equation by e‘ and find 
ca) 
y(t) 
Y(H= y(t) . Expressing Y’(f) in matrix terms, we 
Se'y’(h-e't'y’()—(e‘tan)y(t+e" 
0 1 0) y(t) 0 
have Y’(f)= 0 0 1 y(t) |+| 0 |. Therefore, the scalar equation can be 
—e'tant -e‘r' Se‘ ly’(@| |e 
written as Y’ = P(t)Y + G(t) where 
0 1 0 0 
P()= 0 0 1 and G(t)=| 0 
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y(t) 0 1 0} yA 0 
14. Let YO=| |. YM=|0 0 1] y’(® |+] 0 |. Therefore, the scalar equation can 
y(t) t —cost 2\y"()| |e* 
0 if 0 0 
be written as Y’ = P(t)¥Y + G(t) where P(t) =| 0 0 1} and Gi) =] 0 
t —cost 2 en 


, 


15. Let Y(t) = ee so that Y’(t) = 


Y()= Os EPO a 28 Mt y(t) 
~|-3 21 yO] |2cos2r} |—-3y(t) +2y’(t) +2cos2t |’ 


Therefore, equating components of the vector Y’(f) , we see that the scalar equation is 
y’=-3y+2y’+2cos2t, y-D=LywCb)=4. 


| We are given that 


16. y”—4y”4+2y=e", y(O)=Ly’(0)=-2, y”(0)=3. 


yO} | yO yO) 
t ‘(t aC 
17. Let Y= 2 = a so that Y’(t) = os . We are given that 

WO} | y@ yO 

ys] Ly’ yO 
Yo y’ 

‘ 3 y” . 
Y(O= = oi . Equating components of the vector 

M4 


y, +y,sin(y,)+y3] Ly’ +y”sin(y) +(”)’ 
Y’(t), we see that the scalar equation is 
yO=y’+y”sin(y)+(y"), y() =0, y’) =0, "(= 1 y’"() =2. 

18. | Making the indicated change of variables, the system of differential equations is 
Yi=¥,+Y¥,+1Y, 
¥j=20Y,+¥, +Y, 

Y’ = P(t)Y + G(#) where 


. Therefore, the system can be expressed in the form 


0 1 0 0 0 
5 0 Ls or ie 0 
H= fy= 7 
Fa. 20.201 rN 
Zt Oe 1 0 
19. | Making the indicated change of variables, the system of differential equations is 


Yy=r'y, + 4¥ -1Y, + (sindY, +e” 
¥j=¥ —SY, , 
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Therefore, the system can be expressed in the form Y’ = P(t)Y + G(t) where 


0 1 0 =O 0) 
4 ¢' -t sint e" 
P(H)= 00 0 1 and G(t)= 
1-0 @ = 0 
20. Making the indicated change of variables, the system of differential equations is 


Y= 4Y +7Y, -8Y,+6Y, +0 
Y, = 3Y, —6Y,4+2Y, +5Y, —sint 
Y’ = P(t)Y + G(t) where 


. Therefore, the system can be expressed in the form 


0 1 0 9 0 
e 4 -8 6 ae : 
H= fp= 
Oro: ov gape) 6 
S26) 2S —sint 
21. | Making the indicated change of variables, the system of differential equations is 


IDY, + OY, + 3Y, = 12, -6Y, + 3 
YeroY =; H2Y,= 6 +t 
Writing this system in standard form, 
Y= 4Y - 3Y, -S5Y,-2Y, +90 
Y= si +6%,-254Y, 1 
Therefore, the system can be expressed in the form Y’ = P(t) Y + G(t) where 


Oo 1 0 0 0 

A283) 5. 2D r 
P(t)= 0001 and G(t)= 0 |" 

5 6 —2 1 —t 


Section 6.3 


l(a). In matrix terms, the system has the form y’ = Ay where 
yi 9 -4/y, , | 4 
tbs ab.Jee-bs oF 
1(b). We have 


; 6e" jd asters Ah 7 9 -4]2e* 18e* —12e* ‘ 
= . alculatin , we obtain = an 
: 9e* ene 15-7] 3e* 30e* —21e™ 


3t 


e 
therefore, Ay = ; i , showing that the function y(/) is a solution of y’ = Ay. 
e 


—3 -2 
2 (a). v= F 
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3 (a). In matrix terms, the system has the form y’ = Ay where 
y, 1 4] y, : 1 4 
ue eae 
3 (b). We have 
, _| Ze’ cos2t— 4e’ sin2t 
ed fee sin2t—2e' cos2t 
i ile al c cos2t— 4e’ ae 
; = ; . Therefore, 
—1 1] -e'sin2tr| |—2e'cos2t—e' sin2t 
the function y(/) is a solution of y’ = Ay. 


ee 
4 (a). v-[2 2h 


} Calculating Ay, we obtain 


5 aoa 


5 (a). In re Bide the system has the form y’ = Ay where 
yy O° To Ly OL. Al 
¥, (=| 62 = Dy | ory’ =| -6. = Dy, 
me a: el ae De 8 2 4 
5 (b). We have 
be 
y’ =| -e' |. Calculating Ay, we obtain 
2e' 
0 1 Ife’ —e' + 2e' e' 
-6 -3 1|-e' |=|-Ge' + 3e'+2e' |=|-e' | and therefore 
-8 -2 4] 2e’ —8e' + 2e' + 8e' 2e' 
the function y(/) is a solution of y’ = Ay. 
2) ike jl 
6(a). y=]l 1 iy. 
12 1 


, | 6e% Oe Ae) e128 |. 3 
7 (a). ‘i= Oe”! and also Ay, = 15 e277 3e*! = 30e*' —21e*™ = in 


Similarly for y}. 
7 (b). The Wronskian W(f) is given by 
3t —t 


2e € 2r 2r 2r 
W (0) =det[¥()| where Y(t) = . Thus, W (1) = 10e” — 6e” = 4e”. 


3e"% Se" 
2e" 2e' Ie, 
He) = 3e"% Sete 
2 
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2. 206 1 
7 (d). Given the general solution in part (c), y(0) = F | i = Hl . Solving, we find 
) 


Cy —1/4 
y(=(3 16) F wale | =(1 14} ‘ al 
3e" 5e" 9e* —5e" 
8 (b). The Wronskian W(?) is given by 


Cc 3/4 
: = | Therefore, the solution of the initial value problem is 


Oe = Ae* Aer ave" 
3e* -10e" 6e"% +5e" 


2e'-4e' 4e%+4+2e' Ic, 
8 (Cc). 0-| | 


W (2) = det[¥()| where Y(t) = } Thus, W(t) =20e” #0. 


3e*-10e' 6e%+5e" [c, 


—2 6]c 0 
8 (d). Given the general solution in part (c), y(0) = 7 | j = Hq . Solving, we find 
i C, 


c —3/10 
|; 1 aa Therefore, the solution of the initial value problem is 
Cs - 


3t -t 3t -t 2p" pp 
s(= (3/10) 2 5 ano) * tee | a 5 | 


3r -t 3t +t sg +—e 
3e” —10e 6e°' +5e 5) ) 


(He ce ee: 3e'-4e" : 
9(a). y= act and also Ay, = 4 3] 26" = eee =y). 


Similarly for y%. 
9 (b). The Wronskian W(‘) is given by 


—t 


2e' 6¢e 
and therefore, the given set of solutions is not a fundamental set of solutions. 
10 (b). The Wronskian W(‘) is given by 


W (t)=det[¥(1)| where ‘P(1) = ie - } Thus, W(t) =6e *’-6e  =0 


Se cos 3t —5e™ sin 3t 
W(t) =det[¥()| where (1) = . Thus, 


e “(cos3t—3sin31) e ‘(3cos3r+sin32) 
W(t)=-l5e" £0. 


Se cos3t —Se' sin3t C, 
10 (c). y(O= ou 


(cos3r—3sin31) e~(3cos3r+sin30) || c, 


: ee 5 Of ¢ 5 : . C = 
10 (d). Given the general solution in part (c), y(O) = = . Solving, we find = : 
Te BS e5 pi c 1 
Se ‘(cos 3t—sin3/) 
e'(2cos3t+ 4sin3z) | 


: e' =e Ze —3e' + de’ , 
11 (a). y;= Ee and also Ay, = 4 3 |e! = Ghcces =y;- 


Similarly for y;. 


Therefore, the solution of the initial value problem is y(t) = 
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11 (b). The Wronskian W(t) is given by 


We) =deifHCO] where ¥O=| S, Op thws, W(=—14 21 
=L6 


e e' |e 
11 (c). 0-| 5, ah 


ae 1 
11 (d). Given the general solution in part (c), y(1) = ‘ 7 | | 4 . Solving, we find 
Dy a 


c ae" 
|; i } Therefore, the solution of the initial value problem is 
—e 


@ 5 4 e! e” 2e'! el 

= Ze —e = ° 
y re! oe aygFlae 
12 (b). The Wronskian W(‘) is given by 


3t 


W (1) =det[¥())| where Y(t) = ; 7 i Thus, W(t) =—3e*' #0. 
—2e 


Te 4g iii 
12). y= ; a 
= 2 


I. -e° [é —2 
12 (d). Given the general solution in part (c), y(—-l) = ; ; % | |; 4 | . Solving, we find 
—2e~ | C, 


an e° 9) 9), 3(t+1) 
= -<| i Therefore, the solution of the initial value problem is y(t) = : 


Ae) 
ae” atsincea 2e° 1-261 +26° |? -21 
= and also = 
rl 2 Mla? = artar? | oe 
(2-46) +Qt-44+40') |, 
Be ee ao Ce a el 
Similarly for y}. 
13 (b). The Wronskian W(f) is given by 


13 (a). 


=F g= 


W(t) =det[¥())| where Y(A) = 5 ; ] . Thus, W() =- 


Por gee 
13 (c). 0-| 53 1 ie 
—2 


0 lle Ci 
13 (d). Given the general solution in part (c), y(2) = y | 'F E > | Solving, we find j 
c Cy 


Therefore, the solution of the initial value problem is y(t) = le “|. 1 F ‘+ 


f —4t+2 
=? |) 
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14 (b). The Wronskian W(f) is given by 


e 0 0 
W(t)=det[¥()| where P()=| 0 2e'cos2r 2e' sin2r|. Thus, W(t) =2. 
QO -e'sin2r e'cos2t 
e7 0 0 Cj 
14(c). y=} 0 2e'cos2r 2e’sin2r}c, |. 
QO -e'sin2r e'cos2t Ic, 


1 0 Ole, 3 
14 (d). Given the general solution on part (c), y(0O)=|0 2 O]c, |=] 4 


0 0 1fc,} |2 


C a) 
Solving, we find | c, |=| 2 |. Therefore, the solution of the initial value problem 
C, =e 
3 e —2t 


is y(t)=| 4e'(cos2r— sin21) 
2e'(—cos2t+sin2r) 


Se -21 -10 2] Se’ 5e' 
15 (a). y;=|—Ile’| andalso Ay,=| 22 11 -2]-1le’ |=|-1le’ |=y'. 
0 -110 -50 11 0 0 


Similarly for y’, and y%. 
15 (b). The Wronskian W(f) is given by 


5e' @ - @ 
W(t) =det[¥()| where P(t)=|-lle’ O —-e* |. Thus, W()=-1le’. 
O Ile’ Se" 
Se eee hae 
15(c). y=]-1le’ O -e' Jc, |]. 
O Ile’ 5e" |e, 
Bi dt SPA? 3 


15 (d). Given the general solution on part (c), y(0)=|—11 O —Il]}c, |=]-10}. 
OTE Soke, —16 


cj | 
Solving, we find | c, |=|-—1]|. Therefore, the solution of the initial value problem 
C, =I 
5e' e e° 4e'-e"' 
is y(t)=|-lle’ |-| 0 |-|-e7% |=} -lle’ +e" 


0 le’ Se! =l1e. =5e" 
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16 (a). 
16 (b). 


16 (c). 


17 (a). 


17 (b). 


17 (c). 
18 (a). 
18 (b). 


18 (c). 


19 (a). 


19 (b). 


19 (c). 


20 (a). 


20 (b). 


20 (c). 


20 (d). 


21. 


Se’ oe’ 
W (1) = det ; /l=2 
—lé =e 
The trace of A is equal to 6-6=0. 
” r[P(s)lds pire 
For 4, =—-1, wo,er = 5h =2, 


Se” e” 7 
W(t) =det =2¢ 
—Te 


2t 4t 
eel 2 


9 5 
The trace of =| 7 i is equal to 9+ (—3)=6. 


" w{P(s)lds ‘6d 
For 1, =0, Wine Loeb oe. 


WO=de Se 
=ade = é 
tr! 0 


The trace of A is equal to 1-t"'. 
“an{P(s)Ids “dos as in ae tint _ dt 
For t, = LW(tem == “| =e Ba get Bagh t Lplet, 
2e° 0 e% 2 0 1 
W(t)=det|-e' -e' e* |=e'e‘e*det}-1 -1 1]=-6e" 
-e e@' et -1 11 
2 Ji Gl 
The traceof A=|1 1 2] isequalto 2+1+1=4. 
12 1 
" r[P(s)lds ‘4as 
For t, = 0,W (me = teh" =-6¢"', 


3t 


5 3t 
W()=det | =3e" 40. 


3 
e t 


3e% = qelotAlee =Sp7[Al=3; 

5. 2e* , |O be 5. 2e 
a en Jou -|9 [4h 2 } 
ne i sal il EB pal 7 a 

0 3e%] 3e%}-1 5 -1 5] 


The results are consistent since tr|A]=—-2+5=3 


; ; " m[P(s)las 
If W(d) is constant, then by Abel’s Theorem, the function ole must also be constant. 


Therefore, g(f) = | ‘ tr[P(s)|ds must be constant and hence the derivative of g(f) is identically 
0 


zero. However, by the fundamental theorem of calculus, g’(1) = t#r[P(1)] and hence the trace of 
P(t) must be zero. Since the trace is equal to 3+@ we conclude that @=—-3. 
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Section 6.4 


2 
1 (a). Let ro=ttio.£col-]! * ten, det[F(1)|=21-P. 


1 (b). No, because we do not know whether the functions f,(¢) and f,(¢) form a fundamental set of 


solutions for a linear system. 
l(c). Yes. At t=1, the determinant is 2—1=1+#0. Therefore, [f,(0),£,(0]k =0 > k=0. 


2(a). det[F()|= fe’ —tsint. 
2 (b). No 

2(c). Yes. At r=1, the determinant is e - sinl #0. 
3(a). Let F() =[f(),6(0)] -| 


te’ sin’t ; fig 
i oe Ik Then, det[F(1)] = 2te’ —(t—I)sin‘ tr. 
t = 
3 (b). No, because we do not know whether the functions f,(4) and f,(4) form a fundamental set of 
solutions for a linear system. 
3(c). Yes. At t=1, the determinant is 2e #0. 


t VN a Rl 0 ; 
4. ky}. |+k, = =| | det =t-t° #0 atr=2 for example > k =0. Therefore, the 
1 1 1 1], 0 
given set of functions is linearly independent. 
e e110 ke'tke'| |O] _ . 
D: We need to solve the equation k,|_ |+k, = or =| |. This vector 
1 0 0 k, 0 
equation requires k,e'+k,e ‘=O and k, =0. By the second equation, k, = 0 and hence, using 
this fact in the first equation, k,e‘ =0. Multiplying this identity by the nonzero function e’, 


t —t O 
we see that k, =0 as well. Hence, the only way to satisfy k, E fh k, i - i is to choose 
k, =k, =0. This means the given set of functions is linearly independent. 
e e! sinh t 0 ; ; ; 
6. k, i ike i ae cle | Let k, =1, k, =—1, k, =—2.The given set of functions is 
linearly dependent. 


1 0 0 k, 0 
7. We need to solve the equation k,| t |+k,| 1 |=|0} or | k¢+k, |=|0|. The first component of 
0 r} {0 ket 0 
this vector identity cannot be satisfied unless k, = 0 and the third component cannot be 
1 0 0 
satisfied unless k, =0. Hence, the only way to satisfy the identity k,| ¢ |+k,| 1 |=|0 | is to 
0 | |0 
choose k, = k, =0. This means the given set of functions is linearly independent. 
1 0 O; |0 
8. kK t|+k,| 1 |+k,)0}=|0 Letk, =0, k, =0, k, =1. The given set of functions is linearly 
0 t 0} [0 


dependent. 
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10. 


11 (a). 
11 (b). 


11 (0). 


12 (a). 
12 (b). 


12 (c). 


1 0 0| |0 k, 0 
We need to solve the equation &,| t |+k,| 1 |+k,}0]/=]0] or | &t+k, |=] 0]. The first 
0 i 1] |0 kt +k,| |0 


component of this vector identity cannot be satisfied unless k, = 0 and therefore the second 
component requires k, =0. Given that k, and k, must both be zero, the third component then 


1 0 0 0 
requires that k, =0. Hence, the only way to satisfy the identity k,| t |+k,| 1 |+k,}0 |=] 0| is 
0 t° 1} [0 
to choose k, =k, =k, =0. This means the given set of functions is linearly independent. 


1 0 1) |0O 
1 
k,| sin? t|+k,| 2—2cos*t|+k,|0]=|0§ Let &, =1, ener k, =—1. The given set of 
0 =2 1| |0 


functions is linearly dependent. 
t 2 


Let F(t) = ; 
0 


Since the determinant is zero at t=0, F(t) cannot be a fundamental matrix for a linear system 
defined on an interval containing ¢ = 0. 
A fundamental matrix ‘¥(f) satisfies the matrix differential equation ‘P’ = P(t)‘ . Given that 


} Then, det[F(t)]= te’. 
t 


e' 


a 2 2t 
Y(fp)= |: } we know that ‘¥’(t) = l ; } Therefore, the equation ‘¥’ = P(t) implies 
t 


t ot t r 
that E i i: Pals | Postmultiplying by ¥"', we see that ‘Y’¥' = P(t). Therefore, 
t 


t 


feo 2t}t -0 (te Qt-t)e' 
1/(te’) = P(t) and so P(t)=1/(te') ‘ ; . Canceling the nonzero 
e 


0 1/0 e 
| 


t 
term e' we have P(t)= ae ; 


eee ‘ 
Let F()= iA . Then, det[F(f)|=t-. 


Since the determinant is zero at =0, F(t) cannot be a fundamental matrix for a linear system 
defined on an interval containing ¢ = 0. 


A fundamental matrix ‘¥(f) satisfies the matrix differential equation ‘¥’ = P(t). Given that 
2 


be St 2h 2 
YO= f 1 } we know that ‘P’(f) = i ‘| . Therefore, the equation ‘¥’ = P(t)‘¥ implies 


2t 2 2 
that la ‘l = Pal i | Postmultiplying by ‘¥', we see that ‘Y’¥"' = P(t). Therefore, 


,{2¢ 271 -2¢ 2r' -2] 
1/(t) , |=P(d) andso P(t)= which is continuous on 
0 O|0 ¢ 0 0 


(-09,0) and (0,°¢). 


13 (a). 


13 (b). 


13 (c). 
14 (a). 


14 (b). 
14 (c). 
15 (a). 


15 (b). 
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t —t 


We first show that ‘¥’ = P(t)? . Now, ‘P’(f) = i ae | whereas 
e 


@) 1 t t cyt 

P(t)P (1) = ' le i = ) . } Thus, since ‘’ = P(t)¥ , we know that ‘P(f) is a 
e e e 

solution matrix. To show ‘Y(f) is a fundamental matrix, we need to verify that det[‘¥(‘)] #0. 

Since det[‘¥(1)] =—2, we know ‘¥(f) is a fundamental matrix. 

e ae il aM -e' e+e! 


e+e 


Z 


t t 


a b 
} Thus, we need a matrix C = such that 
ee c d 


cosht sinht 
2le' +e’ e'-e" e -e 
equation, we arrive at the requirement 
1 |S -e' e+ e| eC +ce' be'+de' 


lje'-e' e'+e'] Je’ e' Ja b . 
= = “ al Expanding the right-hand side of this matrix 
c 


2le'+e' e'-e' 


: i ; _, | Comparing entries, we see that 
ae’—ce’ be’ —de 


1/2 1/2 
a=1/2,c=-1/2,b=1/2,and d=1/2.Thus, C= F 


=e die 


det[C]=1/2 and thus, (1) is a fundamental matrix. 
Since det[‘¥(7)] #0, we know ‘¥(f) is a fundamental matrix. 


HH) 2e'-e' e' +3e" e -e'}2 1 eee 2 1 

= = . Thus, C= ; 
2e' +e!’ e'—3e" e e' jl -3 1 -3 

det[C] =—7 and thus, (1) is a fundamental matrix. 

t —2t 


We first show that ‘P = P()Y . Now, (1) = f Z 


0 be | wera 
e 


i. ae. ve e’ —2e% : ; 
P()¥Y() = 0 -210 —3e2 = 0 Ge . Thus, since ‘¥’ = P(t), we know that ‘P (7) is 


a solution matrix. To show ‘¥(f) is a fundamental matrix, we need to verify that det[‘¥(7)] #0. 


Now det[‘¥(1)] = —3e ‘and thus is never zero for any value t. Therefore, ‘¥(7) is a fundamental 

matrix. 

tes De" , a b 

Y(O= ; and so we need a matrix C = such that 
be" 0 c d 

—6e" O| |0 -3e 
arrive at the requirement 
Der | 7 ie +ce” be'+de*' 


2e*% O| le e” ja b ; 
= al’ Expanding the right-hand side of this matrix equation, we 
c 


—6e7 0} | -3ce% —3de~ 
d=0 and b=0.Comparing entries in the first column, we see c =2 and a=0Q. Thus, 


} Comparing entries in the second column, we see that 
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15 (c). det[C]=0 and thus, Pa) is a solution matrix but not a fundamental matrix. 
16 (a). Since det[‘¥(1)]=—6e” #0, we know P(A) is a fundamental matrix. 


ewe” dev ¢ a4e" ee 4e"%l1 01 101 
16 (b). (=| -2e" ee” e’ |=|0 -2e' e” 11 0 O|.Thus,C=/1 0 O}. 
0 3e7" 3e" 0 oO 3e%f0 1 1 O11 


16 (c). det{[C]=1 and thus, P(0) is a fundamental matrix. 


t 


Ti. For ‘¥(t) = y : i , we need a matrix C such that ¥(f) = ‘P()C where ¥(0) = 1. This 
—e 


requirement means that J = ‘P(0) =PO)C. 


ine ji 1 
Equivalently, C is the inverse of ‘¥(0) = ; i . Thus, C = ‘¥(0) |= ak ik 


t -2t 
e 


e 
0 -3e7 
requirement means that J = ‘F(0) =PO)C. 


18. For ‘¥(f) = } we need a matrix C such that P(t) = ‘¥()C where ¥(0) = 1. This 


1 1 1 —3 -] 
Equivalently, C is the inverse of (0) = i ‘ Thus, C= PO)" = | 0 1 | 


Section 6.5 


4 2} 1 2 
l(a). Ax,= “ i. j = | = 2x,. Thus, x, is an eigenvector corresponding to the eigenvalue 


4 2-2] |-6 
A, =2. Similarly, Ax, = Ee | 1 k 3 k 3x,. Thus, x, is an eigenvector corresponding 


to the eigenvalue A, = 3. 


1 2 
1(b). Solutions are y,(‘) = | i and y,(t)= | ; } 


2t 


2 3t 
l(c). The Wronskian is W (1) = tel ; 


4 a |- e*' —2e” =—e” . Since W(t) is nonzero for any 
e e 


value ft, the two solutions form a fundamental set of solutions. 


7? =3.13 =5 
2 (a). AX,= tf Hel = i" =—Ix,. Thus, x, is an eigenvector corresponding to the eigenvalue 


fd (e 1 
A, =—1. Similarly, Ax, = He “12 = | =1x,. Thus, x, is an eigenvector corresponding 
to the eigenvalue A, =1. 


3 1 
2(b). Solutions are y,(#) = S| and y,(f)= e|>} 


2(c). 


3 (a). 


3 (b). 


4 (a). 


4 (b). 


5 (a). 


5 (b). 


5 (c). 


6 (a). 


6 (b). 


6 (c). 
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8e' 
two solutions form a fundamental set of solutions. 
The vector x, = 9 cannot be an eigenvector since an eigenvector must be nonzero. Considering 


eS 1 
the other vector, Ax, = >» -190)-2|=|-2 =x,. Thus, 


X, is an eigenvector corresponding to the eigenvalue A, =1. 


3 —t t 
The Wronskian is W (f) = te i : | =—2 #0. Since W(f) is nonzero for any value 1, the 
e 


The solution is y,(t)=e' 5 | 


mol plow el Lm 


x, is an eigenvector corresponding to the eigenvalue A, =1, but x, is not an eigenvector. 


1 
The solution is y,(t) = |} 


O 1] 1 oa | 
AX, = F 52. = | 1 | —x,. Thus, x, is an eigenvector corresponding to the eigenvalue 


O 1472] {2 
A, =—1. Similarly, Ax, = A Ht i = ; =x,. Thus, x, is an eigenvector corresponding to 
the eigenvalue A, =1. 


1 2 
Solutions are y,(‘) = [i and y,(f)= an 


The Wronskian is W (ft) = te ‘i iF 2+2=4.Since W(f) is nonzero for any value f, the 


a. ee 
two solutions form a fundamental set of solutions. 


Qo. SA 4 
Ax, = eS > [| = el = 4x,. Thus, x, is an eigenvector corresponding to the eigenvalue 


2 =L}1 0 
A, =4. Similarly, Ax, = AH iA = 4 = 0x,. Thus, x, is an eigenvector corresponding 
to the eigenvalue A, =0. 


1 1 1 
Solutions are y,(‘) = “(3 and y,(‘)= an eS Bl 


4t 


The Wronskian is W (f) = tel ; y 
—2e 


two solutions form a fundamental set of solutions. 


1 
‘1 = 4e" #0. Since W(f) is nonzero for any value f, the 
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10. 


11. 


12. 


3 6 3] x 0 
For A= the equation (A—2/)x =90 has the form y=] |, Elementary row 
ae a 4 2] x, 0 


operations [—(1/3)R, then R, +2R,] can be used to row reduce the system to 


2-=11-%; 0 : a : : x x tl 5 
= = . t = = = =a Us 
0 0}x,|"lo or 2x, = x,. Thus an eigenvector is x My a XY» p™ 


ae 3 ; 6 3] x, 0 
For A= A Ea the equation (A+/)x=0 has the form =| |. Thus an 


=H 2 | x, 0 
; ‘ xi x 1 
eigenvector is x = = =X, ae: 
X» =2%; = 


Evil —4 1} x 0 
For A= the equation (A—5/)x =0 has the form y=] |, Elementary row 
4 6 —4 1] x, 0 


operations [—(1/4)R, then R, + 4R,] can be used to row reduce the system to 


1 -1/4] x, 0 F cat : : %; x 1 ; 
= — r t — = — 7 ZY, 
0 0 x, 0 Or 4X, =X, us an eigenvector 1S X x, 4x, x, m1 x, 


l\ -2F 3 a <7 0 
For A=|—1 —1 1] the equation (A+4/)x=0 has theform}]—1 3 1] x, |=|0]. Thus 
4 -4 0 4 -4 4]x,] |0 
a 2s, 2 
an eigenvector is x =| x, |=] x, |= x,]| 1 |,x, 40. 
X, =a aE 
a. OL. ok 
For A=|-—1 1 —1| the equation (A—2/)x=90 has the form 
2 aT! 2 


—1 -l —l]} x, |=] 0 |. Elementary row operations (R,+R,, then R,—2R,) followed by 
2 1 O]|-x, 0 


LO? SE Pa; 0 
R, + R, and (—R,) can be used to row reduce the system to|0 O O | x, |=|0J], or 


O 1 2 ]x,} {0 


Xi 2 1 
ame ; : 
Thus an eigenvector is x =| x, |=|—2x, |=x,|—-2|,x, #0. 
Sao 
‘ ‘ Xs Xs 1 
ae | st Bee EG 0 
For A=|2 1 2 |the equation (A—5/)x=0 hastheform}| 2 -4 2 | x, |=|0|. 
ie ee 4. 3 SSE Ex], [0 


ides 


14. 


15. 


16. 


ile 


18. 
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x; x 1 
Thus an eigenvector is x =| x, |=| x, |= x, 1|,x, 40. 
x x 1 
=e a> 
For A=|-8 13 5 | the equation Ax=90 has the form 
Tis a0 


2 3 17x] Jo 


-8 13 5 |x, |=] 0]. Since the arithmetic looks forbidding, we turned to MATLAB and 


PL. S17, SG) | 
LO Lx 0 


used the RREF command. MATLAB says the system is equivalent to/O 1 1] x, |=|0], or 


0 0 Ofx,} {0 


ye Xi, a —l 
Thus, an eigenvector is x =| x, |=|—x, |= x,|—1},x, #0. 
x, =- 
: ° Xe xy 1 
se a mak 1 
The characteristic polynomial is p(A) = 0 4-4 , Or 
p(A) =(A+5)(A — 4). Thus, the eigenvalues are A, =—5 and A, =4. 
8 0 -rA 0 
For A= 3 al the characteristic polynomial is p(A) = 3 2-4 , Or 
p(A) =(8—A)(2— A). Thus, the eigenvalues are A, =8 and A, =2. 
3-A -3 
The characteristic polynomial is p(A) = eS , Or 
P(A) = (A)(A — 9). Thus, the eigenvalues are A, =0 and A, =9. 
Belo |theduaminsdponionael a” ue 
or A=! , 4} the characteristic polynomia is p(A)= 4 3-ap% 


P(A) = (5—A)(3-A)-8 =H -8A4+7=(A—7)(A-1). Thus, the eigenvalues are 
A,=7 and A, =1. 
The characteristic polynomial is 

5-A O 0 
paj=| 0 1-A 3 

0 2 2-A 

or p(A) = (5—-A)(A2 34-4) = (5—ANA—4)(A 4 1) =A +822 -114 —20 and the 
eigenvalues are A, =—1,A, =4, and A, =5. 
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—2 3 1 
19. For A=|—-8 13 5 |, the characteristic polynomial is 
11 -17 -6 
2-4 3 1 
PA)=| -8 13-A 5 |. Given the arithmetic required to find the 
11 -17 -6-A 


characteristic polynomial, it is advisable to use a computer routine such as 
poly(A) from MATLAB. However, it is possible to find p(A) by hand: 
—2-A 3 i. 
-8 13-A 5 =(2-a] 
11 -17 -6-A 
or p(A)=(-2-A\M — 7A +7) — 3(8A—7) + (1A - 7) =-¥4+5V -60. 
Thus, p(A) =-A(V — 54 +6) =—A(A — 3)(A — 2) and hence the eigenvalues are 
A,= 0,4, =3, and A,=2. 


-17 -6-A 11 -6-A 


=A. 5 1g 5 
7 ch. 4g 


Fr 13= ‘ 
+ 


20. The characteristic polynomial is 
t-A 7 3 
pAy=|-1 -1-A 1 
4 4 -aA 


or p(A)=—-A(V —- 16) = (—A)(A— 4)(A + 4) = +16 and the eigenvalues are 
A, =0,A, =4, and A, =—-4. 
21. The eigenvalues are A, =—2 and A, =2 with corresponding eigenvectors 


3 1 
X,= | and x, = | . A fundamental set of solutions consists of the functions 
2 3 2t 1 ‘ . 
y,()=e > and y,(t)=e 5 |: Therefore, the general solution is 


3 1 3 1 
y()=ce" | +c,e" | . The solution of the initial value problem is y(t)=e~ | +e i ; 
22. The eigenvalues are A, =—1 and A, =3 with corresponding eigenvectors 


1 3 
x, = | and x, = | . A fundamental set of solutions consists of the functions 
ACh ale 6 8 
y,(O=e > and y,(f)=e >|: Therefore, the general solution is 


1 3 
y(= ce'| ] + a | The solution of the initial value problem is 


33D) sy et) 
yO= Ei | 


Det) 4 Bet YD 


23. 


24. 


2 


26. 
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The eigenvalues are A, = 3 and A, =5 with corresponding eigenvectors 


1 it 
xX, = Hl and x,= | . A fundamental set of solutions consists of the functions 


1 1 1 1 
y= ||| and y,()= an . Therefore, the general solution is y(1) = ce" + cel] ‘ 


1 1 
The solution of the initial value problem is y(t) = aH + 1e"|)| : 
The eigenvalues are A, =—0.11 and A, =—0.05 with corresponding eigenvectors 


it 1 
xX, = | and x, = | . A fundamental set of solutions consists of the functions 


_ on} | d _-o0s1] | 
y,() =e ag en y(t) =e 5° 


The eigenvalues are A, =1,A, =2, and A, = 3 with corresponding eigenvectors 


i, 1 it 
x,=| 1 |, x,=|0}, and x,=/1].A fundamental set of solutions consists of the functions 
—l 0 0 
1 1 1 
y(O=e'| 1 |, y,)=e"|0], and y,(4) =e" 1 |. The solution of the initial value problem is 
=I 0 0 
1 1 i 
y(t)=e'| 1 |+e”)0|4+2e*"} 1]. 
“4 0 0 
The eigenvalues are A, = —2,A, =1, and A, =4 with corresponding eigenvectors 
ik pi 1 
x, =|-3|, x, =|-3], andx,=/0].A fundamental set of solutions consists of the functions 
3 0 0 
1 2 1 
y, (=e "| -3}, y,() =e'| -3|, and y,(4) =e| 0 |. The solution of the initial value problem is 
3 0 0 
1 —2 0 


y())=e"|-3]+e'| 3 [+e 0]. 
3 0 0 


136 ¢ Chapter 6 First Order Linear Systems 


Zr, 


28. 


29. 


30. 


Sli 


cee 


39 (a). 


The eigenvalues are A, =—2,A, =2, and A, =4 with corresponding eigenvectors 


3 1 3 
x, =| 4 |, x, =|0)|, andx,=| 2]. A fundamental set of solutions consists of the functions 
-8 0 2 
fe) 1 3 
y(j=e"| 4 L y,o=e"|0|, and y,() =e" 2]. 
-8 0 2 
The eigenvalues are A, =1,A, = 3, and A, =5 with corresponding eigenvectors 
0 1 1 
x, =|0}, x, =| 1], andx,=]|2].A fundamental set of solutions consists of the functions 
1 0 0 
0 1 1 
y,@=e'|0) y,o=e"} 1], and y,() =e} 2]. 
1 0 0 
The eigenvalues are A, =—1,A, =1, and A, =2 with corresponding eigenvectors 
1 1 2 
X,=|-4|, x, =|-2}, andx,=|/-—2].A fundamental set of solutions consists of the functions 
=> —3 —1 
1 1 2 
y (=e '|-4| y,()=e'|-2|, and y,() =e"| -2]. 
=a =3 -1 
The eigenvalues are A, =—2,A, =1, and A, =2 with corresponding eigenvectors 
1 1 1 
xX, =|—5 |, x, =|-2], andx,=]|-—1].A fundamental set of solutions consists of the functions 
—6 —3 0 
1 1 1 
y,(j=e"|-5|, y,=e'}-2|, and y,()=e"|-1]. 
—6 3 0 


2 oe id 1 
We need to have F | j = i i for some value A. Therefore, equating vectors, it 


follows that we 2—x=A and 1+5=—A. This requires A =-6 and x=8. 


x —] —] 
We need to have 4 =] . Therefore, it follows that 
28S 1 1 


—x+y=-1 and —2x-y=1.This requires x=0, y=-1. 
The eigenvalues are A, =—3 and A, =—1. Corresponding eigenvectors are 


1 1 1 1 
x= ie and x, = A . The general solution is y(‘) = ce" fe +¢,¢° Hl : 
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: Caer : _ Q, sage) Q, ait 
39 (b). The solution of the initial value problem is y(‘) = ee 1 + rts i\" 


Therefore, O,(t) = (6% +3e*) and Q,(1)= So(e* + 3e*). 
Note that 0 < Q(t) < Q,(t). Therefore, we need T such that 


Soe + 3e*)< 010, > (e** + 3e*) < .02. Graphically, we find that a value t ~ 5.011 will 


suffice. Since t= (V /r)t =50T, we obtain a value of ¢ =~ 250.55 sec or t= 4.18 min. 
40 (a). The eigenvalues are A, =—1 and A, =A, =—4. Corresponding eigenvectors are 


1 1 1 
x, =|1},x,=]-—1], and x, =] 0 |. The general solution is 
1 0 —1 
1 i 1 
Q(t) =ce*|1]+c,e*7| -1|+c,e*7| 0 
1 0 —1 
1 1 
40 (b). The solution of the initial value problem is y(‘) = 2Q,e*|1]-Q.e "| 0 
1 —1 
2e' 
Therefore, Q()=Q,; 2e” 
2e" +e *" 
Section 6.6 
2 1 — 
1. For A= } the characteristic polynomial is p(A) = | =WV-4A 45. 
= ee -1 2-A 
Therefore, the eigenvalues are A, =2+i and A, =2-—i. We find an eigenvector x, by solving 


(A-ADx=0 or 


2-(2+i) 1 x, 0 ; : ae eee le 0 
: = . This equation reduces to ; = . The 
—l 20 +4) x5 0 oe! Oe |e 0 


SE Lx 0 
elementary row operation R, +iR, reduces the system to F | | = 3 or —ix, + x, =0. 
XD 


x x 1 
. . 1 1 . . ° 
Thus, an eigenvector is x = k ; k “| d x, #0. Since the eigenvalues and eigenvectors 
x ix i 

2 1 
occur in conjugate pairs, the eigenpairs are 


1 1 
Apa 2+, all and. A, =2—i, «| | 
i 


—l 
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ol 
A, = 3i and A, =—3i. We find an eigenvector x, by solving (A—A,J)x = 0 or 


= 3b OG 0 ; ' x; 3ix, 3i : 
: =| |. Thus, an eigenvector is x, = = =x,| _ |, x, #0. Since the 
Ts “S38 x 0 oe Xs, 1 


eigenvalues and eigenvectors occur in conjugate pairs, the eigenpairs are 


3i —3i 
A, = 31S, = 1 and A, =-3i, x,= 1 | 


0 | the characteristic polynomial is p(A) = | 


px The characteristic polynomial is p(A) = = +9. Therefore, the eigenvalues are 


6-A -13 

1 —A 
Therefore, the eigenvalues are A, = 3+2i and A, = 3—2i. We find an eigenvector x, by 
solving (A—A,)x = 0 or 


6-G+2) 13 Tu ]_fo] ,,. acts 3-21 -13 Tx] _[o] 
= F t t = : 
l 26 i 2i) x, 0 1s equation reduces to 1 39} x, 0 e 


elementary row operations R, <> R,, then R, — (3—27)R, reduces the system to 


be e327) ay 0 ae Gat ; ae 
= —(3+ =0.Thus, 
0 0 % 0 or x, —( i)x, us, an eigenvector is 


6 2 
3, For A= ; =A -6A +13. 


x (3+ 2i)x, 3+2i : : ; 
x= = me a ee #0. Choosing x, =1, we obtain the eigenvector 


5 X5 


3+2i 
x,= 1 | Since the eigenvalues and eigenvectors occur in conjugate pairs, the eigenpairs 


are 
342i 3=2t 
A =3+2i, x= 1 and A, =3-2i, x,= i 
4. The characteristic polynomial is p(A) = | >» 1-al7 (A —2)° +1. Therefore, the eigenvalues 


are A,=2+i and A, =2-—i. We find an eigenvector x, by solving (A—A,J)x = 0 or 
l-i 1 x 0 : ; 1 ; ; 
: — . Thus, an eigenvector is x, = _|. Since the eigenvalues and 
=). ltl sx; 0 —l+i 
eigenvectors occur in conjugate pairs, the eigenpairs are 


i 1 
A, =2+i, «=| aa and A, =2-i, n-| 1 | 
—-1+i -1-i 


2: Using the EIG command in MATLAB, we find eigenvalues A, = 1,4, =1+i,and A, =1-i. 
For each eigenvalue 2, we use the RREF command in MATLAB to solve (A— AJ)x =0, 
3 34+2i 3-2i 
finding x,=| 0 |, x,=| 1 |, and x,=| 1 
1 -1l-i -1+i 


10. 


Chapter 6 First Order Linear Systems ¢ 139 


3421) |-a 42 
Note that another possible eigenvector for A, is x,=(-1+a’} 1 |=|-1+i}. 
—l—7 2 
The eigenvalues are A, = 2,A, =2+3i, and A, = 2—3i. The corresponding eigenvectors are 
1 4 -i 4t+i 
x,=|0],x,=| 3f |, and x,=| —3i 
—1 1+i 1-i 


eosN aah 4 
As in Example 1, y(1) = | a | e(cos21+isin2r) im | is one solution of y’ = Ay. 
= Ll = I 


Expanding and collecting real and imaginary parts, we obtain 


a 4cos2t a]  48in2t 
j= + 
yN=e —cos2t—sin2t 


4cos2t 


; . Thus, a fundamental set of solutions can be 
cos2t—sin2t 
, 4sin2t 
and y,(f)=e ; 


fi df ty= At 
ormed from y,(f) | cos2t—sin2t 


—cos2t—sin2t 


2+i 


al 29 j 
y(t)=e" 5 iF (cost+isin | 5 is one solution of y’ = Ay. Expanding and collecting 


S5sint 
—2cost—sint 
n 
S5cost 


—2cost—sint| | cosf—2sint 
Scost 


real and imaginary parts, we obtain y(/) = } Thus, a 


fundamental set of solutions can be formed from y,(f) = 


cost—2sint 
S5sint 


1,0-| 


Nag -1-i 
As in Example 1, y(‘) = “| 1 k (cos2t+ inn] 1 | is one solution of y’ = Ay. 


Expanding and collecting real and imaginary parts, we obtain 
—cos2t+sin2¢} |—cos2¢—sin2t 
yO= 


‘ | Thus, a fundamental set of solutions can be 
sin2t 

—cos2t+ sin2t —cos2t—sin2t 
formed from y,(f) = and y,(ft)= ; 


cos2t 


cos2t sin2t 


=I+1 
y(t) =e' (cost +isin i . is one solution of y’ = Ay. Expanding and collecting real and 
i 


ost 


—cost—sint| _ ,|cost—sint¢ 
—sint 


imaginary parts, we obtain y(t) = ‘| } Thus, a fundamental set 


—cost—sint cosf—sint 
of solutions can be formed from y,(#) = ‘| ba | and y,(t)= | } 
—sin 


cost 
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11. 


jh 


13, 


14. 


=D SE Sat 
As in Example 1, y(t) =e°**"| 343i |=e"(cos3¢+isin3f| 3+ 37 | is one solution of 
2 2 
y’ = Ay. Expanding and collecting real and imaginary parts, we obtain 
—Scos 3t— 3sin 3¢ 3cos 3t—5sin3r 
y(t)=e"| 3cos31—3sin3¢ |+ie~| 3cos31+ 3sin3r |. Thus, two linearly independent solutions 
2cos 3t 2sin 3t 
—Scos 3r— 3sin3t 3cos 3t—5sin3t 
are y,(t)=e"| 3cos3t—3sin3r | and y,(t) =e" | 3cos3r+ 3sin 31 |. The third solution needed 
2cos 3t 2 sin 3t 
1 
to complete the fundamental set is obtained from the real eigenvalue 4 =2, y,(t)=e™| 0 
—1 
i —sin5t cos5t 
e'(cos5¢+isin51) ; =¢' oe + ie’ Bg . Also, 
0 0 0 
0 0 0 
0 0 0 
t oe 0 t 0 - ft 0 . 
e (cos2t+isin21)) . |=e ; +ie Thus, a fundamental set of solutions can be 
i —sin2t cos2t 
1 cos2t sin2t 
—sin5St cos5t 0 0 
cosSt sin5t 0 0 
formed frome’ Fars sl oe ,e€ : 
0 0 —sin2t cos2t 
0 0 cos2t sin2t 


Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is 


5,| COSt 5,| Sint : aaak 1 0 4 
y(t)=ce vo, RCS . Imposing the initial condition, y(O)=c,|__|+c,] , |= , we 
—sint cost 0 1 


4cost+ 


—4sint+ 7cost 
Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is 


3sin 3t 3cos 3t . tex a 0 3 6 
yO=c¢ +; . Imposing the initial condition, y(0) =, 1|+ lq l=} ¥ 


cos 3t 
—6 sin 3t+6cos 4 


obtain the solution y(f) = al 


sin 3t 


btain th luti t)= 
Op aie sounon ye) See 


LD: 


16. 


ig 


18. 


223 
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Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is 
3,| 3COS2t— 2sin2t 3,| 2COS2t + 3sin2r 
y(t) =c,e C€ 


: . Imposing the initial condition, 
sin2t 


cos2t 

3 2 i 

y(0) = aH # aH = | , we find c, =3 and c, =—4 and the solution is 
3,| COS2t—18sin2r 

wre ee peel 

Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is 


= nd cost . sint : wes . 
y(t)=ce Re . _ |. Imposing the initial condition, 
—cost—sint cost—sint 


Scost+14 | 


1 0 8 
y(0) = e|| + aH = Hl we obtain the solution y(t) = spe 0 sint 


Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is 


-3 3cost—2sint 2cost+ 3sint 
y(t)=ce'| 0 |+c,e cost +c,e sint 
i —cost+sint —cost—sint 
-3 3 2 6 
Imposing the initial condition, y(0)=c,| 0 |+c,| 1 |+c,| 0 |=] 1], we find 
1 ea —l 2 
27 —21cost— 38sint 
c,=-9, c,=1, andc,=—12, and the solution y(#) =e’ cost—12sint 
—9+1lcost+13sint 
Proceeding as in Exercises 7-12, we find the general solution of y’ = Ay is 
1 —4cos 3t+ sin 3r —cos 3r— 4sin 3t 
y(t)=ce"| 0 |+c,e" —3sin3t +c,e" 3cos 3t 
—l cos 3t— sin 3t cos 3f + sin 3r 
1 4 1) | 
Imposing the initial condition, y(0)=c,| 0 |+c,| 0 |+c,| 3 |=| 9 |, we find 
—1 1 1 4 


—2 + cos 3t—13 sin 3t 
c,=—-2, c,=—1, andc,=3, and the solution y(f))=e”| 9cos3r+ 3sin3r 
2+ 2cos3t+ 4sin3r 
1 
The eigenvalues of A are A = (-14J9 + 1211) /2.1f 94+12<0, A= 5 +iB (B#0) , 


therefore distinct and y(t) > 0.If 0<9+12u<1, , the eigenvalues are distinct, real and 


2 
negative. Therefore, -o0 <9 +12U <1 -—wo<p< act 
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23; The eigenvalues of A are A = (-5 +/1+ 4u) /2.1n order that both components of y(‘) go to 
zero as t > o>, we need each of these (real) eigenvalues to be negative. Therefore, we need 
(-5 +4/1+ 4u) /2<0 or ¥1+4p <5. This inequality holds if and only if 
14+ 4u<25 or —o<U<6. 

24.  Theeigenvalues of A are A= (-2 + 4/16 — au) /2=-14+4-p° . Require 
—0< 4-0? <1> 3< pl’ <oo. Therefore, —oo< p< —V3 and V3 <p <0, 

25, The eigenvalues of A are A=-14/4+ uv’ .In order that both components of y(t) go to zero 
as t— co, we need each of these (real) eigenvalues to be negative. Therefore, we need 
—1+44+y° <0 or 44+ <1. This inequality cannot hold for any real value of L. 

d 0 1 cost sint |} c, 

26 (a). —V= V>vh)= . ; 
dt -1 0 —sint cosf|}c, 

re tb 3 C 1 cost+2sint sint—2cost d, 

Fe = — => fy= A f= + - 
xO) 6s 2 vo —sint+2cost a cosf+2sint d, 
=24+ a, 2 sint—2cost+4 37 —2 37 3 
r(0)= =| |>rao= -VvV— |= d r| — |= : 
©) re Hl © cost+2sint (FZ) nc (=) | 

27 (d). If the charged particle is launched with initial velocity parallel to the magnetic field, it will 
move with constant velocity. 

28 (b). The eigenpairs are ae A,X, and — cm A,,X, and — on Aaa Xys 

m m m 
The corresponding fundamental matrix is e y(t). 
Section 6.7 
21 ad e , ’ 
l(a). For A= 0 2: the characteristic polynomial is p(A) =(A—2)°. The eigenvalue A, = 2 has 
algebraic multiplicity 2. Corresponding eigenvectors are obtained by solving (A —2/)x = 9 or 
O li x 0 
; | ‘| ok Therefore, all the eigenvectors corresponding to A, = 2 have the form 
cs 
A 1 : ree : 
x= gle x; 0 x, #0. The geometric multiplicity of A, =2 is 1. 
1(b). We find a generalized eigenvector corresponding to A, = 2 by solving the equation 


1 x 
(A—21)x =x, where x, = Al The solution is x = ‘ where x, is arbitrary. Choosing x, =0, 


0 
we obtain the generalized eigenvector x, = ck 


1(). 


2 (a). 


2 (b). 


2{C), 


3 (a). 


3 (b). 
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Thus, we have solutions y,(f) =e”’x, and, as in equation (6), y,(f) = tex, +e"x,.A 
2t 


t 2t 
fundamental matrix is ¥(‘) =[y,(), y,@] = } 
e 
The general solution is ‘¥(#)¢c. Imposing the initial condition, ‘¥(O)e = y,. We find 


1 Offe 1 i 
"|= or ¢= . Thus, the solution of the initial value problem is 
0 lic, L —l 


8 1-t 
y(j=e ral 


The characteristic polynomial is p(A) = (3- A)’. The eigenvalue A, = 3 has algebraic 
multiplicity 2. Corresponding eigenvectors are obtained by solving (A — 3/)x = 0. Therefore, 


x 1 
all the eigenvectors corresponding to A, = 3 have the form x = Hl =x, A , x, #0. The 


geometric multiplicity of A, = 3 is 1. 


_ oa l d pas a bel Ree ear 1 eer 
y, (=e 0 and y,(t) = te 0 +e |, |=e°| , |. A fundamental matrix is 
2 
3t 


e te™ 
YO=Ly,O.y.O]= 0 tex} 
The general solution is ‘¥(‘)c. Imposing the initial condition, ‘¥(O)¢e = y,. We find 


1 Of, 4 4 : er ; 
i =| |or c=] , |. Thus, the solution of the initial value problem is 
0 > i Co 1 2 


or 2t+4 
i | 


6 0 
For A= bi | the characteristic polynomial is p(A) = (A— 6)’. The eigenvalue A, = 6 has 
algebraic multiplicity 2. Corresponding eigenvectors are obtained by solving (A—6/)x = 9 or 


0 O| x 0 
i AI ‘|; lak Therefore, all the eigenvectors corresponding to A, = 6 have the form 
ie 


0 0 
x= } “| , xX, #0. The geometric multiplicity of A, =6 is 1. 


es 
We find a generalized eigenvector corresponding to A, = 6 by solving the equation 


0 0.5 
(A—6/)x = x, where x, = Hl The solution is x = | where x, is arbitrary. Choosing 


5 
; ae 0.5 3 
x, =0, we obtain the generalized eigenvector x, = . Thus, we have solutions y,(f)=e"'x, 
0 


and, as in equation (6), y,(f) = tex, +e%x,. A fundamental matrix is 


0 0.5e% 
YO=Ly,M. yO] = 61 : } 
ée te 
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3 (c). The general solution is ‘¥(f)c. Imposing the initial condition requires ‘¥(O)¢e = y,. We find 


0 O05] ¢, =e 0 ; Aas ; 
= or ¢= . Thus, the solution of the initial value problem is 
Py 205 hes 0 —4 


_ 6 -2 
y(Hj=e 4g | 


4 (a). The characteristic polynomial is p(A) =(3— A)’. The eigenvalue /, = 3 has algebraic 
multiplicity 2. Corresponding eigenvectors are obtained by solving (A — 3/)x = 0. Therefore, 


0 0 

all the eigenvectors corresponding to A, = 3 have the form x = k xf] , x, #0. The 
x 

geometric multiplicity of A, = 3 is 1. 


0 0 1 1 
4(b). y,(O= aH and y,(f)= aH +e" a 7 an A fundamental matrix is 


0 e*! 
¥O =Ly,.¥2O1= re a 


4(c). The general solution is ‘¥(‘)c. Imposing the initial condition, ‘¥(O)¢e = y,. We find 


1 Ofc] |-3 2 


_ 3t 2 
y=e val 


0 1 Cc 2 =o : e, Shy b : 
= or ¢= . Thus, the solution of the initial value problem is 


5 
5 (a). For A= 
(a). For 1 


algebraic multiplicity 2. Corresponding eigenvectors are obtained by solving (A — 3/)x =0 or 


} the characteristic polynomial is p(A) =(A— 3)’. The eigenvalue A, = 3 has 


2 -l|x 0 
: | dP SF Therefore, all the eigenvectors corresponding to A, = 3 have the form 


x 1 

x= E iF x | , x, #0. The geometric multiplicity of A, = 3 is 1. 
sid 

5 (b). We find a generalized eigenvector corresponding to A, = 3 by solving the equation 


Re Oa a 


1 
(A—31)x =x, where x, = el The solution is x = | where x, is arbitrary. Choosing 


a 
re 5 si 
x, =0, we obtain the generalized eigenvector x, = . Thus, we have solutions y,(f)=e"'x, 
0 


and, as in equation (6), y,(f) = te"x, +e"x,. A fundamental matrix is 


ev (t+ .5)e™ 
PO =ly,.y,O]= } 


2e*! 2te*! 


5 (c). 


6 (a). 


6 (b). 


6 (c). 


7 (a). 


7 (b). 


LAC): 
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The general solution is ‘¥(‘)¢c. Imposing the initial condition requires ‘¥(O)c = y,. We find 


2 <O Ns 1 
oe £5 t+1 
yO€ 941) 


The characteristic polynomial is p(A) = (3- A)’. The eigenvalue A, = 3 has algebraic 
multiplicity 2. Corresponding eigenvectors are obtained by solving (A — 3/)x = 0. Use 


1 Sie, 1 a) ; a ; 
=|, jor c= rk Thus, the solution of the initial value problem is 


x,= il The geometric multiplicity of A, = 3 is 1. 
31 6 31 6 x] —1 31 61-1 + 
y, (=e 4 and y,(f)= fe 4 +e a a TP A fundamental matrix is 


6e" (6t—De* 
YO=Lly,O.y.0] -| y 31 } 
e —te 


The general solution is ‘¥(‘)¢c. Imposing the initial condition, ‘¥(O)c = y,. We find 


6-1] ¢ 0 —2 : eles : 
= or c= . Thus, the solution of the initial value problem is 
-1 0 fe, 2 —12 


Lt 
For A= ; F } the characteristic polynomial is p(A) =(A—2)°. The eigenvalue A, =2 has 


algebraic multiplicity 2. Corresponding eigenvectors are obtained by solving (A—2/)x =0 or 


-1 -l] x 0 
i | | of Therefore, all the eigenvectors corresponding to A, =2 have the form 
5 


x. 1 
x= iF “| i , x, #0. The geometric multiplicity of A, =2 is 1. 
= 


mt! 
We find a generalized eigenvector corresponding to A, =2 by solving the equation 
1 —l-x, 
(A—21)x =x, where x, = if The solution is x = where x, is arbitrary. Choosing 
= a 


x, =0, we obtain the generalized eigenvector x, = } Thus, we have solutions y,(t) =e”x, 
0 


and, as in equation (6), y,(f) = te“x, +e”x,. A fundamental matrix is 


e”! (t va) le” 
Y(t) = ly,(), y,(t)] = 2t 2 | 
—e —te 
The general solution is ‘¥(t)¢. Imposing the initial condition requires ‘¥(0)c = y,. We find 


PD ene 4 1 
‘|= or ¢= . Thus, the solution of the initial value problem is 
—1 0 |e, —1 —3 


520 4—3t 
WSO 4 | 
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8 (a). 


8 (b). 


8 (c). 


9 (a). 


9 (b). 


TS. 


The characteristic polynomial is p(A) =(A—5)’. The eigenvalue A, =5 has algebraic 
multiplicity 2. Corresponding eigenvectors are obtained by solving (A—5/)x =0. Use 


1 
x,= ml The geometric multiplicity of A, =5 is 1. 


St 1 St 1 St 1 St t+ soos 
y, (=e = and y,(f)= fe La +e =e . A fundamental matrix is 


0 
e* (t+ Le” 
YO=Lly, 0, yO] = fae a } 


—te 
The general solution is ‘¥(‘)¢c. Imposing the initial condition, ‘¥(O)e = y,. We find 


4 
iG al ic * i or ¢= St Thus, the solution of the initial value problem is 
4 


For A= , the characteristic polynomial is p(A) =(A—2)°. The eigenvalue A, =2 has 


algebraic multiplicity 3. Corresponding eigenvectors are obtained by solving (A—2/)x =0 or 
O° boa 0 


0 O 1] x, |=|0]. Therefore, all the eigenvectors corresponding to A, =2 have the form 
0 0 O] x, 0 
x i 


x=| 0 |=x,0], x, #0. The geometric multiplicity of A, =2 is 1. 


0 0 
oie tee 
For A=|0 2 OJ, the characteristic polynomial is p(A) =(A-2)°. The eigenvalue A, =2 has 
0 0 2 


algebraic multiplicity 3. Corresponding eigenvectors are obtained by solving (A—2/)x = 9 or 
O 1 Of x, 0 


0 O O| x, |=|0}. Therefore, all the eigenvectors corresponding to A, = 2 have the form 


0 0 O] x 


3 
= {Shall + x,| 0, where x is nonzero. The geometric multiplicity of A, =2 is 2. 


5 0 0 
For A=|1 5 0|, the characteristic polynomial is p(A)=(A—5)°. The eigenvalue A, =5 has 
o£ -2D 


algebraic multiplicity 3. 


14. 


15. 


16. 


Ty} 
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Oe Oe fie 0 
Corresponding eigenvectors are obtained by solving (A—5/)x=O0or]1 O Of x, |=/0}. 
1 1 Of} x, 0 
Therefore, all the eigenvectors corresponding to A, = 5 have the form 
0 0 
x=| 0 |=x,/0], x, #0. The geometric multiplicity of 2, =5 is 1, so A does not have a full 
Xa 1 
set of eigenvectors. 


The characteristic polynomial is p(A) =(A—5)°. The eigenvalue A, =5 has algebraic 
multiplicity 3. Corresponding eigenvectors are obtained by solving (A—5/)x = 0. Use 


0 0 
x, =| 1|, x, =|0]. The geometric multiplicity of A, =5 is 2, so A does not have a full set of 
0 1 
eigenvectors. 
2) OOF 4 
For A=|0 5 0|, the characteristic polynomial is p(A)=(A—5)°. The eigenvalue A, =5 has 
OF GOP 35 


algebraic multiplicity 3. Corresponding eigenvectors are obtained by solving (A—5/)x =0 or 
OG. Ls, 0 


0 0 O] x, |=| 0]. Therefore, all the eigenvectors corresponding to A, =5 have the form 
0 0 O] x, 0 


x if 0 
x =| x, |= x,|0|+.x,] 1], where x is nonzero. The geometric multiplicity of A, =5 is 2,so A 
0 0 0 


does not have a full set of eigenvectors. 
The characteristic polynomial is p(A) =(A—5)°. The eigenvalue A, =5 has algebraic 
multiplicity 3. Corresponding eigenvectors are obtained by solving (A—5/)x =0x =90. Use 


1 0 0 
x,=|0|, x, =| 1], x, =|0]. The geometric multiplicity of A, =5 is 3, so A does have a full 
0 0 1 
set of eigenvectors. 
2. Oe OO 
Po 2 OO 8 nee Saas 2 2 
For A= 6003 0 the characteristic polynomial is p(A) =(A—2)° (A — 3). The 
0 0 1 3 
eigenvalue A, =2 has algebraic multiplicity 2 as does A, = 3. 
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18. 


19. 


20. 


Al. 


Ds 


0 0 
; : x 1 
Corresponding eigenvectors for A, = 2 have the form x = Pace Fac: #0. Therefore, the 
0 0 
geometric multiplicity of A, =2 is 1. Similarly, eigenvectors corresponding to A, = 3 have the 
0 0 
0 
form x = he xy o|? x, #0 and so A, = 3 has geometric multiplicity 1. A does not have a 
x, 1 


full set of eigenvectors. 
The characteristic polynomial is p(A) =(2—A)*. The eigenvalue A, = 2 has algebraic 
multiplicity 4. Corresponding eigenvectors are obtained by solving (A—2/)x = 0. Use 


1 0 0 
0 1 ; ents ; 
x, of X5 of X,= 0 | The geometric multiplicity of A =2 is 3, so A does not have a full 
0 0 1 
set of eigenvectors. 
20 0 0 
02 0 0 or 5 oak 3 
For A= 6 oo Or the characteristic polynomial is p(A) = (A —2)°(A — 3). The eigenvalue 
0 0° 1.3 
A, =2 has algebraic multiplicity 3 while 7, = 3 has algebraic multiplicity 1. Corresponding 
x; 1 0 0 
; Xs 0 1 0 
eigenvectors for A, = 2 have the form x = =H 4 ae) 0 Bee it Therefore, the 
a3 
=i, 0 0 ail 
geometric multiplicity of A, =2 is 3. Eigenvectors corresponding to A, = 3 have the form 
0 0 
0 died . 
x= o |= xi 0? x, #0 and so A, = 3 has geometric multiplicity 1. Since every eigenvalue 


xy 1 
of A has geometric multiplicity equal to its algebraic multiplicity, A has a full set of 
eigenvectors. 
A must have A, =a+ib and A, =a-—ib as two distinct eigenvalues. Therefore, A cannot have 
a repeated eigenvalue and cannot be defective. 
In order for A to be symmetric, a,, = x must be the same as a,, =9. Thus, x = 9. Similarly, 
ay, =y must equal a,,=4. 
x=6, y=1. 


23: 


24. 
23, 


26 (a). 


26 (b). 


30. 


Sls 
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In order for A to be symmetric, a,, = x — 1 must be the same as a,, =0. Thus, we can have 
either x =1 or x =—1. Similarly, a,,=2/y must equal a,,=1. Hence, y= 2. 

In order for A to be Hermitian, @,, = x —3i=9-3i> x=9 and a,,=2-—yi=2+5i5 y=—5. 
In order for A to be Hermitian, a,, = 2+ xi must be the same as @,, = 2— xi. Thus, we need x = 
0. Similarly, a,,=1+ yi must equal @, =1—2i. Hence, y = 2. These choices are consistent 
with the remaining undetermined entries, a,, and a,,. 


A a fe 1 
= | for example. 


1 1 
A= , for example. 


0 1 

0 1 Of x, i! 0 

The equation (A—2/)x=v,is|0O 0 x, |=]0 |. Choose v, =] 1 J. 
0 0 O|/x,} |0 0 
OFT On 0 0 

The equation (A—2/)x=v, is|0 0 x, |=] 1]. Choose v, =| 0 |. A fundamental set of 
0 0 Of} x,} |0 1 

1 t 


solutions can be formed from y,(t)=e”| 0], y,()=e"| 1], and y,() =e" 


eC 
2 
t |. 
0 0 1 


4 0 0 0 0 O} x, 0 
For A=|2 4 O/], the equation (A—4/)x=v,is|2 0 O] x, |=|0 |. The solution is 
1 3 4 Le Be] es 1 
0 0 
x =|1/3] where x, is arbitrary. Choosing x,=0 we have v, =| 1/3]. 
Xe 0 
0 0 O} x, 0 1/6 
The equation (A— 4/)x=v, is|2 0 O] x, |=|1/3]. The solution is x =| —1/18 | where x, 
jes es 9 0 be 
1/6 
is arbitrary. Choosing x,=0 we have v, =|—1/18 |. By equation (12), a fundamental set of 
0 
0 0 
solutions can be formed from y,(#)=e"']0 |, y,() =e"(v, + v,) =e] 1/3 |, and 
1 t 
eo : 


y,()=e"'(v, +tv, +0.5¢v,)= ae 146}. 
or 
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2 -8 -10]x,] [1 


32. Theequation (A—/)x=v,is|—2 6 8 | x, |=|—1]. Choose v, =|0}. 
2. -=6 81%, 1 0 
2 -8 -10] x, 5 —+ 
The equation (A—J)x=v, is}—2 6 8 |x, |=|0]. Choose v, =|— |. A fundamental set 
2 SO: oa Be IK 0 0 
1 Lay 34444 
of solutions can be formed from y,(f) =e'}-1]|, y,=e'| -1 |,and y,(Q=e'| -4+-45 
1 t £ 
=6:.=8 - 22 -8 -8 22] x, 
33. For A=|2 4 = -4], the equation (A—2/)x=v, isgivenby| 2 2 -4]x,|=|-1|.A 
=2. a2 8 So 2! 26s, 0 
-1.5 
convenient solution is v, =| O |. The equation (A—2/)x=v, 
—0.5 
=8 =8 221%; a 0.5 
is} 2. 2 -4]x,}=] O |.Onesolutionis v,=| 0 |. A fundamental set consists of 
a2 2. “OLE 05 =).2) 
1 il la 
y(Q=e"|-1], y,O=e"(v,+v,)=e"| 1 |, and 
0 —0.5 
4 (2 6re2r 
y,()=e"(v, +, +05°v,)=—|  -27 
: Sat 
1 1 
36 (a). Two linearly independent solutions are x, =|—1], x, =| 0 
0 —1 
1 
36 (b). Choose x, =| 1]. 
1 
1 1 1 


36 (c). QN=ce"|-1|+c,e"| 0 |+c,e"] 1]. 
0 -1 1 
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Section 6.8 


1 (a). 


1 (b). 


1(). 


1 (d). 


2 (a). 


2 (b). 


2(c). 


2 (d). 


—2 1 
For A= ; ] , the characteristic polynomial is p(A) = 2° +40 4+3=(A+3)A4+1). The 


i 1 
eigenvalues are A, =—3 and A, =—1, with corresponding eigenvectors x, = | and x, = EF 


—3t —t 
e e ec 
Thus, the complementary solution of y’ = Ay is y, = | | 


31 -t 
e 


2 


y me 4 A y 1 or — S V i t i y b i y — 
+ + : | h , t — 


31 —t 
e e'}c L 
The general solution of the nonhomogeneous problem is y. + yp = se | '|s Ht 
—e 


Inserting the suggested trial form y, = «| into the nonhomogeneous equation leads to 
a 


ae I: 1 3 
Imposing the initial condition, 1 ‘| + Hl = Hl Solving, we find c,=1 and c, =1. 


ev +e' +] 


Thus, y(t) = fgg i is the unique solution of the given initial value problem. 
—e° +e + 


pa | 
For A= i the characteristic polynomial is p(A)= 2° —44+3=(A-—1)(A—3). The 
© 1 1 
eigenvalues are A, =1 and A, = 3, with corresponding eigenvectors x, = i and x, = Hi 
e! e Cc 
Thus, the complementary solution of y’ = Ay is y, -| i ‘ss | | 
—e' e |c, 


a 
Inserting the suggested trial form =e"| ' | into the nonhomogencous equation and solvin 
g £s Yp . g q g 
2 


col 


the system, we obtain y, = e| 


e! e Cc a m93: 
The general solution of the nonhomogeneous problem is y. + yp = | | | =k, 


3 
—e' e” 


ol 


1 te _3 0 1 
Imposing the initial condition, ie le +| H = ok Solving, we find c, = rr and c, = eS 
tei tte" —3e" 


1 ,3t 1 -t 


‘a is the unique solution of the given initial value problem. 
—qe tye +e 


Thus, y(‘) = 


152 ¢ Chapter 6 First Order Linear Systems 


3 (a). 


3 (b). 


3 (c). 


3 (d). 


4 (a). 


4 (b). 


4(c). 


4 (d). 


0 1 
For A= ; 7 , the characteristic polynomial is p(A) = 2° —1= (A +1)(A—1). The eigenvalues 
orate 1 1 
are A,=—land A, =1, with corresponding eigenvectors x, = 1 and x, = il Thus, the 


e' ele 
complementary solution of y’ = Ay is y. = 2 | i 
—e° e 


b, 
Inserting the suggested trial form y, = i: +| / into the nonhomogeneous equation leads to 


a, o] 


ji Qa, O 1] ta, +5, t Sol " . 0 
a + o(t = + , ing thi tem, tai = : 
yp yp +g(t) or i t 0] ta, +b; 1 olving this system, we obtain y, sn 


gt Ie 0 
The general solution of the nonhomogeneous problem is y. + yp = e : : | ‘+ | 
—e 


1 lie 0 zm 
Imposing the initial condition, 1 | | 4 = i} Solving, we find c, =1.5 and 


3 —t + t 
c,=0.5. Thus, y(t) = 05) 4 = : | is the unique solution of the given initial value 
=96°- Fe =f 
problem. 
.¢) = 
For A= ae, | the characteristic polynomial is p(A) = A’ —1. The eigenvalues are 


1 1 
A, =—land A, =1, with corresponding eigenvectors x, = Hl and x, = i} Thus, the 


e! t Cc 
complementary solution of y’ = Ay is y,. = B || | 


a b, C 
Inserting the suggested trial form y, = el + ib +| | into the nonhomogeneous 
a, ) Cy 


1 20 
=e Sh 
equation and solving the system, we obtain y, = } 
3 
The general solution of the nonhomogeneous problem is 
. e' e' |e —te"-] 
Yor yea . 
ST he aa@h Megs Ze" 41 


Sue eo ft tpa} |—-3|_|9 5 1 
Imposing the initial condition, +] , |=], |. Solving, we find c,=— and c, =<. 
fs Se 1 6 2 


3 


5 pst 1 t 1 21 
qe cage Ae de ; Sioa die? 

Thus, y(‘) = : a : ; : a is the unique solution of the given initial value problem. 
ee —7e +RZe +1 


5 (a). 


5 (b). 


5 (c). 


5 (d). 


6 (a). 
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Hepat: 
waieaee Ie 


} the characteristic polynomial is p(A) = 2° —1=(A+1)(A—1). The 
; ee 1 1 
eigenvalues are A, =—land A, =1, with corresponding eigenvectors x, = 1 and x,= >| 


—t t Cc 
Thus, the complementary solution of y’ = Ay is y, = : 7, ; | i 
—e° —2e 


b 
Inserting the suggested trial form y, = sin i: + cos A into the nonhomogeneous equation 
0) 2 


tess . a,cost—b, sint —3 -2] asint+b,cost sint Sol 
to y= + g(t = + ; 
ee TABU) OF a, cost — b, sint 4 3 }a,sint+b,cost 0 nee 


; ; 3sint—cost 
this system, we obtain y, =0.5 : 
—4sint 


The general solution of the nonhomogeneous problem is 


ze e° e |e Gs 3sint—cost 
= +0. : 
cams —e" —2e' | c, —4sint 
ea a 1 olfey] j-5]_}9 
Imposing the initial condition, fe =| |. Solving, we find c, =1 and 
=l =2 |e 0 0 


2e'—e' + 3sint—cost 


c, =—0.5. Thus, y(t)=0.5 
: aw Qe! +2e' —Asint 


| is the unique solution of the given initial 


value problem. 


1 
For A-| 


1 
1 it the characteristic polynomial is p(A) = A’ — 2A. The eigenvalues are 


1 1 
A,=0 and A, =2, with corresponding eigenvectors x, = i and x,= FI Thus, the 


1 ele 
complementary solution of y’ = Ay is y, = 1 a lk } 
= 2 


1+sin2t 


1+ sinz 
it follows that y, = y(7/2)= | 


1 
Given y(t) = Bieien' |= le 7 i Inserting 


y(‘) into the differential equation, we see that y’(1) = Ay(t) + g(7) and thus 


2cos2t QO 2] 1+sin2r Bteachi ba —2e' 
= + 9(f). t t th= ; 
e’ —2sin2t —2 Ole’ +cos2t BU) solve tor BG), We ebtaml et) e' +2 


e’ +cos2t 


t+aQ l+a@ 2 
Given y(t) = p is ‘| it follows that y(1) = ; n | = Mm => a=1, B= -2. Inserting y(t) into 


the differential equation, we see that y’(t) = Ay(t) + g() and thus 
1 1 ¢] ¢+1 ett 
y= =|, p25 + g(). Solving for g(f), we obtain g(f) = : 


27 ae af Oy AOD 
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9. 


10. 


11. 


12. 


13. 


14. 


ile 


16. 


Following the hint, we form [y;, y3]= P(OLy,. y.1+[g,(@,g,()] which has the form 


0 e' 1 @é —2 e' ; 
= P(t) - . Solving for P(‘), we have 
-e' 0 e’ -l oO =1 


gon 2 OPT 2/7 ail 2 Ol ead eh aL De 
Oe De® <4) TES a eee call ora 


If A exists, y, =—A'‘b is the unique solution. 

If A’ does not exist, the matrix equation Ay =—b will either have no solution or a non- 
unique solution. Therefore, either no equilibrium solution or a non-unique equilibrium 
solution. 

An equilibrium solution of y’ = Ay + b is a constant solution. Therefore, since y’ = 0 we need 


A pence oS eae le h pee Sle 
y. or op as an ‘ we see that y, i 44 s 


ial gaa od bP a-2). (a 
t = = ; 
CXi1sts an y. 12 1 0 


1 -l 2 
As noted in the solution of Exercise 11, we need Ay, =—b. For A= 11 and b= i we 


see that y, = : +a where a is arbitrary. 
1 1 O =e -1 
A” existsand |0 -1 2ly,=|-3/>y,=|-1]. 
0 0 1 =2 2 
1 0 0 —2 
As noted in the solution of Exercise 11, we need Ay, =—b. For A=/0 1 1]/andb=| 0 
Qoob 0 
2 0 
we see that y, =| 0 |+ a] —1| where a is arbitrary. 
0 1 


The characteristic polynomial is p(A) = A’ —2/.. The eigenvalues are A, =0 and A, =2, with 


1 1 
corresponding eigenvectors x, = Hl and x, = | 
a e”! 
Thus, one fundamental matrix is ‘¥(t) = ; | Set 
e 


= PC. PA)=1= PIC. seta? +|! A =| a 
ée 


1 e i ab 1(14 e%D) Lye 
vor Sf ete} ehh 


2 


18. 


19. 
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For A . 
a a 


eigenvalues are A, =—2i and A, = 2i, with corresponding eigenvectors 


2 
A the characteristic polynomial is p(A) = 7° +4 =(A+2i)(A—2i). The 


= -1 
xX, = | and x,= } Converting to real solutions, we have 
i -i 


_|—l —1 
y(t)=e"| . iF (cos2t—i sn2o} _ |. Therefore, a fundamental set of solutions is 
i i 


—cos2t | sin2t 
f)= f)= 3 
yi) sin2t andy) cos2t 


_ —cos2t sin2r 
Thus, one fundamental matrix is ‘¥(7) = 


; . The solution of the given initial 
sin2t cos2t 
—cos2t sin2t 


value problem has the form P(A) =P(NC=| . 
sin2t cos2t 


fe where C is a (2 x 2) matrix 


S 1 
chosen so that ‘P (7 /4) = ke . Imposing this condition, we have 


1 


ees | exseinnntore mesons! he eh ane 
0 ,|7 2% =l4 Solving for C, we obtain C=], of) , |=], 1] 2" 


sang —cos2t sin2¢|0 1 @ sin2t —cos2t—sin2t 
Hhn= fy= . 
mee) sin2t cos2r}}1 —l eee ty) cos2t sin2t—cos2t 


The characteristic polynomial is p(A) = A’ — 2A. The eigenvalues are A, =0 and A, =2, with 


1 1 
corresponding eigenvectors x, = Hl and x,= i 


2t 


2t 
Thus, one fundamental matrix is P(t) = ; = | Set 


: 10]. Shi 3 1 1ffi1 o] [2 4 
P= PC. Hor) 1 Reac “C= (0) ¥0)=|) i E il. a } 


1 e*~|2 4 
vot 28 


oem. 
eta ee 


| the characteristic polynomial is p(A) = 2° -1=(A+1)(A—1). The 


1 2 
eigenvalues are A, =—land A, =1, with corresponding eigenvectors x, = Hl and x, = Ht 


1 2 
Therefore, a fundamental set of solutions is y,(¢) = | and y,(f)= el} Thus, one 


— e! 2¢e' 
fundamental matrix is ‘¥(f) = | 


—t e' 
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20. 


21. 


=t 


7 —t 2 t 
The solution of the given initial value problem has the form Y(t) = ¥(NC = ) : f 
e € 
= 1 0 
where C is a (2X 2) matrix chosen so that ‘¥(0) = F ‘| Imposing this condition, we have 
rl ewOGel. “leone ere weebame=| ~~ \andith 
= = é 4 t = t 
o 4 (0) : 4 olving for C, we obtain is eo and thus 
5 e° Qe |-1 2 Es -e'+2e' 2e'-2e' 
Y= or P(A) = : 
ere Se le Sl -e'+e' 2e'-e' 
The characteristic polynomial is p(A) =A’ — 2A +5. The eigenvalues are 


—2i 
A,=1+2iand A, =1-2i, with corresponding eigenvectors x = it Then 


: Pe 2h 2e'sin2t| |—2e'cos2r 
y(t) =e (cos2¢+isin2t) 1 = +i ; 


e’ cos2t e’ sin2t 


e’cos2t— ee’ sin2tr 


_ 1 0} [28 ee 
w= FC. “(2)-| | Die seule” 
4 0 1 0 e 0 e+ 


be ies 2e’sin2t —2e’ cos2t 
Thus, one fundamental matrix is ‘P(f) = Set 


e)sin2r = —2e'"4) cos2r 
Y() = 1 (1-4) (1-4): : 
se “cos2t .e “sin2t 
1 1 
For A= ; i: the characteristic polynomial is p(A) =A’ —2A = A(A — 2). The eigenvalues are 


1 1 
A,=0 and A, =2, with corresponding eigenvectors x, = i and x, = Fl Therefore, a 


1 1 
fundamental set of solutions is y,(t) = i and y,(t) = el A fundamental matrix is 
1 e”! 3 ee a ag 1 = 
YO= 1 et and therefore, ‘P~(s)=0.5e~° 1 1 =0.5) 4,  _,, |. From equation 
=l.¢ e e 


(11), the solution is y(t) = ¥()Y '(t,)y4 + KO Y'(s)g(s)ds. Since y, =0 and 1,=0,we 


yin =H) [Y'G)g6s)ds=| | a fos eae: oa 
0 -1 e% o 1 —1 e 2t 


have 
e145 21" | 


= 0.25 
Be —1)+2te™ 


22, 


2D: 
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eee 
aleaaael i aes 


| the characteristic polynomial is p(A) = 2° —-2A —3=(A-3)(A +1). The 
Ler 2 2 
eigenvalues are A, =—land A, =3, with corresponding eigenvectors x, = 5 and x,= 3\° 


2e' 2e* 


5e' 3e% 
zi 3e3s 203s 35 1. 
sd) crs ch ee | emer 
4 je" De ae See" 
3 25 3 2t 
t t}— ze —<(e" —1 
Y'(s)ge(s) ds = ‘ s= s( : 
[Yc ick fee 
S(e' ew s(e' e*') e se‘ —2e' +e" 
e 15 . 


Hof ont as=| 15 (o! “lis -t 1s of , 1534 


A fundamental matrix is ‘¥(1) = | and therefore, 


t 2: 
Then, y(t) =P(yy + PO] ¥ '(s)g(s)ds, yO) = FOy, +0= E = 
2 | | oe 2G C 1 aTherh 
= => = . ’ 
5 5 3c, a 0 erefore 
ie 2e" Pp fe = 2e' Se" | | te? Qe eee" 
pes joo Bet Bel 4+Be* ¥ Set Bel 4 be |’ 
0 1 
For A= A, | the characteristic polynomial is p(A)=A° +1=(A—i)(A +i). The 
1 
eigenvalues are A, =iand A, =—i, with corresponding eigenvectors x, = A and x,= | | 
i -i 
-1 -1 ; ; [1 aa MeL 
x,=| . |and x,=|___ |. Converting to real solutions, we have y(f)=e"| .|=(cost+isin#) | |. 
i -i i i 


cost sint 

Therefore, a fundamental set of solutions is y,(¢) = : | and y,(t) = } A fundamental 
—sint cost 

cost sint 


are coss —sins 
matrix is ‘P(t) = : 


} We have  '(s) = 


—sint cost sins coss 


From equation (11), the solution is y(‘) = ‘P()'Y '(t))y, + vA] WY '(s)g(s) ds. Since 


0 p) 
Yo= 1 » 2(5) = 1 , and fy) =0, we have 


cost —sint cost 


sint cost sint |) 2sint+cost—1 1—cost+ 3sint 
= of: : . = . |e 
cost —sint cost ||—2cost+sint+2 —2+ 3cost+sint 


V() = P(N "(1)¥, + VCD] '(s)B(s) ds = i + a j bee le 
: 0| 2sins +coss 
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| | 
24. For A= F | the characteristic polynomial is p(A) =(1— A)*. The eigenvalue is A =1, with 


1 


1 
corresponding eigenvector x = a} Then 


e : 1 0 | t 
ale .Let y, =e'(tv,+Vv,). ¥, = ob =|, (2 x=el[ 


t t t 
A fundamental matrix is ‘¥(t) = EF Z | and therefore, 
e 


Rem Ae: T= See SS Ill pe le Saye.) ee” 
Y(s)=e |: ot re - Le contsas=[} ot fo-| 


0 a t+te'—t te’ 
Since 1-5) y(Q= Ho] Y comioas=| Dj H } 


e'-1 


—2 1 cr 
25 (a). Q(A) is an equilibrium solution if rl 1 se + 5 = 0. Solving for Q, we obtain 
Cy} 2 
t)=—— : 
oe 


25 (b). The characteristic polynomial is p(A) = 2’ +(4r/V)A + 3r? /V? =(A4+3r/V)(A+r/V). The 
eigenvalues are A, =—3r/Vand A, =—r/V, with corresponding eigenvectors 


1 
xX, = i and x, = Hl Therefore, a fundamental set of solutions is 


1 1 
y(O= aa | andy,())=e"" Hl The complementary solution is 


i eonly gory C, 

Q.O= 

C 3p _ : 
eon gonlv C 


25 (c). Finding a constant particular solution is equivalent to finding an equilibrium solution, as in part 


(a). 


eon ely G cV 2 
25 (d). The general solution is QQ =Q.+Q,.0 =| guy iy + Val Imposing the 
—e e Cy 


wer oe 1 Ife] cv{2}_|0 , ame 

initial condition leads to Q(O) =0 or +—|_ |= . The solution of the initial 
-1 le, 3/1 0 

cV E 2 gn. | 


value problem is t)=— 
Pp QW) 6 12463" _ 3e-nv 


1. _c|2 
25 (e). yuma) = aA 


26 (a). 


26 (b). 


26 (c). 


27 (a). 


27 (b). 


28 (b). 
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io Loe 
Vi 45H 41,42, -1)=0, 20, -1)+1, +51; =0. Therefore, 
Ae 2 ne +41, + rs 5 y 4 iF | a — Ex e A 
dt| I; 41, - 61, 4 -611,|'| of ~ |Z} |[o 
The characteristic polynomial is p(A) = 2° +124 +20 =(A +10)(A +2). The eigenvalues are 


1 1 
A,=-10 and A, =-2, with corresponding eigenvectors x, = / and x, = Bl Therefore, a 


—101 —2t 
fundamental matrix is ‘P(f) = } 
—e 


—10t ew 
1 cs 2V, 4 1 ew es 1 els —e! 
j= PH) YG) 9 [as since HO)=0.F\s)= sal ae tos [FB] ze ge | 
; 2V, , els +(e! =]) 
With V.(H =1, t>0, i) Y'(s) ds =| > |= ; , Therefore, 
0 0 o} e* $(e" -1) 


K-| i ae mae pes =e i) 


-t(dl-e'™)+40-e%) te” -te™ ae 


In the vector system v’ =—v+(vxk)+f, the term vxk is given by 


a pRk =i vathebtoeanagaeiie| I Sel 
t+yv,j)xk=-y7,j+v,i. ; = ‘ 
(vitv, Dp v,J+v,i. Therefore, the system is v? 1 <1ly, + if 


1 
For f =0.5 B , we seek a constant solution v; that is, an equilibrium solution. Thus, we need 


vy 


x 


-1 1 1 0 
to solve, if possible, : | [+05] A — A This system does indeed have a solution, 


1443 
-1+¥3 


velocity,” v,, then the particle will move at that constant velocity. 
The characteristic polynomial is p(A) =—A(A’ + @2) . The eigenvalues are 


Vy 


namely v, = 025 } If we choose the initial velocity equal to the “equilibrium 


0 1 
A, =0, A, =i@,, A, =—iw,, with corresponding eigenvectors x, =|0| and x =| i |. Therefore, 
1 0 


O cos@,.f sing.t 
A fundamental matrix is ‘¥(f)=|0 —sin@,.t cos@.t|. 
1 0 0 
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: -1 
0 cos@.t sina.t|0 1 0 


28 (c). O(N) =P(NY'(0)=|0 —-sina,t cosw,t}/0 0 1 


1 0 0 10 0 
0 cos@t sinat}/O0 0 1 cos@.t sing@.t O 
O -sinw,t cos@at}1 0 O|=|-sinw,.t cos@.t 0}. 
1 0 0 0 1 0 0 0 1 


28 (d). From equation 11, v() = P(A)v, + O(1)[ B"(s)g(s) ds, using ®(f) as a fundamental matrix 
and noting that @'(0) =I. Therefore, v(t) = P(/)v, +f(1). 
28 (e). r()= i; v(t)dt = If onary, + J f(dt=F. -. If oath, =f i; f(t)dt 


w,'sing,t w,'(1—cos@,t) 0 
J @@ar= -w,'(l1-cos@,t) @,'sinw,t Oj. 
0 0 T 
t 2T 4t O.T O.T 2nt 
D= det} P(t ar == 1l-—cos@.t - sin" < 4 nt => T 4. 
J, © ma t) wo. 2 2 o, 


Section 6.9 
l(a). For y’=P(t)y + g(t), y(t) =y,. Euler’s method has the form y,,, =y,, + hl P(t, y, + g(1,, )]. 


1 pe 1 —1 
For P(t)= ; | g(t) = hy -| 1 | and 4, =0 the iteration is 


sere fff r-f 


1(b). In general, t, =f, +kh,k =0,1,.... Since 4, =0, we have t, = kh,k =0,1,.... In general, 
h=(b-—a)/N.So, for a=0,b=1, and h=0.01, we obtain N =1/h=100. 


, 7 i L- te 1 Ae 
(a). Yau =Y,+ 248 2 Pet, > Yo=l, |: 


2(b). t,=14+kh,k=0,1,.... N=5/h=50. 
3 (a). For y’ = P(t)y+ g(t), y(t) =Y,. Euler’s method has the form y,,,=y,, + AL P(t, Y, + g(t, )]. 


2 + 1 2 . eee 
For P(t)= E a : g(t) = t Yo= ck and f, =1 the iteration is 


; -f ft, 1 2 
ay. + + 5, Vee els 
Y tt Vai oe . 0 Yn ‘ Yo 0 


3 (b). In general, ¢, = 1, + kh,k =0,1,.... Since 4, =1, we have t, =1+ kh,k =0,1,.... In general, 
h=(b-a)/N.So, for a=1,b=4, and h=0.01, we obtain N = 3/h = 300. 
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il. Od 0 0 
4(a). y,w=y,th|3 2 liy, +) 2]. y,=|0}. 
Lo2 0 t 1 


4(b). ¢4,=-1+kh,k=0,1,.... N=1/h=100. 
5 (a). For y’=P(t)y + g(t), y(t) = yy, Euler’s method has the form y,,,=y, + ALP(t,Y, + g(t, )]. 


fe Sine 0 0 ae ae 
For P(t) = ie pe g(t) = Fe SYo= of and ¢, =1 the iteration is 


ate cine t' — sint, 2 0 _|0 
Yiwu Yn t=- ] Ye t > Yo= 0 7 


5 (b). In general, ¢, =f) + kh,k =0,1,.... Since 1, =1, we have 4, =1+ kh,k =0,1,.... In general, 
h=(b-a)/N.So, for a=1,b=6, and h=0.01, we obtain N =5/h=500. 


4 1 2]-1], fiy]_[-098 
6 ee Oo + sad 
1 2 317 IIFl 102 
0.98] oll! 27-098], [1]]_ [09994 
= +0. +|_ {|= 
=) 102 2 31102 |"\1 1.041 
~The deration hasthe f ees | See : Shee 
e iteration has the form y,,,=Y,, 141 2 y, +) |p Yo=], | where 


2 ie 22 | 2 4) | 2.04 
ft) =land ¢,=1.01. Therefore, y, = 1 +0.01 3 014 + ill=l +0.01 9|=!1.09 and 
1 1.01] 2.04 1 2.04 4.1409 
O ne = +0.01 
1.09 |" 3.01 2 41.09} |1.01 1.09 9.3304 


_|2 081409 
1.183304 


of ert onl : 


1.99 —(1.01)? 1.01] 1.99 1.9800030 
y,= +001 + = 
0.03 2-101 03 ie 0.059801 


LOr- A 0 0 
9. The iteration has the form y,,,=y, +A/}3 2 lly, +}2]| y,=|0]| where 
| eae 0) i 1 


=—land 4 =—0.99. Therefore, 
0 1 0 140 1 0.01 
y¥,=|9}/4+0.01/3 2 1)0)+) 2 |/=1/0/4+001) 3 |=] 0.03 
1 1 2 Of} 1 — —1 0.99 
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and 
0.01 1 0 140.01 0 0.01 1 
fo +001)/3 2 17003)4| 2 =| 0.03 /+0.01) 3.08 
0.99 1 2 0] 0.99 —0.99 0.99 —0.92 
0.02 
i , 
0.9808 
a. fo Ls il Lo 
10. +0.01 + = and 
0 1 0.01 


a ~~ sin(l.01)| 0 0 0.00008468318 
y,= +0.01 + sI|= 
0.01 1-1.01 1 0.01} | (1.01) 0.020301 


11 (a). Let 2() = | be aa With this, 


,._(4O][v@]_[ 2 ]fo 17a@],J 0 fi 
eoteol beak Esoee tL olsiol*Le]#=b] 
0 1 0 1 
11 (b). Thus, the iteration has the form z,,,, = Z,, “ALS Ng +| | Zo= 4 where 


f,=0 and 4=0.01. 


16 tat, [ooo] “TF ] 
e[enfoof[s SLenklta Lea} 22 


a 9999 
20.404 ales cab Elon 
z3(2) z,(t)— Z,(t) +2 fr =] Z(2) 2 1 
12 (b). Z,,, =Z, | A ay +|' |e + where f, =1. 
rots abe) Eo] 
12(c). z, =|], |+0.01 
1 ll 1 


[TfL con “LT fe) loonie 


I| 
aT 
io) 
Ld 
+ 
— 
io) 
j_ 
| 
a © 
| 
Il 
a | 
ae 
j=) 
p_ 
a 
pet) 
i=) 
Qa 
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y 
13 (a). Let z=] z, |=] y’ |. With this, 
ye 


£3 
Z y’ Zs 0 1 Ofz 0 1 
zZ=|Z|=| y” |= “aA =|0 O ILfz J+} 0 |,z@)=|-1}. 
Zs yn" | jee atl) Ht 2 Oz, t+1 0 
0 1 0 0 1 
13 (b). Thus, the iteration has the form z,,,=z, +h}| 0 O Ilj|z,+}] O ||, z)=|-—1] where 
-t, —2 0 t_+1 0 
f, =O and 4=0.01. 
1 O 1 Of 1 0 1 —1| |0.99 
13 (c). Therefore, z,=|—1/+0.01)}0 O 1]-—1]/+/0]/=|-1]+0.01) 0 |=] —1 | and 
0 0 -2 0] 0 1 0 3 0.03 
0.99 0 1 00.99 0 0.99 =I 
z,=| —1 |+001}| 0 O 1} —-1 j+} 0 |}/=]} -1 |+0.01) 0.03 
0.03 —0.01 —2 0] 0.03] {1.01 0.03 3.0001 
0.98 
=| —0.9997 
0.060001 
40. 0 of Leso-noerl Le sel" alL) 
z3(t)| |-e'z()-z,()+2}] |-e' -1]iz(| |2 1 


14 (b). 


14 (c). 


18. 


20. 


O 1 0 -1 
Zn =Z, th Z Zz, + » Zy= where 1, =0. 
Se" il 2 1 


7 


ys (el le 


—0.99 eal 0 1 | -0.99 0 —0.9798 
= +0: + - 
22 1.02 -e°" _1]} 1.02 2 1.039601493 


Actual error: y(1) — Yo. = 
Estimated error: Yoo — Yio. = 
Actual error: y(1) — Yo. = 


Estimated error: Yoo — Yio9 = 


—0.00807508729 
0.0759433736... 


00764878206... 
0.0027112167... 
eee 
0.0027202379.... 
een 


od 
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21 (a). 


21 (b). 


21 (c). 


21 (d). 


22 (a). 


dO, QO 5 15 5 
a AR fp) = 
dt V, V2 300 —107 2 500-207 
dQ, 15 35 

dt = 300 —107 2! 500207 

t=0:.01:19.9; 

Q1(1)=40;Q2(1)=40; 

h=0.01; 


V1=200-10*t; 

V2=500-20*t; 

N=19.9/h; 

for i=1:N 

Q1(i4+1)=Q1()+h*(-(15/V 1(71))*Q1G)+(5/V2(4))* Q2(4)); 
Q2(i4+1)=Q2(1)+h*((15/V 1(1))*Q1(i)-(35/V2(1))*Q2(4)); 
end 

plot(t,Q1 t,Q2,':') 

ylabel('Amount of salt in tanks (1b)') 

xlabel('time (minutes)') 

title(‘Chapter 6.9 Problem 21: two-tank draining problem’) 


Chapter 6.9 Problem 21: two-tank draining problem 
T T T T T T T T 


wo 
So 
T 


Amount of salt in tanks (Ib) 
8 
T 


1 1 fl 1 1 1 1 1 1 
0 2 4 6 8 10 12 14 16 18 20 
Time (minutes) 


15 
The coefficients + 500-10: are not continuous at f= 20. Therefore, Existence-Uniqueness 
Theorem 6.1 does not apply to any interval containing t= 20. 


Lt 9 1 
my” +y’+ky=0, m=1, y=2te?, k=4m°, yO)= Beles: y(0)=0. 


,. fxO]f 9 1 TrO]_ fo2 
= al Lae 20] 0) 7"[0 | 
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22 (b). t=0:.005:10; 
h=.005; 
N=2000; 
y1(1)=0.2;y2(1)=0; 
gamma=2*t.*exp(-0.5*t); 
k=4*(piA2); 
for i=1:N 
yl(i+1)=y1(i)+h*y2(i); 
y2(i+1)=y2(i)+h*(-k*y 1(i)-gamma(i)*y2(i); 
end 
plot(t,y1) 


0.20 


0.15 


a a er er a ee | 

22 (c). time (min) 

The amplitude of displacement decreases significantly during the time when damping is 

significant. As damping dimishes, the vibration amplitude seems to settle down to a constant 

value. 
23 (b). t=0:0.01:3; 

h=0.01; 

N=300; 

y1(1)=2;y2(1)=0; 

for i=1:N 

yl(i+1)=y1(@)+h*y2(i); 

y2(i+ =y2(i)+h*(((pi/4)\2)*(t(i)*2)*y ()-0.5*y2(i)); 

end 

plot(t,y1) 

xlabel('time (s)'); 

ylabel(‘radial position (cm)'); 

title(‘Chapter 6.9 problem 23 radial position vs time’) 

y1(301) 
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23 (c). 
16 charles ve problem 7 radial position vs une: 
14+ 
_12 F 
r(3) =15.2268..cm 
Section 6.10 
aS i us og 8 2 : 
1. For A= 3 i the characteristic polynomial is p(A) =A — A —2. Eigenvalues are 
er l 2 
A,=—land A, =2.Corresponding eigenvectors are x, = 1 and x,= 1 . As in Example 1, 
. ~ : 2 
we can construct a diagonalizing matrix T from the eigenvectors of A, T = ; i The 
F : ‘ a 0 ; 1 
corresponding matrix of eigenvalues, D= 0 oP is such that T AT =D. 
2 The characteristic polynomial is p(A) = A’ —1. Eigenvalues are 2, =-1 and A, =1. 
1 2 t 2 
Corresponding eigenvectors are x, = i and x,= i Therefore, T = | 1 i and. 
D= : 
0 1 
11 a ead , . 
3. For A= i 4 the characteristic polynomial is p(A) = 4° — 2. Eigenvalues are 


=| 1 
A,=0 and A, =2.Corresponding eigenvectors are x, = 1 and x,= BF As in Example 1, 


we can construct a diagonalizing matrix 7 from the eigenvectors of A, T = | 1 i: The 


0 0 
corresponding matrix of eigenvalues, D= i | is such that T'AT =D. 
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The characteristic polynomial is p(A) = 4° —5/. Eigenvalues are A, =0 and A, =5. 


3 1 3 1 
Corresponding eigenvectors are x, = | and x, = Er Therefore, T = and 


2. 4 
0 0 
D= 


2. 3 
For A= : the characteristic polynomial is p(A) = A’ — 44 —5. Eigenvalues are 


=l 


1 
1 | and x, = Ht As in Example 1, 


A,=—land A, =5.Corresponding eigenvectors are x, = 


—1 
we can construct a diagonalizing matrix T from the eigenvectors of A, T = | 1 Ht The 


-1 0 
corresponding matrix of eigenvalues, D= 0 | is such that T'AT =D. 
The characteristic polynomial is p(A) = 2° —-2A —3=(A+1)(A — 3). Eigenvalues are 


1 1 
A,=—land A, =3.Corresponding eigenvectors are x, = i and x, = Ff Therefore, 


2.0 
For A= | i the characteristic polynomial is p(A) = A’ — 3A + 2. Eigenvalues are 
eae 0 1 
A, =1and A, =2.Corresponding eigenvectors are x, = 1 and x,= i\ As in Example 1, we 
can construct a diagonalizing matrix T from the eigenvectors of A, T = F i} The 


1 0 
corresponding matrix of eigenvalues, D= F | is such that T'AT =D. 
The characteristic polynomial is p(A) = 2’ —A—-6 = (A+ 2)(A — 3). Eigenvalues are 


1 ps 
A, =-2 and A, =3.Corresponding eigenvectors are x, = A and x,= Ht Therefore, 


1 2 2 0 
F= and D= ‘ 
of >-{5 S| 


25 -8 30 
For A=| 24 -7 30 J, the eigenvalues are A, =1 and A, =2. From the characteristic 
=12. -4. -<14 


polynomial given, it follows that A, has algebraic multiplicity 2 and A, has algebraic 
multiplicity 1. 


168 ¢ Chapter 6 First Order Linear Systems 


In order to find the eigenvectors corresponding to A,, we solve (A—A,J)x = 0 or 


24 -8 30 | x, 0 La. 4 1S |, 0 
24 -8 30 |x, /=|0]. This system reducesto|] 0 O  O | x, |=|0| and hence 
=12 4 =15.] x.) |.0 0 2D OD x) 10 


eigenvectors corresponding to A, all have the form 
(4x, —15x,)/12 Xf 3 |" \soeed + 


x= X, =| Xs I+ 0 . Thus, we find two linearly independent 
Xe 0 Xx, 
1 —5 
eigenvectors, x, =| 3] and x, =] O | corresponding to A, and therefore, A, has geometric 
0 4 


multiplicity 2. Since A, has algebraic multiplicity 1, it also has geometric multiplicity 1. Thus, 

A is not defective (that is, A is diagonalizable). In order to find the eigenvectors corresponding 
23 -8 30] x, 0 

to A,, we solve (A—A,J)x=0 or} 24 -9 30 | x, |=] 0]. Solving this system, we obtain 
-12 4 -16] x, 0 


2 1 = 2 
an eigenvector corresponding to A,, x =| 2 |. Therefore,if T=|3 O 2 |, and 
-l 0 4 -1 
1 0 0 
D=|0 1 OJ], then T'AT=D. 
0 0 2 
10. A, =—1 has algebraic multiplicity 1 and A, = 3 has algebraic multiplicity 2. The corresponding 
1 1 1 
eigenvectors are x =| 2 | for A, and x,=| 0 |andx,=]|2| for A,. Therefore, A, has 
—2 =2 0 
geometric multiplicity 1 and A, has geometric multiplicity 2. A is diagonalizable and 
\ ee ae | -1 0 0 
T=|2 0 2\|,andD=|0 3 Oj}. 
=2.. 2-0 0 0 3 
1 0. 1 
11. ForA=|2 2 -3], the eigenvalues are A, =1 and A, =2.From the characteristic polynomial 
0 0 1 


given, it follows that A, has algebraic multiplicity 2 and A, has algebraic multiplicity 1. 


12. 


13. 


14. 


15. 
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In order to find the eigenvectors corresponding to A,, we solve (A—A,J)x = 0 or 


00 1x, 0 00) iG 0 
2 1 -3] x, |=|0}. This system reduces to}2 1 O] x, |=|0| and hence eigenvectors 
0 0 O |x, 0 0 0 O] x, 0 
x; 1 
corresponding to A, all have the form x =| —2x, |= x,|—2 |. 
0 0 


Thus, there is only one linearly independent eigenvector corresponding to A,. Therefore, A, 
has geometric multiplicity 1 and consequently A is defective (not diagonalizable). 


A, =2 has algebraic multiplicity 2 and A, = 3 has algebraic multiplicity 1. The corresponding 
it 0 
eigenvectors are x =| 4 | for A, and x=|1/] for A,. Therefore, A, has geometric multiplicity 
1 1 
1 and A, has geometric multiplicity1 and A is not diagonalizable. 
4 -1 1 
For A=|10 -2 3], the only eigenvalue is A, =1. From the characteristic polynomial given, 
i Cie 8 ae 
it follows that A, has algebraic multiplicity 3. In order to find the eigenvectors corresponding 
3 Sloe 0 
to A,, we solve (A—A,)x=0or}10 -3 3] x, |=|0]. This system reduces to 
1) Qe Obexs 0 
10 Of] x, 0 
0 1 -1} x, |=|0| and hence eigenvectors corresponding to A, all have the form 
0 0 O] x, 0 
0 0 
X =| xX, |=~,| 1 |. Thus, there is only one linearly independent eigenvector corresponding to 
X, 1 
A,. Therefore, A, has geometric multiplicity 1 and consequently A is defective (not 
diagonalizable). 
All four matrices are diagonalizable. 
Matrices (a) and (d) have distinct eigenvalues. 


Matrix (b) is a real, symmetric matrix. 
Matrix (c) is lower triangular and has distinct eigenvalues. 


peewee 
as anes 


the eigenvalues are A, = 2 and A, = 3 with corresponding eigenvectors 


: a2 2 
x, = | and x, = i Make the substitution y = 7z= E i to obtain Tz’ = ATz+g(1). 
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16. 


17. 


Multiplying by 7 gives z’ =T'ATz+T 'g(1) or 


4 2.9 -1 2 | 44368’ 2. e' 
zZ=Dz+T g(p= Z+ = Z+ . Thus, the system uncouples 
0 3 2 -3}2+4+2e' 0 3 2 


_ | a |_| 24 +e , , 
into : =|. 7 . Solving these uncoupled first order equations, we obtain 
Z5 3Z5. #2 


-e' +ce" 


—(2/3)+c,e" 
[3 2] -e’+ee% | | 3e% 2e* |e, | | 3e'+4/3 
Y lo 14-273) +e,e% | [2% e* fie, | | 2042/3] 


Z 
The eigenvalues are A, =—1 and A, =2 with corresponding eigenvectors x, = | | and 


} Finally, forming y = 7z, we obtain the general solution 


1 Zod 
xX, = i Make the substitution y = 7z= k : 


-1 -l 
z’ = Di +T 'g(1) = Fe iF r 5 iia ea | = pal 
O 2} [-1 -2]-e%+e'| |e 
, ; lier tee" |. . 
Solving these first order equations, we obtain z= jal eee | Finally, forming y = 7z, 


; ; 2 1 |-/2)e'+ce7 De ee he —e' + te” 
we obtain the solution y = ‘3 » (|= ; 7 a] eee Nee 
=1. =] ie Riese =G* ey [Cy ge = le 


ie 
For A= ) the eigenvalues are A, =0 and A, =3 with corresponding eigenvectors 


=i 2 


: ; | 
X, -| i and x, = BI Make the substitution y = 7z -| h to obtain Tz’ = ATz + (1). 


Multiplying by 7! gives z’=T'ATz+T 'g(1) or 
4 0 0 243 ALES] ob 0 0 t—1 
zZ=D21+T g(p= Z+ = z+ : 
0 3 WS LS. 13=2f) \|O 3 1 


Zi t-1 
Thus, the system uncouples into ; = . Solving these uncoupled first order 
Zs 3z, 1 


(1/2) —t+e, 
—(1/3)+c,e" 


a Tair ste | | a2" Pe; : (1/2)r° -t-(1/3) 
Yl-1 2] -a/3)+e,e" | |-1 2e*Lc,| |-a/a?4+2-2/3) | 


equations, we obtain z= } Finally, forming y = 7z, we obtain the solution 


18. 


19, 


20. 


213 
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2 
The eigenvalues are A, = 2 and A, =5 with corresponding eigenvectors x, = | i and 


1 ei 
Xx, = A Make the substitution y = 7z= f. 


-1 1 
: 2 0 4-4] 41+4 2t+1 
zZ=D214+T g(t= Z+ = ; 
0 5 + —2t+1 2 
; —t-l+ce"|] _. 
Solving these first order equations, we obtain z = 5 ye Ve Finally, forming y = 7z, we 
= 5 + C5€ 


2 1}-1-1+c¢,e” 9e ce Lc, —2r-% 
obtain the solution y = : ee ree ae + ae Ne 
—1 1] -—4+c,e -e" @ [cy t+= 


ForAS 
ka he 


the eigenvalues are A, =—l and A, =—4 with corresponding eigenvectors 


-8 


5 1 5 
x,= and x, = . Make the substitution y = 7z= 
> |-1 8 -1 


1 
h to obtain Tz’’ = ATz. 


-1 0 
Multiplying by 7 gives 2” =T"'ATz or z’’ = Dz= 0 A . Thus, the system uncouples 


eon! | Sb iN) 
into | ,,|= . 
ra) —4z, 


; ; ; c,cost+ d, sint 
Solving these uncoupled equations, we obtain z= 


c,cos2t+ d, el a 
y = 72, we obtain the solution 
5 1] c,cost+d,sint 5(c, cost + d, sint) +c, cos2r+ d, sin2t 
a5 cE ‘le cos2t+ d, an _ ee cost+ d,sint) —c,cos2t-d, | 
The eigenvalues are A, = —9 and A, =—1 with corresponding eigenvectors 
xX, = Lis] and x,= i Make the substitution x = 7z= ne ‘fk to obtain 
31 


” Sp 0) : P : ce + C5e 
zZo+ z=0. Solving the equations, we obtain z= ; ; 
OF 1 ke'+k,e 


7 1 |ee*+c,e" Tce" +c,e")+ke'+ke' 
the solution x = ; , (|= a ‘ , pla 
=Id\ =1)) ke +e —15(c,e" +c,e°)— (ke + k,e') 


3t 


} Finally, we obtain 


—1 


ropael* 
baal (Ee ae 


the eigenvalues are A, =—1 and A, =1 with corresponding eigenvectors 


1 1 1 1 
x, = j and x,= | Make the substitution y = 7z= f to obtain Tz’”’ = ATz. 


1 =3 


172 ¢ Chapter 6 First Order Linear Systems 


22, 


27 (a). 


27 (b). 


27 (c). 


-1 0 
Multiplying by 7 gives z” =T"'ATz or z’’ = Dz= r ic . Thus, the system uncouples 


., roe | lee 
into yi : 
£9 Zo 


; : é c,cost+ d,sint 
Solving these uncoupled equations, we obtain z= 


Stag) |: Pinay forming y=72z, 
C,e 7€ 


. i 1 ey d, | c,cost+d,sint+c,e'+d,e' 

we obtain the solution y = = = : , 
-1 -3] ce’ +de' —(c,cost+d,sint) — 3(c,e' +d,e') 
The eigenvalues are A, =0 and A, =5 with corresponding eigenvectors 
1 Z a Le 32 baie OD 

X,= ] and x,= Fi Make the substitution x = 7z= iP i to obtain z” + fe iF =0. 

citc, 
k, cos(v5. t)+k, sin(V/5 t) 

1 2 Girt cs (c,t+c,)+ 2k, cos(V/51) +k, sin(V50)| 

i. ie il cos(V50) + k, snefSo) | -2(e,t-+e,)+[k, cos(/50) + k, sin(V50)] | 


Solving the equations, we obtain z= . Finally, we obtain the solution 


500 -—200 
For A= i 200 200 | the eigenvalues are A, =100 and A, = 600 with corresponding 
1 2 
eigenvectors xX, = , and x,= al: 


1 
Make the substitution y = 7z = | 


2 
5 iF to obtain Tz’ + ATz =0. Multiplying by 


T" gi ”+T 'ATz=0 or 2’ + oie = Thus, the syst les int 
gives Z z=Oorz 0 600 z=) |: haus, the Syslemuncouples into 

z+ 100z, 0 ee Be i / 0.2 O04 | 0.1 0.08 
=| |. The initial condition is z(0)=T y(0) = = ; 

z;,+ 600z, 0 0.4 —0.2] 0.15 0.01 


c,cosl0r+ d, sinl0r | 


Solving the uncoupled equations z’’ + Dz =0, we obtain z= . Beco deps d,sin10 6: 


0.01cos10-V6r 
obtain the solution of the initial value problem: 


E | necciod Feeney 
y= — 


2 -1]0.01cos10V6r 0.16cos101—0.01cos(10-V61) 


ones Pe . 0.08cos10r 
Imposing the initial condition, we find z= . Finally, forming y = 7Z, we 
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Section 6.11 


1 (a). 


1 (b). 


2 (a). 


2 (b). 


3 (a). 


3 (b). 


5 
We proceed as in Example 2. For A= E iF the characteristic polynomial is p(A)=7°- 1. 


4 1 
Eigenvalues are A, = 0 and A, =1 with corresponding eigenvectors x, = ;) and x, = Hl 


Since A is diagonalizable, we obtain from equation (7) e = TA(1)T | where 


4 1 ev 0 i eas 8) 
T =[x,,x,]= 5 1 and A(t) = oo Tle. yt . Thus, 


va gk 4 1]1 Of-1 1] [-445e 4-4e' 
=e = = . 

5 110 e|5 —-4 —5+5e' 5-4e' 
(f+DA 


The solution of y’ = Ay, y(-l) =y, is given by y(t)=e y,- Therefore, 
1] |-4+5e? 4-4e?]1] |4+5e? 
y(2)= eey, =e" 7 io ; = i : 
0 —5+5e 5-—4e° |0 —5+5e 
The characteristic polynomial is p(A) = (A — 2)’. Eigenvalues are A, = A, =2 with 


1 
corresponding eigenvector x, = A Therefore, 


2t 1 0 : 
a Mf } Let y,()=e"(1E+7), E= eh (A-21)n=E> n= H = y,(0)= aA 


2t 2t 


ete ‘ 
Yj) = as iF M(t) since ‘P(O)=T. 
0 e 


eae | 3e° 
y(2) = By) = 6 2 lot lo. t 


G9 
We proceed as in Example 2. For A= ' | the characteristic polynomial is 


pA) =H -8A +7. Eigenvalues are A, =1 and A, =7 with corresponding eigenvectors 


h T=[ ] aa d A(t) ee a Th 
wher =[X,,X,|= an = = . Jnus, 
oe ciao (=| Aa | 0 e&| |0 e” 


(1) =e" -| 1 Af 0 hee -5 a avo gag sayy all 
-1 1Jo e”|1/6 1/6 ee re 
The solution of y’ = Ay, y(0) = y, is given by y(1) =e"y,. Therefore, 
_ (DA 1 _ e'+5e’ —5e'+5e7}1 a —de'+10e7 
y(-l =e Hl =(1. | | | =(1 | } 


mes! “Sethe”. 1 dette" 


1 5 
x, = i and x, = Al Since A is diagonalizable, we obtain from equation (7) e“ = TA()T ' 
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4 (a). 


4 (b). 


5 (a). 


9 (a). 


9 (b). 


9 (c). 


10. 


11. 


12, 


The characteristic polynomial is p(A) = (1—A)(2-— A)(-1- A). Eigenvalues are 


1 1 1 
A, =-1, 4, =1, A, =2 with corresponding eigenvectors x, =| 1 |, x,=|0|, x,=| 1]. 
=3 0 0 
ee’ - ee" ty “Wied 0 0 -4 
Therefore, P()=| e' O e” | PWO)=|1 0 1] SP 'O)=]1 -1 0 
Beth: “6 0 0 01 4 
e' e e"10 0 —-4] Je’ -e't+e” 4(-e' +e") 
and ®(f)=| e' O e“ {1 -1 O /=/0 e” 4(-e' +e”) 
3e' 0 OF0 1 4 0 0 e! 
1 e 
y(1) = B()y(0) = BI) 1 |=] e? |. 
0 0 


f £ lis 1 
From Theorem 6.15, P(t,s) = P() '(s) = ; ; | o ‘| and thus 
t|-s° os 


; D(t,s) is not a function of t—s. 


M(t,5) = 


2stt-s?P t+ Ps" 

Det r H14 oe 
6-9 -3+9] 1 ~9 

From Theorem 6.15, y(3) = ®(3,l)y(1) = S lege Abe = fel 

B=T"'p(A)T =T'(2A°-At+3DT =2T'AT -T'AT + 3T 'T =2D° —D+3I. 


2h -1,+3 0 
Therefore, B= a F ; 
0 We anhers 


As we saw in equation (6), if T 'AT =D then A" = TD"T ". (For this present case, 


S12 1 0 1 of 1 of 
T= and D= .) Since A” =T T and since =I when n is 
4 3 0 -l 0 -1 Q.-=1 
even, it follows that A" =/. 
i. 20 
MeSID T= 10 : T'=TDT'=A when nis odd. 
As in parts (a) and (b), we see that A” = 7 when n is even and A” = A when nis odd. 


i; oO i ; +1 O 
A=T T. The four matrices are: D= : 
0 -!l QO ti 


1 O -1 0 1 0O -1 0 
D,= .| D= | D,= .| Dy = .|- 
O 1 O i O -i O -i 


For the given matrix, A'=A. Thus, if B= A’, then B?=A=A™ as requested. Exercise 10 
asks for four different square roots of A and any one of these will serve as B. 


2 4 1 1,2 1,t : 2 1 0 al 0 
A +A°>=TBT =>B=T AT+T A’T.Since A =], B=I+D= 01 + Gr cea 
x1 


13. 


14. 


15, 


16. 


Le 
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3 
; 7 cae} Sen 1 17-2 OfF}-1 1 7 24 -16 
Since A=T7TDT , it follows that AX =7TD°T™ = = . 


2170 2)|2 -1 32 —24 
de a =O) 0 ee as guts 3 -l 
BOUTON Gg. Leases he ae eh 
cos(ZtA,) = cos 7) = z , cos(zA,) = co ¥) = (0. Therefore, 
Ape Os =) ae. ae 
_ = v2 S, 
f(A) costa) =| alk Ls a fee 8 | 
sin(z,) = sin ©) = 5 sin(zA,) = sin) =1. Therefore, 
2 1/4 of 3 -1] | 3¥2-5 -2+2 
=< = V2 = 
1A)=sinted) =| ak ae soca ea 


cosA,t OO 
0 cosA,t 
diagonalizable matrix with eigenvalues A, and A,. Thus, with t= and the given eigenvalues, 


cos(z / 3) 0 - |e a ener 
cos(zA) = T Y =T T 
0 cos(77 / 3) QO 1/2 


As we saw following Theorem 6.16, cos(tA) = i jr when A is a (2X 2) 


we have 
=(1/2)7 "br = 291 
oo 0 1 Me 


Similarly, we find sin(@A) = (V3 /2)/. 


—2: = 


T'= ey 1V "4D =T" : = ' D= : T luti i 
= = = = _Th 
l gives Z Z > 1 € SOlUtLON 1S 


ce t+c,e'+1 


‘ee 
Let T= | Make the substitution y = 7z. Premultiplying by 


| Converting to the original variables, we obtain 


Z(t) = 


k,cost+k,sint+2 


i 4 ee +c.2 +1 ce t+c,e'+k,cost+k, sint+ 3 
y(t) = Tz(1) = = 


—2 —-1|/k,cost+k,sint+2 2c,e —2c,e' — k,cost—k, sint—4 | 


Let T ; 
t = 
' 2 


i 1 
| Making the substitution y = 7z, the system becomes ATz’ + Tz= Bi 


aoe So Pde SE ex Sect =2 =1 0). =—2 
Premultiplying by T |; | eves T ATz r-[3| or i a= 5 f Thus the 
ce’ - 
ose 


aie LY Dee 2 ce +ce' +1 
original variables, we obtain y = 7z = 7 = : a . 
=e, Geol) (ee See a 


, 


ce ae Ul ae” eet 
system uncouples into = . The solution is z(f) = 
Zz 3 


2 
al Converting to the 
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18. 


19. 


20 (a). 


20 (b). 


20 (c). 


21 (a). 


Make the substitution y=7z. z’’ +z’ + Dz=0.. The solution is 


1 a5 1,38 
pee Al eee 7) : ss 
Z(t) = oe i ae Converting to the original variables, we obtain 
Ke? cos(S 1) ke? sin(S t 
(42) Ep benef B “$e: (3 
() = T(t) ce ee +ke? cos(S t) +k,e? sin(S t 

YU) =1Z = _1_ N35 1, v5 rs t g 

ree! se 2c,e! rey ke? cos( 2 ‘) Shes sin(2 ‘ 

i es 

Let T= 5 i Making the substitution y = 7z, the system becomes Tz’’ + 2ATz’ =0. 


-1 -1 


2 1 


Premultiplying by T! -| 01 


-1 0 0 
gives 2’ +2T'ATz’ =0 or z+ | k - Me Thus, the 


Z-2z 0 rons c, +¢,e" : 
system uncouples into |_,, , |=], |. The solution is z(t) = 5, |- Converting to the 
Za + 25, 0 d, + d,e 


original variables, we obtain 
1. 1 | eee" c,+¢,e" +d,+de" 
y(t) = Tz(t) = 2 2 ose |? 
—2 -ljd+de —Lertee J—(d-+der') 
m,X)"= k(x, — x); m,x7=k,(x,—x,)—k(x,— x); m,x/=—k,(x, — x,). Therefore, 
m,x/+ k(x, — X,) =0; m,x7— kx, +(k, +k,)x, —k,x,=0; m,xy—k,x,+k,x,=0. 
The result follows. 


1 1 
Kv, =0, where v, is any nonzero multiple of | 1 |. Therefore, 0, | 1] is an eigenpair. 
di i 


Let x = f(O)v,). Mx” + Kx = M(f”()v,)+ Kf (Ov, = 9. Therefore, since 

K(f(v_) = f(OKV, = 9, Mf" (Nv, =0 or m,f"()=0, j=1,2,3 > f(t) =0. Therefore, 
fM=et+e, and x()=(e¢+c,)vy. xO) =¢,v, =0 > c, =0, x(N=¢,V) =V) > ¢, =1. 
Therefore, x(t) = tv,. The system is executing motion at constant velocity v,. There is no 
relative motion; the three-mass system is translating like a rigid body. 


1 -1 O 
For this case, we have A= M''K = Ld -l1 2 -1}. Using MATLAB, we find the 
ie weh 7 
1 =f-°0 
eigenvalues of B=|—1 2 -—l}/are y,=0,y,=1,and vy, =3 with corresponding 
0 -1 1 
1 1 1 
eigenvectors u, =|1},u, =| O |,andu, =| —2 |. Since A=(k/m)B, the eigenvalues of A are 
1 —1 1 


multiples of k/m times the eigenvalues of B while corresponding eigenvectors can be chosen to 
be the same as those of B. 
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21 (b). Making the substitution x = Tz, the system becomes Tz’’ + ATz =0. Premultiplying by 


0 O 0 0 
gives z’+T 'ATz=0 or 2’ +|0 km" Q |z=|0|}. Thus, the system uncouples into 
0 0 3km™ 0 
Zo 0 et+c, 
z+km''z, |=|0|. The solution is z()=| d,cosat+d,sinat |, where @= vim". 
zy+ 3km ‘'z, 0 €, COS 4) 30ot + es sin-/3ct 
Converting to the original variables, we obtain 
| ammo: aaa Ci; 


x(j=|1 0 -2 d, cos@rt + d, sin@t 
1 -1 1 |e cos 30 + é, sin-/30t 
ctt+c, +d,cosar+ d, sinat+ e, cos-V 30 + e, sin-V30r 
= ctt+c,—2(e,cos 4/300 + e, sin 3am) 
ctt+c,—(d,cosat + d, sina@f) + e, cos¥3ar + e, sin 4/30 


Chapter 7 
Laplace Transforms 


Section 7.1 
r il 1 1 
1. Lf}= lim | 1-e“dr= lim] = lim=(1-e"7)=-, s>0 
To 40 To2 6§ To § s 
3ty _ 4: T 4 a aa Fg Be is ~ 1 -(s-3yt|" _ 4: 1 (8-3) 
2 Lfe }= lim] ee dt = lim | ede = lim-— = lim —(1 er) 
1 
=—., s>3. 
s—3 
-t : 7 -t —st : r -(s+1)t : : : 
3s Li{te}= lim I, te -e dt= Tim J, te dt. For integration by parts, we will use 
—(s+l)t 
u=t, du=dt, dv=e""dt, andy =- . Then we have 
s+] 
(stir fF -(sH)T 
T —t 1 fr —T. 1 
lim fs te""'dt = lim} — +——[ eat} = tims —-——_ + s(1-e") 
Eper10 Toes)” seed st+1%o To>~| s+] (s+1) 
1 
=——, s>-l. 
(s+1) 
T 
4. L{t-—S}= lim i; (t—5)-e “dt. For integration by parts, we will use 
u=t—5, du=dt, dv=e “dt, andv= = . Then we have 
s 
1 ~(1-5)e"| 1 pr (T-5)e"+5 el 
lim | (¢-5)e“dr= in = +-| ea in] ; 
TO 40 TO 0 Ss 570 TO Ss Ss , 
ih. 4) 
Sos te 0 
ss 
ni LA f(t} does not exist because limre’*’e “ =e for all s>0. 
6. (De =e forall s>0. 


L{f(} does not exist because lime 
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Lif} [d-de wars [te “ar. 
a) (2) 


—Sst 


(1): u=1-1t, du=—dt, dv =e “dt, ese . Then we have 
Ky 


1 
le“ i oe ae 
a yee 
F o Ss Ss Ss 


(1) =—(1- 2) 


e” 
AY 


gs ey Bt 


—St 


(2): u=t—-1, du=dt, dv=e “dt, or . Then we have 


t-1 
Qa 8" 
Ss 


1.) dM 2 
O+Q=——-s45e¢%, s>o0. 
s Ss Ss 


£{(1=2)°}= im J,e- 2)?-e“dt. Using 


—St 


u=(1—2)?, du=2(t—2)dt, dv =e~"'dt, and y= —* 


, we have 


=e 2_—st 
lim (t= 2)? edt = if 
Ss 


TO TO 


T 
+ 24 fr 2eal = bs + a lim [ia Qe “dt. Using 
Go 0 §  gTo-40 


—Sst 


parts with u=t—2, du=dt, dv=e “dt, and y =—< , we have 
S 
4 2 Ne" 1 Vl 4 4 2 
T —(ft-— 
lim | (ape tdin$  2n|( HED) }-£-$.3, s>0. 
Tox0 40 Ss § Toe S S 3 Ss Ss Ss 
T st |F 1 <§ 
ee pt At 1; =¢ — Lim {5-5 —sT\_ & 
L{f(O}= him J 1-e “dt = lim—— = lime \=—, s>0 
L{f(F= 
1 ~(t-Ne“| 197 (Pathe. eae" 
lim | (t-1)-e "dt = lim, ————_ +-| ea S a 
Tox #1 T° Ss : gel T 00 Ss Ss 
=o s>0 
t 2 
—e°* il 


LEfO}= fle “dr = 


s 
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2 


—(t-lNe* 1 (2 -s_ 2s 
yl +) ‘dt =— : +(e -e*), s#0. 


12. £f(O}= f@-1)-e“dr= 


—St 


. Then we have 


e 
13. J te "dt.u=t", du=nt" dt, dv=e "dt, andy=— 
Ss 
nn —st 


te 


n 
+ =| fe de sO: 
AY AY 


14 (a). Since lim t" =0 and lim ec ey lim fe*=0; 


t>0 130 t>0 
14 (b). Using L’Hopital’s rule: 
n n—l 


lim#"e* = lim—; = lim——- = ....= lim—, = 0. 


[00 190 @ i> ge" toe g"e 


15 (a). Using 13 and 14, 


RY 


n _st |P 
L{t"} = lims— +2 eat =04+ “lim “leat =" coy, s>0. 
Tr S 0 S 0 § To% 0 Ss 
15 (b). 
2 2 3 3! 4 4! 
Ye teat 3 mache en cea ca) cetera on Ce eee On CP ar 
Ss Ss Ss AY Ss S 


LEP} =2 LHS, s>0. 


t 
1S). LU"}=——, s>0. 
Ss 


T 
Ky 
=5 x7, 5>0. 
Ss +@ 


0 


i o 
== a7 870. 
S +@ 


0 


16. LEf(O}= imfe“( 


—scosa@t— @sinat 
S+o 


17. £(700)=jine“( 2A? 
Tr© S +@ 


—ssin@t—@cos *) 


18. f(@) =cos(@(t— 2)) = cos(@t)cos(2@) + sin(@r)sin(2@). Using 16 and 17, 


scos(2@) + wsin(2@ 
£Ef(0} = SED OREM) | 5>0. 
S +@ 
19. f(t) =sin(@(r—2)) = sinwrcos2@—cos@rsin2@. Then we have 
2@— ssin2 
LEf(py= os @-ssin2o og. 


S+o0 


—(s— 3)sint—cos z 


T 
20. L£{f(}= lim | e 9?" sin tdt= amfe>[ (-3)'41 


T 
: >3 
pee a 
a) GS=s)orl 
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T 


—(s+2 4r+4sin4r 
21. L{fO¥= lim fe" cos 4dr = lim cion| eetlenrers seit) 


(s +2) +16 


s+2 


———., s>-2 
(642) 416°” 


2 6 2 6 
22. EDO VS s 8.2L {6} =—, 6> 0. Then £47()} = +5 3 0. 
s+5 Ss s+5 os 
1 2 
23% ie Sl aa S— ,8>-7. LA =, s>0,and L{2e"}=—., s>2.Then 
S+ Ss s—2 


5 1 2 
)}=—+5+—, s>2. 
LADY CET aso GoD . 


24 (a). The function is discontinuous on 0 < f< °° because the one-sided limits do not exist at the 
vertical asymptotes. 
24 (b). The function is not exponentially bounded on 0< t<oo. 
25 (a). The function is continuous on 0 < f< oo, 
25 (b). The function is exponentially bounded on 0S t<o. | a (1) < e',so we can take M=1, a=1. 
26 (a). The function is continuous on 0 < f< oo, 
26 (b). The function is exponentially bounded on 0 < t< oe. 
If f() =e", then f(t) = (2t—-f Je‘ =0 > t=2, is a maximum point, so we can take 
M = f(2)=4e”, a=0. 


27 (a). The function is continuous on 0 < f<oo, 


2t 
rd: 
27 (b). The function is exponentially bounded on 0 < f<, since cosh2r< otal <e" on 0<t<~, 
so we can take M=1, a=2. 
28 (a). The function is piecewise continuous on 0< f<oo. 
28 (b). Consider g(t)= te", g’(th=(1—-Ne' =O0>t=1. +. t=1 is a maximum and 
ans e'=>t<e'e', 0< t<o. Since [[¢]] <1, O<t<o, the function is exponentially 


bounded on 0 < t<, taking M =e 


,a=l. 
29 (a). The function is piecewise continuous on 0< f<oo. 
29 (b). | if (1)| < e”, and so the function is exponentially bounded on 0 < 1<, taking M=1, a=2. 


30 (a). The function is continuous on 0 < f<oo, 
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30 (b). The function is not exponentially bounded on 0 < t< because 
f(H= soe = A ea and e > ar t>4 
rma age 2 2 is 
31 (a). The function is discontinuous and not piecewise continuous on 0S f<o, 
31 (b). The function is not exponentially bounded on 0< t<oo. 
32 lim eee = tim( tan" i |= = lim(tan * T) ae so the improper integral converges 
© pomdo [pp Toe 0} Toe >? PFOP 8 ges. 
33 L — dt = *in(t + 1°) : = +in(t + ry Since lim ~In(1 + T’) = co, the improper integral 
ol+r 2 rae To 2 
diverges. 
. Tr =f =f . et 1 . 1 . . 
34. lim I, e cos(—e *)dt= lim J —cos(u)du =| cosudu = sin ul, = sin(1), so the improper 
integral converges. 
ae £ 7? 1 2) 1 
35. [te “de= lim] te de= lim] e(s au) = = lim> e"du = lim—(1-e" )=—, so the 
0 To 040 TO Tro 2 TO 2 
: 1 
integral converges to 5 
-l 1 2t 
36. f[@O=3L \}+ , 120. 
sa2 
aj i aj_1 Ee 
ST fM=-2L “yap +L 9p = 2t +e", t20. 
s s+] 
=| 1 -l 1 —2t 2t 
38. FfQ=2L74—@ + 2L 75 — p= 2e + 2e” = 4cosh(2h), +20. 
st+2 s=2 
39 fy ae j= ete =2sinhs t>0 
s-1 s+] roa 
Section 7.2 
2 Dott | Oe ae Po 
if £1f0}={ 5] 542-5444, soo 
s SS 48 eo 8 
Be fi 
2 L{f(@}=— +-, s>1 
s-l os 
3 Lif} : + : >0 
: =o 
s gs +9 
4. <£iforeriee t=, 553 
es 


10. 


11. 


12. 


13. 


14. 
1S, 


16. 


17, 
18. 


19. 


20. 


21. 
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LEP O}= CLIP} =H, 50 


Py. a s 1/1 ‘ 
nog cf! Aepan}a212 8 al 8) oa 
PO OER pe CM 5 5 Pau Oly Pea 
Lif t Lt ——,, s>-2 
LfOP= L2H. 4 = (+2) 
£ {sin 3tcos 3r} £3 or} 2 s>0 
= £)—sin = : 
2 s° + 36 
L{f O}= L{2(t-2)h(t—2) + 4h(t-2)} 
2 4 
= asl Bs {QH+L {4}] a e|2 + =a s>0 
So 
ot s—2 
L£f{e™ cos 3t} = Picos Sih. c (6-2) +9” s>2 
3-5 
L{FOPH= Le A(t} = ee *L{e"}=—, s>3 
Ss 
HE toe Ok, 5 


L{fOp= L[P sss} = Gey "= G4 a s>4 


LF ()}= 346 = 3440, 120 
L£'{F(s)} =2sin5t+ 4e", +20 
£'{F(s)} =2e” cos3t, 120 

5 


L'{F(s)} =5e™ a eof t>0 


L"{F(s)} = sin(3(t—2))h(t—2), 120 
L{F(s)}} =e n(t—2), t20 


LO{F(s)} = L£ Fenecy = e{ cos3— sin a} r>0 


£F(s)}= reosiat- 3) + Tsin(4(r- 3) fe 3), 120 
Aree alle- 3)‘ h(t— 3) +2(t-5)' h(t—5)) 


= 2(t— 3)’ A(t—3)+ 4(t—5) h(t—5), 120 
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-s 3s 


22, £fy= 0 


BR 
ol 


an 


ey ee 


2 3 4 5 
23. Lifpy=e" , s>0 
24. f(t) = (t-h(t—-1) + A(t-1) -(t- 3)h(t- 3) — 3A(t- 3), and so 


L{f}=e (4+ tile (5+3 s#0 (=4,s=0) 
y 
= 
2051 
at 
1.5} 
| 


[OO eee 


a ee 
NS) 


25. L{f(@}= 


3(e* - e“') 
26. rr s#0 (—9,s=0) 


SS a eS SS 
Isham eee ee ee Ke eK KKK 


2). 


28. 


29. 


30. 


31. 


323 
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f(t) =-(t-Da(t-1) + A(t-1) + (t- 3)A(t- 3) + A(t 3), and so 
+ a + = 


e 
S AY Ss 


ctpoy=-S+ , S#0 (0,5 =0) 


f() =—-(t- Dh(t—-1) + A(t-1) + (t- 2)A(t— 2) + (t-2)A(t- 2) - (t- 3)A(t- 3) — A(t 3), and 


-s -s 2 2s 35 35 
so £{f()}=—- + 4 F540 © 15=0) 
Ss Ss Ss 


Ss Ss 


\ ! 
I I 
\ ' 
I I 
I I 
\ I 
\ I 
! I 
\ I 
I l 
\ l 
\ ! 
\ I 
I I 
1 3 


2 


eno) 25 4 35 
£{f(O}= s#0 (<0,s=0) 


st |? 
é 


2 
L{f(O}= J e"at=—-— 


7 ie 


, 840 (© 2,5=0) 


Note: f() =1-—A(t—2) for allt except r=2. 


1-———————_“ 
\ 
\ 
0. 8h l 
I 
I 
0.6 \ 
\ 
\ 
0.4t | 
! 
\ 
0.2 | 
I 
I 
. ! i : 
i 2 3 4 5 
I 
—(s+2)t (s+2) 
1) e l-e 
= (s-2)t 4 = = = 
Lift =e dt = -——_| = , 8#—2 = ls=-2 
{fOr= |, eo ( ) 


-s 4s 
Lf }= 0 


Note: f() =14+[h(t-1)— h(t—4)]| for all texcept r= 4. 
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Jos 


34. 


30; 


36. 


37, 


38. 


39, 


x 

2 ] | 
1.75 : 

ae 

19:5 ; 

1 ———————ES 
O75 

OLS 
0.25 
T 2 3 4 5 a 
Lf My=-f eat [ear “— = — = — eS ee 
f(t) = (t—2)[A(t—2)— h(t—3)]+[A(t— 3) — h(t—4)] 
= (t—2)h(t— 2) —[(¢- 3) + 1JA(t— 3) + [A(t— 3) — h(t- 4)] 
25 35 —4s 
= (t—2)h(t-2)—(1— 3)a(t—-3)- A(t 4) and £{f()}=——- —, s>0 
Ss Ss 
-s 2s 35 
f(t)=A(t-1) + A(t—2) —2h(t-3) and Li f()}= i s#0; =3, s=0 
f(t) = (t-DlA(t-1) — h(t—2)] + (3— [A(t— 2) — A(t- 3)] 
= (t—Ih(t—-1)—[(t- 2) + a(t— 2) + [-(1— 2) + I(t 2) + (t- 3) A(t 3) 
-s —25 25 25 2s 35 -s 25 3s 
ent Oe ge ge Ce) 
Ss Ss Ss Ss Ss AY 


f(t) = (1-0 A(t) —A(t—1)] + (2-1) A(t-1)- h(t—2)] = 1-1 + A(t-1) + (t-2)h(t-2), 120 


-s 2s 


+ 


and Lif (t= 


if 
= s#0; =1, s=0 
S 


2°? 
Ss 


A A 
F(s)=—++—, and so A,(s+1) + A,(s— 3) =12 and A, + A, =0, A,— 3A, =12. Thus 
9-3 s+ ! 2 ee se 


A, = 3, A, =-3, Pe een Ee f(t\)=-3e' + 3e", 120. 
7 s-3 stl 


F(s)= 


A 
+57 and so A(s+2)+A,s=4 and A, + A, =0, 2A, =4. Thus 
os 


2 2 
A-=2, A, =—2; and F(s)=—-—— 


,andso f(t)=2-2e”, 120. 
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A A 
40. F(s)= 24e-*(AL + ak and so A,(s+3)+A,(s—3)=1and A, + A, =0, 3A,—3A, =1. 
s-3 5 
1 1 1 1 
Thus A, =—, A, =——, and F(s)= 4° - , and so 
6 6 S23: BS 


f()=4[e* ce ]aa—5), 120. 


From (6), Table 7.1: £°'{F(s)} = £ (= 


2 ;) =sinh31=> f() = 8sinh(3(¢—5))h(t—5), 120. 
3(t-5) 


2 


—3(t-5) 
Answers agree since sinh(3(t—5)) = 


A A 
41. F(s)= 1— +——*— 10e* and so A,(s— 3) + A,(s—2)=1 and A, + A, =0, —3A,-2A, =1. 
(s—2) (s—3) 


-1 1 
Thus A, =—1l, A, =1, and F(s)=10e*| —~ +—— |, and so 
: f=2 a3 


f(t)=10(e™' —e" )a(r-1), 120. 
42. g(t) =12[h(t-1)—h(t—3)], and so s¥(s)— yO) +4Y = za —e**). Therefore, 
S 


2 12 1 A A 
Y= + (e*-e*), and so ———~ =—+ 2 


= + . Thus 
s+4  s(s+4) s(s+4)  s st+4 


A(s+4)+A,s=land A, + A, =0, 4A, =1. Solving these simultaneous equations yields 


1 2 | | 
A,=-—, andso Y=——+ 3(e* ~e|2- 
4 st+4 s st+4 


A, = | Thus 


Zz 
4 > 


y(t) =2e' + 3[h(t-1) — A(t— 3)]- fe“ PAG-)-e "A(t 3)], £20. 


—4s 
43. g(t)=e*h(t-4) = ee" h(t 4), and so sY-1-Y=e” < 4 Therefore, 
az 
1 12-45 
Vee aiding ee i . Thus 
s-1 (s—1)(s—3) (s—1)(s—3) s-1 s-3 


A (s— 3)+A,(s—1) =1and A, + A, =0, — 3A, — A, = 1. Solving these simultaneous equations 


1 1 1 —1 1 
yields A, = “is A, = 7 and so Y = Set] |. Thus 
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1 


dl 
44. 3 0 (0) — 4Y =——. Therefore, ¥Y =; and 
s°Y — sy(0)— y’(0) 5g: Therefore (3-242) and so 
(s—3)(s+2)(s—2) s-3 st+2 s-2 
1 1 1 1 1 1 
A =———_| =-, 4=————|_ =—, A4,= ——_|_ ==. Therefore, 
(S=2)(SF 2))y- 23 (s=3)(s=2)|..5. 20 (S=3)s42)|_,. 4 


y(t) = igs +—e" ag Fe0;, 


45.  s ¥—s(0)-1-2(sY -0) 8Y = —. Therefore, 


y(s?—2s-8)-1=—— = ¥(s?-2s-8)= ——+1=—*, which means that 
7 1 


s- i | s— 
a er cers Ay, As tans 
(s—1)(s+2)(s—4) (s—1)(s+2)(s—4) s-1 s+2 5-4 
A\(s? —2s—8)+ A,(s? -55+4)+A,(s° +s—2)=s,and so A, =-5, A=n5, Ae, 
Ga | =] 2 1 1 2 
Finally, we have Y = | —-+—- + —— |, and so y(1)=—<e! —~e +e", 120. 
inally, we have she a = and so y(t) go ge tae 


d eid = BSS os Bees 
46 (a). Fs) = Ip eS dt = Ig te Sf dt = [pre (dt = LIF 0}. 


46 (b). e(roy= ef Ml = 1S efsinor}=— 4 = 


20 2a ds 20 ds\s°+@° 
1 =3 S 
=-——(-1)(s*+@°) (2s)=————,, s>0. 
2 ( ) (s° +0’) 


1 


47, £ (i ih s(o}de |e = ae (i /(o)do } = FIs), s>max{a,0} 


48. L| I s(a)aa - £| [-rayaa— J saya = ~F(s) _ £{3}= -[F(s) ~3], s> maxfao} 
49 (a). f(t)=h(th(3-1 = ee - - is and g(t) = A(t)— h(t-3)= ie | = . and so the two 


functions are equal for all ¢ 4 3 and hence not identical. 


= ee 


RY 


, 540; =3, s=0, and so the transformed functions 


49 (b). LEf}= L{e(O}= [ear = 


are identical. 
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Section 7.3 
B B 
1 F(s)=—- + — + — 
(s) s—l (s—2) s—2 
2 F(s)= Bs Bang Miia a a 


a. $@22 
KY RY (s+1) +9 
a F(s)= A stam 
s—2 5° +16 
5 F(s)= As + is + Bs + B 


(s-3) 8-3) (s4+3)? 543 


6. F(s)= A, Site ge en 
(s+4)  s+4 (s° +1) s +1 

7 F(s)= Bene " ae 
(s+4) +1 (s+3) +4 

8. fo ena eis Te le ee a 


(s—2) s—2 ((s+4)? +1) (s+ 4)? 41 


9. f(j=2e"; 120 


a <3 e) 
Bk F(0)= 455 ]+5( 3) ana so f(t) = 4cos3r+ 2 sin 31, r>0. 


A B 25—3 25=3 
12, F(s)\=——~+—. A= - | =land B=— =1. Therefore, f(t)=e' +e", 120. 
§=1"-s=2 S22 hy Cat am Pe 
A B 3s+7 =2 3s+7 4 
13. F(s)= —~+——. A=— =—=1and B=— =—=2.Thus 
S30 ee] BE lise Se Ras ae ad Pe 
F(s)= : bso sanding f(j)=e™ +2e%, 120. 
StS stl 
A Bs+C_ As’ +A+Bs°+ 
ids. PGS ee ee eS EES tien wehave AY B= 450-1, AS1, Be: 
s gs +l] s(s° +1) 
i. 35 1 ; 
Therefore, F(s)=-+— —-+—— and so f(t)=1+3cosr+sinz, 120. 


oe ge, 
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A Bs+C 
15. TS) hag 


. Then we have A+ B= 3, C=1, and 44=8,so A=2, B=1, C=1. Thus 


2 +1 1 
F(s)=—=+ z and so f(t)=2+cos2¢+—sin2¢, r>0. 
s gs +4 2 


BstC, . Bs+C, 
(s° + 4) (s° + 4) 
6s+ 4 1 


Fi(s “(e4ay 44 and so 


. Then we have B, =0, C,=1, B, = 6, C, = 4. Therefore, 


16. F(s)= 


t 1 1 3 3 1 
f= o{4sin2 f 4{ EL [sin2r— 2rcos2z] | + —sin2¢= —rsin21+ —sin21——fcos21, 1>0. 
4 16 2 2 4 2 


s  _(s-1)+1_ 1 


1 1 
17: F(s)= = +——_ = +—,,so f(t)=te' +—Pe', t>0. 
(s) (s—1)° (s—1)° (s—1)° (s—1)° f(t) 9) 
3 3 
18. sy 3427 =26 ; ) and thus Y= 720 >——a 
s+9 s+2 (s+2)(s° +9) 
a EO es A= — 
(s+2)(s° +9) st2  s° +9 s+9|_, 13 
1 _ Ks = 1-¥3(s° +9) _ —\x(s° — 4) _=43(s—2) _ Bs+C Then 
(st2)(s°+9) st2 (s+2)(s?+9) (st+2)(s°+9) (8°49) 8° +90 : 
pee! Gz sidds 
13 13 


3 | | 3 
y= 426. { 2, ; )- z - — +4 —— |. Finally, we 
st+2 st2 13 s°+9 13 s° +9) g+2 s +9 s +9 


have y(t) =9e~ — 6cos3r+ 4sin3r. 


19. ¥-1-37=14 _ ) ana thus a es 
s +4 f=3 (s—3)(s +4) 


s A Bs+C 3 ; ; 
5 = + -—, and so: A ==5 =—.Setting s=0 gives us 
(s—3)(s +4) s-3 gs +4 s +4). 13 
B+— 
1 4 it Lf 3. 
gece S C=—. Setting s=1 gives us --(3 + 13. Solving for B yields 
13. 4 13 —2- 213 5 


} Finally, we 


5 
S. - 
1 : 4 2 
pos andes oes -x - | : 
2B § e44 


have y(t) = 4e” —3cos2t+2sin2r. 


20. 


21s 


22, 


2. 


24. 


25:3 
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4 3°°+4 A B 
a a , and so 


4 3 
sY—3+2Y=—, and thus Y = —— = 
S 


oe aa aS 
s4+2 s*(s+2) s°(s+2) 5 +2 


39° +4 39° +4 


—- =4, A= 


Ss as S+2 a 


7 4 
=2.Setting s=1 gives us UE awe re 


2 1 4 
Therefore, Y =— ——+——. Finally, we have y(t)=4e~ + 2r-1. 
Bo St See 


are veces fea ate fins y(t)=e" + te”. 
s=3 s—3  (s—3) 


e¥ =) 22 2369-4 oy == and ats ge ne, 
stl (stl))(s+2) (st+l)°(s+2) 


s+6st+11 A B 
—_———= + — +—— , and so 
(s+1)°(st+2) st+2 s+1 (s+) 


*+6s+11 ° 
moa aD = 3, Gas = 6. Setting s=0 gives us 
(s ag 1) gad st 2 s=—l 
1) 3 3 2 
—=—+8B+6=> B=-2. Therefore, Y= pets oe aig we ttive 
2-2 s+2 st+1 (s+) 
y(t) = 3e —2e" + 6te". 
25+ 
Vio) =b nar eve ae 
S s +4 5 (s +4) 
8 AB Cs+D A(s° + 4)+ Bs(s° +.4)+Cs* + Ds* 8 
Eee eet ee ae ea 
s(s'+4) so os gs +4 °(s +4) s°(s +4) 


, and so 


we have B+C=0, A+D=0, 4B=0, 4A =8, which means that B=C=0, A=2, D=-2. 


a a 
Then y=7 = +o ; )+2-( ; ) ana y(t) =2cos2r+2sin2r+2r. 
s+ 4 s +4) 5s s +4 


om! 
s°Y—s(1)-1+4Y= a so Y= z +—"—... Therefore, 
s +4 s +4 (s* +4) 
ies t . 
y(t) = cos2t+—sin2¢+—sin2r. 
2 4 
2 Z 
s°Y —s(1)-0+ 4¥Y = —,, 0 Y= — +——.,. Therefore, 
s +4 s +4 (s° +4) 


2 1 t 
y(t) =cos2¢+ ae (sin21— 2tcos2t) = cos2t+ g sine 00st. 
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26. 


DT. 


28. 


29. 


30. 


Sh 


1 1 A B 
s°Y — s(0)-0-2(sY Oe ee eee ce eee eT 
s—2 G=26H)y -s-2: e117) 
1 1 d : 1 1 
so A=——; , C=—~ =—1. Setting s=0 gives us -~=-—-B-1> B=-1. 
(s—1) s=2 s—2)|,.4 2 2 
1 1 1 v 2t t t 
Therefore, Y =——~-—-- ——.,. Finally, we have y(t)=e” —e' — te’. 
s—-2 s-1 (s-l) 
F 1 1 1 ae 
sY—-1+2sY—-0+Y=—,so Y= ok ;. Therefore, y(t)= te’ +—e". 
sel (s+1) (s+1) 2 


g(t) = 6[h(t)— A(t—z)], and then we have s°Y — s(1)—3+9Y = 20 e”) , SO 
s 


s+3 6 a3 6 A Bs+C_ As’ +9A+Bs’ +Cs 
os ee eee as 
gs +9 s(s +9) s(s +9) s gs +9 s(s° +9) 
2 2 3 Y 2 
A+B=0, C=0, A=—, B=-—,andso Y= = ait (4-25 (1-e*). Then, 
3 3 gs +9 gs +9 s 3 s'+9 


y(t) = cos3r+ sin 31+ (1 —cos3t) — =(I- cos 3(t— 7))h(t— 7) 
= cos3¢+ sin 3r+ =(I- cos 31) — (1 +cos3t)h(t—7). 


g(t) = q1— h(t—2)] = ¢-(t- 2)h(t- 2) — 2h(t— 2), and then we have 


Qy 2 sa hia 25 2 2s x es ae cae 2s) 2 2s 

s°Y — s(1) O+F=G oe ,so Y 7a ven e**) (ei) ; 
1 afd. 1 —2 ene As’ +A+Bs* +Cs Thu 

s(se +1) x 41” s(s? +1) s s+] s(s° +1) ® 


A+B=0, C=0, A=-2 => B=2,and so 


Ky 1 1 
i= +|—>- 1- -) - 
so +1 (Z zai . +(-2+ 


ee ine eran 2)h(t— 2) —2h(t— 2) + 2cos(t- 2)h(t- 2) 
=cost—sint+ ¢+[-(t—2) + sin(t— 2) - 2 + 2cos(t—2)]A(r— 2) 


le ~** The inverse Laplace transform yields 


=cost—sin¢+ ¢+[-r+ sin(t— 2) +2cos(r—2)|h(r—-2). 


2 , SVo t + (94 + 9) 2s-1 
SY —sy,-—y,ta(sY — + pY =0 => Y => EET: 80 
Yo~ Yo ( Yo) +B s+as+B Ss eee 


a=1, B=2, y,=2, ytay,=y¥,4+12)=-1> y =-3. 


SYo + (y E Oty) = 


———.,so a=0, B=-4, =0, Ww =3. 
s t+as+B s°—4 P a = 
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SVo +(y% + Oy) - 
32, Soo of 
s +as+B (s+1) 


soo =2, B=1..y, =, 96 = 2; 


Section 7.4 


2 t + —St “ ; a : 2S 2S 5 —2£§ 3 2s 
1. T=4. 3) e“d—3]e ae eee i lt Tad Baie aN 


g tae KY 


2 
3(1-e**)  3f1-e> 
therfore, £¢7}= 22) 3 } 


1 


2 
en wk ee pre -s_ -2s\ _- (2 49,-5_ ,-2s 
7 =—(3 3e° +e e ) =-(3 2e e€ ). 


1 
1 2 —St 
9. T =2. 3) e“dr+ i gaa | Gy 
= 
0 


si 


Senet. -aiee 
Therefore, £{f po se < . 
s(l-e~*) s(l-e*) 


2 4 3 : 
ne one 3 edt + 2) edt =—e-" 
Ss 0 


i 2e*+5e°%-3 -3+2e% 
= -(-2e** +5e7* — 3) . Therefore, L{f}= 2 ee = 


s s(l-e*)  s(1+e™)’ 
—Sst ! —st 3 
4 Pare ais [ eta | 4S) abet eee) a2 act e 
0 1 Sl Sel 8 S 
2-e*-e” 2+e%t+e” 


Therefore, = ~ s(l+e“\(+e°) 
erefore, £{f} sl-e“)  s(t+e)\(1t+e") 
1 


2 2 


: —st 7 —st 1 —Sst 
5; T=) [te d+] (2—t)e di=——(st+ He 


1 
+(st+ Ne“ 
AY 


lige 
—S§s 


0 1 1 


= -=[(c +l)e*- 1| + sles +le*-(s+ He | + le — e*| = =(I- ey. Therefore, 


Perak at 
ie i ee (ite) 
a 1 x“ 
6. T=2., J @ Ne “dt= i ed = | ue du= a (sut+tDe™| = a [(s +le*- 1]. 
0 


el —(st+ De] 


s°(1- er) 


Therefore, £{f}= 


194 ¢ Chapter 7 Laplace Transforms 


1 


[ cee I (1-P je “dt= <[se +2st+2-s"]e" 
0 
= =[lv +25+2- se —2+ "| = <[(25+2)e" +97 - 2] . Therefore, 


[(2s +2)e°+ ie - 2)| 


L = 
{f} ine?) 
2 | | (254 De? 
8. T=2. f re “dr=(st+ Ne“| =[(2s+e*-I]. Therefore, £{f}= ee. 
0 s 3 Ss s*(l-e **) 
2+2¢e ? 


l+e” ! 
10. T=2a, AUS Taine) (se +il-e*) 


y 


AAA 


mt 257 “37 430 “5 9¢ 


ett : 


1 (1-e'*), £{f}=——. 


F stl 


1 
i, Tet [ete“ar= 2 


s+] 


-st |? elt . 


s+] 


12. T=2, | d-ee“dr= = 4 


—s |, 


0 AY 
1—e 26) 


1 
EMIS Se ile™) 


as —2as 305 


14. 


ID, 


16. 


17 (a). 


17 (b). 
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and so f (t)=1—¢+h(t-1) + A(t—-2) + A(t-3)+..= (=e VAG. 


n=l 


y 
1 
0.8 
0.6} 
0.4 
0.2 
zi T 2 3 4 y 
3 3e°s = 
F(s)=>=-——= and so f(t) = 3[t h(t 2) h(t 4) A(t 6),.J=3 t— ¥ A(t—2n) |. 
s s(l-e™) a 
1 1 Ped 1 ew 5 4 Z & 1 oo a 
F(s)==3- 32m Za le te ete +..J =a + DCD 
(s) 287 s’1lt+e* 2s? al ee ) Os 2« s° 


and so f (t) = a (t—2)h(t—2) + (t- 4) h(t— 4) — (1-6) A(t —- 6) +... 


1 oe 
= 5+ LCD"U-2nyhe—2n). 
n=l 
y 
i 
0.8 
0.6 
0.4 
0.2 
fa 6 Be ee le 
dq r . dq 5(10°) 5(10°) 
—=rC(t)——gq. With g inkg and tin days, we have — + a C.(t), where 
Hy CM T4 q inkg y ii so(t0")! 197 i) 
1, O<1r< | 
(t)= 2 C(t+1)=C,(t). Then 1 +—g =5C(0), q(0)=0. 
0, Ys<t<l 
i “St Ht a 
€ = 2 
001g =5o ea aes 
l-e Ss 
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1 1 =o) -s = 2s : -l 1 1 0.11 
17 (c). o=so+-—i-e *+e°-e ? +e +] Noting hat (+-—)=(1-¢ ys 


1 
we have q(t) = sy ae q = a Te 5) + (i- ere ale = “| Thus for 


1 
sie" tell +) ae 1< <> 
1<t<2, g(t)= ’ 
a ) -oa(+-5) 3 
50) -e° " +e 2g | 55 ra? 


ne ? ot 1- st 1 
18 (a). Ree ae eee ae ee anid 
l-e . AY l-e - m s° Ilt+e” 
1 1 1 r ar 
V(sy=x(y-2. 4. bf Efe +e" —e*? +..] 
mS |+e% ms 


v(f= a [1 aie 4 +(t-T)h(t—T)- GesiG >] + i 


2 2 
Similarly, x(‘) = So at -(:-3) Hr-Z)40-1Phe-1)-(1-F] i(:- 2). 


— > m/s and 


18 (b). m=1, fy=1, T=1, hie’ at 
5 25 9 1 17 
[ga ewe (AE Bed 2 ? 


19. We know that ay’’+ by’ +cy, = 6, i=1, 2. Therefore, 


” 


a(c,y, + CY) + b(c.y, + cy) + e(c.y, + 595) = clay/"+ by, + cy,| +¢ lay? + by, + cy, | 
H=afi tof: 

20 (a). £L{ay” + by’ +cy}= L{f}. Since 

1 1 


0)=0, y’(0)=0, (as? +bs+c)¥ = F > O(s) = ———__ = ——__ 
¥©) y© (as " ‘) (s) as’ +bs+ce 2s’ +5s+2 


. Comparing: 


a=2, b=5,c=2. 
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20 (b). 


21 


22s 


23 (a). 


23 (b). 


24 (a). 


24 (b). 


25 (a). 


1 1 
If f()\=e", F(s)=—., Y(s) =. Since 
Lt (s) st+1 (s) (28° +55+2)(s+1) 
1 1 1] A B C 
2s? +55+2=2(5+2)(5+ 4%), ¥Y(s) =—| ————__ |= = +—+ . Th 
coe St ARS 2S EAS) eae 4 oa | re 
Fe a ee a Cs Le Gee eee 
(stl(s+),_, 3 (st+2)(st+/)\_, (s+2)(s+D_y 3 
1 2 at 
(j= ae -—e'+ Rae 
1 
f()=t, F(s)=—, y(t) =2(e* -1)+ fe“ +1), 
s 
oo 1 -2(s°+5)+2s° +2541 1 
=—_= += =- S = — > . Sinece ¥(5)= (5) F (5), 
(s) stl os (s+1)° s° s°(s+1)° s°(s+1)° (s) (s) (3) 
1 
P(s)= 
(5) (s+1)° 
1 1 1 A B © 
F 21, ®(s) = ———>-. If fd =h, F(s)=- and Y(s)=——; = —+—- + —— 
1 1 
A= — ey) EL eS =-—l. Setting s=1, eee ee a Therefore, 
(s+1)"|,-0 Sj 4 De 
1 i| 24 ET 
Y(s)=--——- => y(t)=1-—e° —te™. 


s stl (s+l)’ 


sY+4Y=F,so O= 


(s° +4) 
2 
P=) sor = , 
s° s°(s° +4) 
2 1 
8¥+sY+Y=F ,s0 b=———.. 
(s +s+1) 
2 1 2 -st |! -st |? 1 1 1 
Jve"s@dt=[e"dt—fe"di=—) -] =e") +(e" -e")=— ey. 
: ' = =s| 8 s 5 
— p 5)? p55 _ ps 
Therefore, pote Mey R pec ee 
si-e™~) s(+e”) site°*)(s +s+1) 
1 1 


°Y+4sY+4Y =F ,so ® = ———__ = . 
° : (s° +45+ 4) (s+2)° 
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1 ee 1-(s+l)e* 1-(s+le* 
25 (b). | te “dt=——(st+De"| =—]1-(s+le°*|, so F = ————_ and Y = ————_—_.. 
( ) J al ) F oI ( ) | s*(1-e*) s°(l-e“\(s+2)° 
1 
26 (a). s¥-4Y =F ,s0 D=-——_... 
(s°—4) 
1 1 s?+s5-1 > 45-1 
26 (b). F =—— Sens ee ae 
s-1 s s (s—l) s(s—l)(s’ — 4) 
1 
27 (a). s¥+4sY=F ,so B=; 
(s +45) 
Oy, PES 3 he a es 
, s+4’ (s° +4)(s° + 45) (244) 
28. y’ +by’ +cy= f > sv ¥—sy(0)— y’(0)+ b(sY — y(0)) + cY = F . Therefore, 
+y/+by F(s) 
2s bse c\¥ <sy, = =by HFS ¥ =o 0 og oe 
(s SPE Sg Ma O¥ s+bst+ce s t+bst+e 
1 sy, +s(y,tby,)+1  s° +2541 
h=h(t), F(s)\=-> Y(s) = —— —O = . Therefore, 
F)= he), Pls) s (s) s°+bs’ +s so +35 +25 


b= 3, c=2, Yo =l, yo +byy =¥9+3=2> y,=-1. 


+ y+ F 1 
29, y= Dot yo+byo , Fl) ap f(t)=e", F(s)=—— and 
s +bs+ce s +bst+c s+] 
+1 + y, +by,)+1 *tst1 
s+ Yio a No) teks ct Se ** Therefore, 
(s+ I)(s +bst+c) (s+1)(s? +4) 
b=0, c=4, and (st+1)(syy +4) +1=s°y, +5y, + sy, + y= 5° +541. Finally, Yo =1, yy =O. 
Section 7.5 
s 
cost s +1 
1 £4| t |lpHl zs 
s° 
te 1 
(s—1)" 
st] s(s+]) 
e 'cos2t e 'cos2t 1 (stl? +4 1 (stl +4_ 
2 Li 0 = sLl\— 0 -|O/=s 0 —|0]= 0 
dt ; dt : 1 1 | 
tte tte 1 eo 1 =a 1 
s s-l eer | 


10. 
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fe} 2 


1s 


2 2 1 1 
ga SS ht £{[2e" sin‘]}; = ————.. Therefore, | 2e” sint |. 
s+2s+2 || (stl +1 S(s a s stl 
1 


l-e' 
Sts 
aa) 
co s sti) il_ (1—sin(¢—1))a(t—-1) 
2e° 2 sin(t—1)A(t-1) 
s+l 
r —e" +2sint 
L'UY(s)}=| 20 +3sinr 
fr —2e" +sint 
5s-4 
5 s-5 4 5 1 |st4 -4 15 a 
sY AY, so Y . Thus Y= =| 3) 8. | and 
6 -5 s+4 6 s—s| 5  s-5]6] | 6s—5 
s-s 
s-4_ AB 1 4te' 
ae —+—= A=4, B=1and “= 22262 ene ye 4 
s-s gs sg-l ae ge gl 5+e 
-4 
0 gad. 4 0 1 |st+4 -4 70 s°(s—1) 
Y-O0=AY+ = Y+ >Y= = , and 
: My E aa 4 varie er sea fp 
s’(s—1) 
4 AB 4 44 4 
Since = PCIE AY ay? 7 Oat gee ee ee 
s(s-l s s g-l s(s-1) s° os gel 
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s=5 =§ 1 De i 1 15 4 4 
d= =F + Sy ho eee te Thereiore; 
s(s-l) s(s-D s(s-l) s° s s-l1 s-l1 s s gs 5-1 
aa 4 
oe aS 41+4-4e' 
Yoy=|= 5 Stllsy()= : 
Y Does ae MO se aaaus 
2 
ss s-l 
1 | 
_ se s-5 4 ls? 
11. sY=AY+ 1 , SO Jee inks Y= 1 . Thus 
s Ss 


D 
= a Ay 4 Ss A= 1, B=0, C=1, D=-1,90 y, = 140! -e”. 


°_5s+3 A B D 3 1 3 
ea na em a ne = A= ~, B=-—, C=1, D=-~, 50 
s(s-1)(s—2) s* s s-1 s-2 2 4 


3 1 3 the Se" 
yy =at-qte— Ze". Finally, we have VSS ew ng Bah 
2 4 4 


ee adi aes 1 s+2 4 73]_ 1 3s—2 
roe = DG—2| 3 8-512] (s—1s—2)| 28-1 |" 


B 
= —+—~ = A=-1, B=4, =-e' + 4e”, 
(s—1(s—2) s—-1 s-2~ Pade 


2s—-1 A B 
Ye pe Ae, B=3,s0 y, =—e' +3e”. Finally, we have 
(s—1)(s-2) s-1 s-2 
—e' + 4e" 
ty= 
y(t) eee 


2 s-l —-4 2 1 s=l -4. 42 
13. sY=AY+]_ |, so Y=|_ |. Thus Y=——_,.— ; 
0 1 s-l 0 (s—1) +4} -1 s-1]0 


2(s—1) =2 : : 
= ——.——., 80 y, = 2e’ cos2t. Y, = —————_, 80 y, = —e’ sin2t. Finally, we have 
1 (s-1)'+4 yy 2 (s—1) +4 az) y 


s2 faree 


—e' sin2r 


14. 


15. 


16. 
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y = e+e - 3(s-1) . 12 on 
(s-1)' +4 (s-1) +4 (s—1f(s—1) +4] 
12 _A_, Bis-1)+C 


+ , A=3, B=-3, C=0. Therefore, 


(s-Df(s-1) +4] s—1 (s—1) +4 


3(s- 1) 3 3(s—1) 3 


nGcqved 31 G9 4a sal y, = 3e’. Y, =0,s0 y, =0. Finally, we have 


v=] | 


: ° > 0) . my SO 


s—6 3 Me 5 This Y= 1 st+5 315 
Mg eee ag | es ee ee 


385 A B 
Y =-———__—___ = —__+ —__ > A=3, B=2, aSer Ae 
'(s—3)(s+2) s+2 s—3 ie cia : 


10s-20 A iB 
Y= ooo ooo tt Gs 2 AR8, B= 2, = 8¢°" +2e* Finally, we h 
2 (s-3)(s+2) 542° 5-3 ee See ee ae 


3e 2) +4 %e 3(t-1) 
y(1) -| : 


Re 2-4 9 93t-) 
; 1] [0 ss. 2 s 1 |[s°-3 2 |s 
sY-—s| |- = AY,so ; Y= . Thus Y= " : 
0 1 4 s-3 1 s’-l1| 4 s +3] 1 
pases? A B +D 
pS Eo pat Oo pets 
(s-—)(s+D(s° +I stl s-1 stl 
y, =—e' +2cost+ sint. 
744543 +3 A Bst+ 
ee 7 ae ae eee 
@=Desth 4+). =e +) e=-1- 5°41 


. . —e'+2cost+sint 
y, = 2e' —2cost—sint. Finally, we have y(t)=| int |" 
2e’ — 2cost—sint 
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1 1 1 
1 -1 @ s-1 1 ee L]s°+1 -1 | 
2yW Ss _| S kee Ss 
17. eve]; ie 1 | 4 ie i . Thus v=4| 1 24 i ; 
Ss Ss Ss 
1 1 1 1 1 1 ‘G ae ss (3 1 
¥=—|1+—--|,so y,=—P+—P -—f =—-—+—. ¥,=4|4+5--],s0 
“Al ° ) a at 1 A he ; 
1 4 1 ee SPOR 
y,=—Pt+—r-—r =—~—— +—. Finally, we have 
5! 2! 4! 120 24 2 
ae aes 
ee 120 24° 6|..1 | #54207 
mw ef P| 20/5 +602 |’ 
120 24 2 
2 2 
; 0 Ml | = s-1 1 ie 
18. SVS 5) |= Y +o | 66 pM Thus 
1} |1 -1 1 1 s+1 1. 
— aS. 
S Ss 
; 2 
Lfs;t1 -1 ] | 1 > 4 1 1 Gh de aE 
Y= . : ¥=a(20+2-2-5}- 7+—>,50 y=—+—=—+-—. 
s‘| 1 cee! Rare s ss At Dl ga” 
S 
fie 
Lf 1 f Pay 
y=a( 24-24 s'—5)=245, 50 y,=14 2. Finally, we have y(i)= 2 a 
S S S | ce 
24 
s=6 -5 0 2 
19. sY—y(O)=AY,so} 7 s+6 O /|¥=|-4]. Thus 
0) 0 st2 1 
s+6 5 0 25-8 
Sl Us SI 2 gel 
ay. age —45+10 
Yel Sa: gia lel 
s-l s°-l / sl 
0 0 1 ee) 
st+2 s+2 
25-8 A B 
ao 4 a5, B=-3,80 y,=5e* —3¢'. 
(s+1)(s-1) stl s-1 
—45+10 A 


B 
Page B=3,s0 y, =—7e™ + 3e’. 
Ss 


stl 


> (s+1)(s—1) 
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‘ 5e' —3e’ 
Y, =——, so y, =-e~’. Finally, we have y(t)=|—7e! + 3e' |. 
s+2 a 
~e 
1 1 
ie s-1 0O 0 s—l 
20 sY=AY+] — |,so] O stl -1 JY=] — |. Thus 
s s 
2 0 O s-2 2 
Eo. TS 79: 
s s 
1 
s—l s—l 
1 1 1 1 
Y=| 0 — = /=——+, 80 y, = fe’. 
stl (st+l)(s—2)] 5s (s—1) 
1 2 
O ar, 
s—2 a 
—2)-2 A B D 1 1 
np a lac LS gy eA ge 
s(st+1)(s—2) s’?’ 5s stl s-2 2 6 
pee 
i a aaa 
—2 A B C 1 
+— => A=1, B=—, C=-—,s0 y,=t+—-~—e”’. Finally, we have 
aa (yea) en - 2 2 ¥3 aes 
te’ 
i een oe 
t)=|t+--=e'-— 
1 2 
t+—-—<e 
2 2 


21 (a). s°-95+18 =(s—3)(s—6)=0 >A =3, 6. 


: , 1f2 -1 Sy Mel feee = AL 
21 (b). s¥—y()= AY Y=(sl—A) yo. Then-A“ == 3} , |= A 


2 
=f) - SRT Ld ie eT 
det A=(+] -18=+. Thus 4=(47)'=— = 
18 18 1g[4 2] |4 2 


22 (a). sY, = AY, + G(s), sY, = AY, + ¥, > Y,=(s7—A)"'G, Y, =(sI-— A)'Y, and 
Y, =(sI — A)°G(s)_ *. Q(s) =(sI— A)”. 
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22 (b). (1 A)=|" ates? haa 
OUT AANT) Sas agile = al ig sep e 
1[s+1 -1 ]s+1 -1] 1]/s?+2s —2s 
Q(s) =(sI- A)? ==> =— 
WEG ) “| it | 1 | + 2s nee 
1 De ees L 
= st2—— Sek ae ng, 
G(s)=| * |= Ys) = Si=| © |S |S | Therefore, 
1 4 2 ers 
om 241-- =e tS 
s eo 8 
are al (ee 
Be) tae) oe 
41 3! 1 2 
3 a —15 
_i/! st2 s—3|_| (s+2)(s—3) 
233. “X= =n Y, = Sell, oe 30: | Therefore, 
st+2 s—3] | (s+2)(s—3) 
1 =i 1 45 
s-3 (s+2)(s—3) |_ 4 3 | eal 
1 55-30 =(sI— A) ,and so | * : —A 5 | Thus 
s-3 (s+2)(s—3) 3 
-1 5]" 3 = 
ees O13 9 _6 2 | |6 -3 
bso 5 5}20 -25] |8 —5 
3 a - 46 


: 1 2 goat ae 2 
2 = eat 2 = 
24. Bele y= 669-| 5 mos (st2y 8 “af i | 
0 


0 eG 1 0 
s+2 S+2 

1 Le 1 

0 s+2 = fo 0 S+2 0 ao 

(st-A)=|" “5 [S49 5] =-ss42)" “S|, S 
1 0O 0 1 = ; 
s+2 S+2  (5+2) 

1 1 
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1 
25 (a). -V,(s) + RJ, + Ls, +R,(1,-1,)=0, R(L-h)+ ah +R,L, +V,(s)=0. 
R,+ R,+sb =K; f=] % | : 
—-R, a ee 1; =V, > 


ae 1 R,+R,+— R, vi 

T = 1 . Cs ay . 

2 (R, +R, +5L) R, +R, +7 |-® R, R.+R,+sb fb 
Ss 


s s 
1 f 
I(s)= t)=—e and 
A ) 2(s +1)’ iL ) 4 
-s -(s+1)+1 -1 1 re 
Lis)= = ———_ = + —— > i,(t)=--e'+—-—e". 
{ (s+) 2As+1)? Ast)’ 2941) al 2 4 
Section 7.6 
Ls First, let o = t— A, and differentiation yields do =—d/. Then, 


f*g=f f(t-a)g(A)aa = f(o)e(1-0)(-do) = J e(t-0) f(o)do = g* f. 


2(a). f*g=] A(r-A)hAda =f ida =1 


1 1 
2 (b). F=G=1,s0f*¢=£(4)=1 
Ss Ss 


1 zz at | aes i ee 
! ’ *o= = : = —— =f |= |=— 
(a). f*g=f (r-Aayeaa [4 =| AG i) = 
1 af 
0, Ang Ge softg= cy ahaa at 


} 3A 
4(a). f*g= JoeePeraa = G z ) 


u 20 aaa A Vee | Pa ee | UT 
ARN A rae gag Be (acposa le sls aa)}-3¢ ae 
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5(a). f*ge= I (1—A)sinAdA = -tcosAJ, — | Asinada 


= —1(cost—1) (-AcosA + sind)|, =-rcosr+ f+ tcost—sint = f—sint 


1 1 1 1 1 
b). F=—>,G= *o= phy——___b= phi — =t-—si 
2) ae Fer OF ei lahat 7 iz =| — 
6 (a). f*g=f'sin(t—A)cosAda =~ f' [sine + sin(t—24)]da = = rins+ “(ino Fao 
0 2 40 2 t 2 
I 2: oe ak rl side 
= 3 sine Loose Je gsin where 0 =f-2A. 
2 Be | 
6(b). F= : Ga so f * ery, 
eae = eae on (s? +1) > 
t — 2 2 
KG A)da ( za =5, 08151 
Ta). f*g=](t-alaa)—a(a-n]aa = east ‘ er 
t- Pr (t- 
[-a)aa eu = pO a 1<f< 00 


J- -s 5 2 = 2 
76). Fet,g- ee) wprenc feo} afl ae) 
Ss Ss 


KY Ss 2 
1 1 1 1 1 
x ad F (—hot) 
8 P*y=£4/5 va ; = i]s oe Ky 
QO a i eee eeeer 
s Ist+1 s(st1) 

1 1f 1 1 1 A B 
eo (a-} 5 ny reese es B=-1, C=1. Therefore, 
(s—l)(s+]l 2\s-1 stl) s(st+]l ss stl 

oe ee 
P*y= 5° 7° 
t-l+e' 
t “4a 1 r 
9. | |e ce oa leo Then we have 
cost — KY 6 
s°(s° +1) 


1 
=—455 <5 ARI, Be-1, C=0. £42 - 


s g +1 
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10. 


11. 


12. 


13, 


14. 


1 e 2e5 
ao 


e(f) = th(t) — (t-2)h(t-—2)-2h(t-2), Pos, G(s) = 
Ss 


Ss s Ss , 
2s 2s 2 _ 4,2 
GS. Shen fee = 9) -9), 
Ss Ss Ss” 2 2 
y 
2 


1 2 3 4 


= 25 2s 35 4s 
e°-e e~-—2e “+e 

F =G=———., so FG = ———_——_. Then 
KY ss” 


f * g=(t-2)h(t—2)—2(t- 3)h(t— 3) + (t-4)h(t—4). 


l=2" o-oo e' = 36 "426" 


F(s)= , G(s) = ————, so FG= ; . Then 
Ss Ss 
f * g=(t-Da(t—-1)- 3(t-2)A(t— 2) + 2(¢- 3)A(t- 3). 
y 
1 
0.5 
t 
=Oee5 
a4. 
it 3 5 p 
fet f=) =| =—, 80.474 t= — = —_. 
sea [=] ald 5! 120 
nee ee ahs Ke, BSie= and 
s(s+1)(s+2) s stl s+2 Z zZ 


| 1. 
h(t)*e'*e*' =~-e'+-—e™”. 
2 2 
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D 1 
15. Lft*e *e'} = ———_—_ = 5 + — + —_ + —.. Ths A=-1, B=0, C= Daas 


1 AB A 
s(s+1(s-1) s? s  s-1 stl 2 


1 
2 1 t -t 
ror =-1+—(e'-e"). 


if 
—] 9 
—l 2 


2 4 
and t*e"' *e' = Lo) > + 
Ss os 


16. £fA(1)*h(1)*...* A()}=— and ey] a 
Ss 


sl ~(a-D! 
ft) ‘ 1 
Therefore, =Cr >=n=9, C=—. 
(n-1)! 8! 
-t —t -t 1 -l 1 ae -t 4 at 
Ty; ONY ti as ee a ee Ps ica e' =Cte”. Thus 
aia ~ he (Sd) (s+1)"J} (n-1)! 
1 
n=5, C=—, a=-l 
4! 


18. [ sin(r- A)y(A)dA = 1? = sint* y. Therefore, 
=-+5[> yp(N=2+P. 
eS 


19. re! =] cos(t—A)y(A)dA = cost* y. Therefore, 


2s? +1 
: 5==TY=>Y= ( eee ge eae ;. Thus 
Cr) eee s(stl) os stl (stl) (s+1) 
Dee. ED: 4 ; 
A=2, B=-2, C=0, D=-4, and so we have Y = —-—- —— -—__, . Finally, 


s stl (s+) 
y(t) =2-2e' -2re™. 


t 1 1 
20. y(t [et y(A)aa =t>y-e'*y=t, art aes —; . Therefore, 
s- s 


1 =2 =) A B 1 1 1 
—=-“y =——_=5 2 2 This A=-—, B=—, C=~—,and so we have 
sx s=1 s($=2) 5 -8 £2 4 2 4 
>] t 
4 Ay h Finally, y(t)=-—+—+—e” 
So8 = 2 4 


oe [x AyA)ad = 60 = y*y > ¥? =(6) 4 4 =y=+" and y(t) = +61. 
s Ss 
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2 
i, ye ey 
s s (stl) s (stl) 
S° =(s° +254+1)-(28+1) =(s+1)’ —(2s5+2-D =(s+)’ —2(5 +1) +1. Therefore, 
2 1 2 1 r r 
Y =—-2| —--——,, + —_,, |, 50 y(t) = 2-2) e' -2te' +e" |=2-2)1-2t+—|e". 
s stl (stl) (stl) 2 3 
1 1 1 2 A B 
Si, ees ay) Ae ae Be e= cand 
s+2 5 s\(s+1)} 5 stl (s+1) 
2) cw 1 
=-- so ‘ t =2-2 +f a 
ee Lf 1) 50 y(t) i i 
1 Se ae 1 \1 
04: BY¥o|. |24¥Sloeelys Y= ef ei tel || 
: B s =(: Ble 34,1 see +) " 
1 1 
y()==(e' +e 1], eos 
1 1 ee t : 
25. s¥-l==-5 SY =-+—> p(t))=14—=14— 
es age ge Bai ad aT aa 
i ee 1 —1 1 
26. sY—-(-l)- =>: 3 (s-DY =-1+ 5) => th pe 
s° s—l s(s—l s-l s(s-l 
i. A B D 
ee = A=2, B=1, C=-2, D=1.Thus, 
s(s-l? 5s s’ s-1 (s-1) 
1 2 lk 2 1 2d 3 1 
Y=-——_+-+5-——+ =-+5-——- +> th=24+1t-3e' + te’. 
s-l s gs? s-1 (s-1) 5 8? 5-1 (5-1) ew ron 
Section 7.7 
3 
= 3 2 
1). | (l+e")5(t-2)dr=1+e 
1 (b). lp (1+e')d(t-2)dt=0 since r=2 lies outside the integration interval. 
2| cos2t if 
1 (c). O(t)dt = 
(c) F or bt) A 
6(t +2) eraQ 
2 
1d). | (e% +0] S(e-1) |dr=| e? +1 
6(t— 3) 0 
2 From Equation 7b, f *d= f(a). 
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1 1 1 3 1 3 
3, J sin’*[x(r- WA sa = sn a5 — 0]| = = sina 5 || = a 
1 ee | 1 
One possible fy: “(3 | =5 > rig = 3 >h=— 
5 
4. J t"S(t—2)dt =2" =8 > n=3. 
5, f(t) =1-A(1- 1) = A(t—1) for all t except =1. 
t : 1 
6. g(t)= | na—nan=| oie Therefore, g(f) = (t—1)A(t-1). 
ee k =h(2-1)—A(1-1) = hA(t-1)- A(t—2) for all t except f=1, 2. 
8 [ e“5(t—1)d oe ape 2, =e? 1 
f= t—1,)dt= : ,th=2,e%= =~], 
g(1) of (t— ) Me 2 pis erefore, {, e eSC 


9 (a). (e‘y) =e'>e'y=-e'+C> y=-1+Ce’. From the initial condition, we have 


y(0)=0=-1+C. Thus C=1 and y=-1+e’. 


9(b). sh-D=1>5>O0= —. Therefore, @(1) =e’. 
Ss 


9(c). o*g= fie n(ayaa = fiet*aa =e'(-e” I =-l+e’ 


10 (a). (ey) =l>e'y=t+C=> y=te'+Ce’. From the initial condition, we have y(0)=0=C. 
Thus y=t¢e'. 

10 (b). From 9b, Q(t) =e’. 

10 (c). @* g= fie Peraa a ef da = te’. 


t 


11 (a). (e“y) =te' >e'y=-te'-e'+C=> y=~—(t+1)+Ce’. From the initial condition, we have 


y(0) =0=—-1+C. Thus C=1 and y=e' —(t+1). 


1 
11 (b). sb-®=1> Om Raa Therefore, @(t) =e’. 
oe 


1l(c). @*g= fie Pada = e'(-Ae” ae I =e'-t-1 


12. Wve eS fe, a i ss Hee B=) a hemione: 
S S(s+1) stl s(s+]l) ss stl 


y(t)=2-2e' +e" VA(t-}). 


13: 


14. 


15. 


16. 
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y 
3 
225 
i 
AS 
ll 
OLS 
ho oa 
-s 2s 
sY+Y¥ =e%-e% > Y=——~ ——.. Therefore, y(t)=e“ PA(t-1)—e“ h(t -2). 
stl] stl 
-s 35 
sY=e"-e*=>Y= 7 - a . Therefore, y(t) = (t-1)h(t—-1) — (t- 3)h(t- 3). 


O. 
t 
2 2 ; 
(s° +4n’\Y =2ne* > Y= Pere Therefore, y(t) = sin(2n(t—-2))h(t—2). 
s=2 e° 1 e° 


s'Y—s—2sY-lh=e*>Y= + = . 
s(s—2) s(s—2) s s(s—2) 


; es eet B+, Therefore, Y=++e~ a : and 
S(s—2) gs g-2 2 2 S 28 s(s—2) 


1 1 
ft) =1-——A(t-1)+—e" PACt-D. 
y(t) 5 Mt D tse" Var I) 


y 
5f 


4 
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1 
17. *+2s+2)¥ =e° = Y=e ‘——.—. Therefore, y(1)=e” sin(t—1)h(t-1). 
(s° +254 2)¥ =e a v=o" sin(t—1a(r 1) 
2 2 2 1 i 
18. s°¥-14+2s¥4+Y¥=e7 =3(s’+2s+1¥=l+e* >Y= +—__.. Therefore, 


(s + 1)’ (s + 1) 
y(t) = te! +(t-2e“ Ph(t—2). 


Y 
a 


a 3 4 5 Ee 


A ; i i 4 
19. sY=AY+e° é => Y=e *(sI— A) 6 . sI-A= , SO 


—-1 s-l 
1 s-l 2s ls] 1 fil 2s | s—] 
(sf- A)" = 5) Then Y en 
s—2s| 1 s-1 (s—2)} 1 s-1}0] s(s—2)| 1 
1 1 1 1 
s—1 1 1 1 =) 2 s—-1 > 2 


< 


‘(= (i +e" a(t—1) and y,(t) = 51 +e \a(t—1). Finally, we have 


y(t)= ] 
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sY=AY+ a |G => Y=(sI- oi th sI- A= io fe 50 


4 1 s-1 1 
———— Then 
(s—1(s—2)| 0 s—2 
+ 6%(s—1) _ 
—-e“(s- ae eae 
Y= 1 5 =| s(s—I(s—2) (8-2) |. 
(s-D(s-2)}  $=2 I 
s s(s—1) 
te tl EL 
s(s—1)(s—2) s s-1 s-2 Qe 2? g(s-1) os s—1? 
y,(t) = = e +e -e' Yh(t-1) and y,(t)=—-1+e’. 


y 


Chapter 8 
Nonlinear Systems 
Section 8.1 


l(a). For y’ + ty =siny’, y(0) =0, y’(0) =1, let yon [0 | Thus, 
yO] Ly’ 


, hl ly y’ Yo y,(0)| | y@) | |0 
sd , = ” oa : , 7 . 2 y(0) = oe , = ‘ 
Yo y —ty +siny —ly, +siny, y(0) y’(0) 1 


1, ° 
1(b). From part (a), f(4y)= Ee ie > || 28s | Therefore, the requested partial 
AG.) } L-ty, +siny, 
e) e) ) %) 
derivatives are cies 0 ie 1, Ba —t Sa =cosy,. 


dy, = dy, 7 oy, ie dy, 
l(c). There are no points in 3-dimensional space where the hypotheses of Theorem 8.1 fail to be 
satisfied. 


t t 
2(a). For y’+(y’)+y"? =tan(t/2), y)=1, y’() =-2, let vom Le] 2 | Thus, 
y(t) y(t) 
yi Yo 1 
i 5 = 5 o-| | 
Hl Pree me [2 
t, > 
2(b). For ri)=| - a the requested partial derivatives are 
S(OY1Y2) 


A, 9 Hy 120 Ah 

dy, dy, dy, ae dy, 
2(c). The hypotheses of Theorem 8.1 are not satisfied at t=+(2n +1)a/2 and y,=0. 
3 (a). For y’+r'(lt+y+2y’)'=0'e", y(2) =2, y’(2)=1, let 


eye ie 7 Be | ae 


=—3y%. 


yO] Ly@® 


» ial ty y’ 7 > 
YT ye || ye || tas yoy ete | -rtas y, 42y,) 2 4 ete7 |’ 
y2)| | v2] }2 
2 = => = ‘ 
oe a Ee 


if, 1972 2 
3 (b). From part (a), f(t,y) = FE ve ‘ ‘1 = ee , 5 7 fi mt 


Therefore, the requested partial derivatives are 


Cee ee ie 2 Of, 
— =) at a yp 2 oa 
ay, ay, ay, (l+ y, +2y,) ay, 


=2¢'(lt+ y,+2y,)°. 
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3(c). The hypotheses of Theorem 8.1 are satisfied everywhere except on the planes t=0 and 


1+y,+2y, =0. 
4(a). For y’’”’ +cos(ty’)= t(y’”’)’, y(0) =1, y’(0) = 1, y’’(0) = -2, let 
y,(t) y(2) yi Yo 1 
y()=| ¥2(9 |=! "CO |. Thus, y’ =| 93 |= ys , y0)=| 1 
ys} Ly’ ys] L-cos(ty,) + y3 -2 
SiN, ¥25¥3) 


4(b). For f(t,y) =| /2(491-¥253) |, the requested partial derivatives are 
SLY Yrs) 
fi ae: Oc Oh ap Ole a Oo = OF. 


=0, —+=1, = =0, =0, —4=0,—* =1, 
Oy, oy 2 dy, oy 1 oy, dy 3 
of; Of of, 
= =0, = =tsin(ty,), — = 2ty 
dy, dy, : dy, : 


4(c). The hypotheses of Theorem 8.1 are satisfied in all of ty,y,y, - space. 
5 (a). For y’’’ +22'?(y—2) '(y” +2) | =0, y(0) =0, y’(0) = 2, y’’(0) = 2, let 
y(t) y(t) 
y() =| v2. |=} y’( |. Thus, 
y3(0) y(t) 


yl | y Vs 
id Be el ea y” = ys ; 
ye) Ly) La2PP @H=2)° "427 |) (2? oi 2y"'O5 42) 
y,(0) yO) | | 0 
y(0) =| y,(0) |=} y’O) |=|2}. 
y3(0)} Ly’’(@)] [2 
AGI pY2Y3) Yo 
5 (b). From part (a), f(y) =| (691.923) |= Ys 


SY V25¥3) -21'°(y, —2)"(y, +2)" 
Therefore, the requested partial derivatives are 


Hg Hay, 
dy, dys dy; 
9 Huo Hey 
dy, dy, dy; 
Ss -91!%(y,-2)2(, +21, 2 =0, B= 2G, -2) 0,42) 
dy, dy> dy, 
5(c). The hypotheses of Theorem 8.1 are satisfied everywhere except on the “hyperplanes” y, =2 
and y,=-2. 
6. Since y’ = tcos*(y,)—3y, +2", it follows that the scalar problem is y’’ = fcos*(y’)—3y+f, 
y2)=Ly(2)=—-I. 
rs Since y,=y,tany,+e”, it follows that the scalar problem is y’=y’tany+e’, 


yO) =9, yO) = 1. 
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8. Since y,=y,y,+y;, it follows that the scalar problem is y’’=yy’+(y”)’, 
VEE) = 2.9 (pa 

9. Since y,=(y,y,+¢)', it follows that the scalar problem is y’’=(y’y"’+?r)"”, 
yQ) =1, QD =1/2, y’") = 3. 

11. Laplace transforms cannot be productively used because the equation is nonlinear. 

14 (a). Let a=7/(26). Then tanax = ax + (1/3)a°x*? +(2/15)a°x°? +++. Retaining the 
first term of the Maclaurin series in equation (7), we have 
mx”’ + (2k6/7)tan(ax /26) = mx’’ + (2k6/7)(mx 126) = mx’’ + kx. 

14 (b). As in part (a), retaining the first two terms of the Maclaurin series in equation (7) 
results in equation (8). 

14 (c). Equation (7) becomes y’ = y = ne 

vat yl ye || -2k6 / mm) tan(ay, /26) |" 
, yy Yo 
Equation (8) becomes y’ = : = } 
ys] |-(k/m)(y, +? /126°)y,) 

14 (d). The system version of equation (7) satisfies the hypotheses of Theorem 8.1 
everywhere except along y, = +(2n + 1)z/2. The system version of equation (8) 
satisfies the hypotheses of Theorem 8.1 everywhere in fy,y, - space 

15 (a). Adding equations 3 and 4, we obtain < + “ = 0. Thus, using the linearity of differentiation, 

+ 
— =0 and hence, c(f) + e(f) = e, is a constant function. 
15 (b). Substituting e(7) = e, — c(t) in equations 1 and 3, we find 
d d 
ms = —ke,a(t) + ke(t)a(t) + kie(t) and = = ke,a(t)— ke(Natt)—(k/ + k,)e(t). 
15 (c). The hypotheses of Theorem 8.1 are satisfied for all points in (1,a,c) - space. 
16 (a). At the instant shown in the figure, 
(1) (1) 
Voy = (2/3)0R? + i mr’ dy =(2/3)nR? + ii m(R? — y*)dy 
= (2/3)aR? + w[R°y(1)—(1/3)(y(D)']- 

16 (b). Equation (10) is physically relevant as long as —R< y(4)< R. 

Section 8.2 

1. For 

x’=x(-l+y) 
y’=y(-x), 


we see that x’ =0 if (a) x=0 or (b) y=1. In Case (a), we have y’ =0 only if y =0, yielding 
the equilibrium point (x,y) = (0,0). In Case (b), we have y’=0 only if x=1, yielding the 
equilibrium point (x,y)= (1,1. 
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For 

x’ = y(x +3) 

y =(x-D(y-2), 
we see that x’=0 if (a) x=-—3 or(b) y=0. In Case (a), we have y’=0 only if y=2, 
yielding the equilibrium point (x,y) = (3,2). In Case (b), we have y’=0 only if x=1, 
yielding the equilibrium point (x,y) = (1,0). 
For 

x’ =(x-2)(y +) 

y=x’-4x43, 
we see that x’=0 if (a) x=2 or (b) y=—1. In Case (a), we cannot have y’ =0. In Case (b), 
we have y’=0 only if x=lorx=3, yielding the equilibrium points 
(x,y) =(,-J and (x,y) =(3,-1). 
For 

x’ =(x-l\(y+)) 

y =(x-2)y, 
we see that x’=0 if (a) x=lor(b) y=~-1. In Case (a), we have y’=0 only if y=0, 
yielding the equilibrium point (x,y) = (1,0). In Case (b), we have y’ =0 only if x =2, yielding 
the equilibrium point (x,y) = (2,-1). 
For 

x’ =x(x-2y) 

y =y(3x-y), 
we see that x’=0 if (a) x=Oor(b) x=2y. In Case (a), we have y’=0 only if y=0, 
yielding the equilibrium point (x,y) = (0,0). In Case (b), we have y’ =0 only if y =0, yielding 
the same equilibrium point as in Case (a), (x,y) = (0,0). 
For 

x= y(y— x) 

y =x(x+2y), 
we see that x’=0 if (a) y=0 or(b) y=~x. In Case (a), we have y’ =0 only if x =0, yielding 
the equilibrium point (x,y) = (0,0). In Case (b), we have y’=0 only if x =0, yielding the 
same equilibrium point (x,y) = (0,0). 
For 

x’=x°+y'-8 

ysx-y’, 
we see that y’ =0 if i aya: Using this requirement in the first equation, we see that x’ =0 
requires 2x°-8=0 or x=+2. Since y=+x, we find 4 equilibrium points, 
(2,2), (2,— 2), (-2,— 2), and (—2,2). 
For 

x’ =x? +2y’?-3 

y’ =2x? + y’-3, 
we see that x’=0 if x7 =3—2y’. In this event, we have y’ =0 only if 2(3—2y’)+ y’—-3=0. 
Solving for y we obtain y=+1. Then, since x* =3—2y’, we see that x =+1 for each choice 
of y. The equilibrium points are 


(oy) =(LD,C1LD),0-),C1—-). 
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9. 


10. 


11. 


12, 


13. 


14. 


For 
x’=y-1l 
y’ =x(y+Xx) 
P=VeOrZs 


we see that x’=0 requires y =1. Using this requirement in the second equation, we see that 
y’ =0 requires x(1+ x)=0. Thus, we need in Case (a) x =0 or in Case (b), x =—1. Finally, 
z’=0 requires z=2 since y is nonzero. We obtain 2 equilibrium points, 
(x,y,z) = (0,1,2) and (x,y,z) = (-1,1,2). 
For 

Cee cee 

y’ =z01-2x+ y) 

gSa(l=a =) 3 
we see that x’ =0 requires z= +1. Using this requirement in the second equation, we see that 
y’ =0 requires 1—-2x+y=0 while z’ =0 requires 1—- x— y=0. Satisfying y’=0 and z’=0 
therefore requires x =2/3 and y=1/3.Combining this requirement with z= +1, we obtain 2 
equilibrium points, 
(x,y,z) = (2/3,1/3,)) and (x,y,z) = (2/3,1/3,-). 
Making the substitution y,= y and y, = y’ the scalar equation can be expressed 
as the system 

Yi=Yo 

Yy=-y- 
Since y, =—y,(1+ y,;), we cannot have y5 =0 unless y, =0. Similarly, from the first equation, 
y; =0 requires y, =0. Thus, the only equilibrium point is (y,,y,) = (y,y’) = (0,0). 
Making the substitution y,= y and y, = y’ the scalar equation can be expressed 
as the system 

Vi=2 

y, =1-e"'y, —sin’(ay,) 
Thus, the equilibrium points are (y,,y,) = (y,y’) =(n +0.5,0),n =0,£1,+2,.... 
Making the substitution y,= y and y, =’ the scalar equation can be expressed 
as the system 

Yi = Yo 

yy =1-yf -20 +9) "y, 
From the first equation, y/=0 requires y, =0. Thus, in the second equation, y; =0 requires 
1—y; =Oor y, =+1. There are two equilibrium points 
(MY2) =) = 0) and (y,,9.) = (V9) = (CL0). 
Making the substitution y,=y, y,=y’, and y,=y” the scalar equation can be expressed as 


the system 
Yi =o 
Y=); 


y, =1+y,—2siny, 
Thus, the equilibrium points are 
(YpYoo¥3) = (1/6) + 2n77,0,0) and 


(¥15¥95¥3) = (52 /6) + 2n7,0,0),n =0,41,42,.... 


LD: 


16. 


17. 


18. 


19. 


20. 


Zl, 


22 (a). 
22 (b). 
22 (a). 


24. 
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Making the substitution y, = y,y,=y’ and y,=y’’, the scalar equation can be expressed as 


the system 
Y=. 
Ys = 3 


Y= +O-N2t 2)". 
From the first equation, y/=0 requires y, =0 while (by the second equation) y5, =0 requires 
y, =0. Having these requirements, the third equation tells us that y;=0 only if y,=+2. 
Hence, There are two equilibrium points 
(V2.3) = (V9) = (2,0,0) and (y,,92,93) = (¥,97.¥) = (-2,0,0). 
Since (0,0) is an equilibrium point, we know B=0 and 6=0. Similarly, since (2,1) is an 
equilibrium point, we know 2~@+2=0 and y—6=0. Thus, ~=—1 and y=6. 
Since (1,1) is an equilibrium point, we know a+ $8+2=0 and y+6-—1=0. Similarly, since 
(2,0) is an equilibrium point, we know 2@+2=0 and 2y—1=0. Thus, a@=-—1 and y=1/2. 
Using the equations derived from the equilibrium point (11), we have 
-1+8+2=0 and (1/2)+6-1=0. Therefore, B=-1 and 6=1/2. 
The slope of a phase plane trajectory is given by y’/x’ = g(x,y) / f(x,y), see equation (9). As 
given, g2(2,1)/ f(2,)=1 and g(l—1)/f(,l)=0. Therefore, g(—1)=0 and so B=2. 
Knowing B=2 and g(2,1)/ f(2,1l) =1, we obtain (3+ B)/(2+a@)=l1or 5/(24+a@)=1. Thus, 
we obtain a@ = 3. 
The slope of a phase plane trajectory is given by y’/x’ = g(x,y)/ f(x,y), see equation (9). As 
given, gil/fdD=0 and = gd—l)/fd-D=4. Therefore, g(,l)=0 and _ so 
2+y=O0or y=-2. Knowing y=-2 and- gil-l)/fd-l)=4, we obtain 
(2—y)/(a—-B+1)=4 or 1/(a—B+1)=1. Finally, since there is a vertical tangent at (0,—1) 
we know f(01)=0, and thus -—B8+1=0. Using B=1 along with the prior equation 
1/(a— B+1)=1, we obtain a@=1. 
The slope of a phase plane trajectory is given by y’/x’ = g(x,y)/ f(x,y), see equation (9). As 
given, g(1,2)/ f(1,2) =1/6 and thus 
1/6= g(1,2)/ f 0,2) = (-1+0.5) /(5— 2"). Solving for n, we obtain n = 3. 
Making the substitution y,= y and y, =’ the scalar equation can be expressed 
as the system 

Yi =o 

Y, =. —2yp +a. 
Since (y,,y,) = (2,0) is an equilibrium point, it follows that 2y; =8=a@. 


v=4i-3j 

v=15i+j 

v=-j 

For A= i | the eigenvalues are A, =—10 and A, =—8 with corresponding eigenvectors 


1 1 
u, = ey and u, = | The general solution is 


1 1 
y= ce j + ce") and hence all solution points are attracted to the origin. Thus, the 


direction field corresponding to the given matrix is C. 


220 ¢ Chapter 8 Nonlinear Systems 


20% 


26. 


21, 


28. 


29 (a). 


30 (a). 


= -=3 


For A= 
ow A=| 


| the eigenvalues are A, =—4 and A, =2 with corresponding eigenvectors 
1 1 8 
u, = 1 and u, = 4 . The general solution is 


1 1 
y(t) = cet ae ce j and hence solution points that begin on the line y = x are attracted 


to the origin whereas those that begin on the line y=—x are repelled away from the origin. 
Thus, the direction field corresponding to the given matrix is B. 


-4 6 
For A= 6 al the eigenvalues are A, =—10 and A, =2 with corresponding eigenvectors 
1 1 i 
u, = 1 and u, = 1 . The general solution is 


il 1 
y= em j + cet] and hence solution points that begin on the line y = x are repelled 


away from the origin whereas those that begin on the line y =—x are attracted to the origin. 
Thus, the direction field corresponding to the given matrix is D. 


4 
For A-| 5 | the eigenvalues are A,=6and A,=2 with corresponding eigenvectors 


4 


1 1 
U, = Hl and u, = he The general solution is 


1 il 
y(t)= cel es" ‘ and hence solution points that begin on the line y= x are repelled 


away from the origin as are those that begin on the line y=—x. Thus, the direction field 
corresponding to the given matrix is A. 
The phase plane point (@,0) is an equilibrium point when @ is a root of 
f(y) =0. 
Making the substitution y,= y and y, = y’ the scalar equation can be expressed 
as the system 
Yi=Yo 
Y=) - 
The nullclines are the lines y,=0 and y, =O. The only equilibrium point is the point (0,0). 
Making the substitution y,= y and y, = y’ the scalar equation can be expressed 
as the system 
Yi=Yo 
ys=—y,(l—y;). 
The nullclines are the lines y,=0,y,=+1, and y,=0. The equilibrium points are 
(0,0), (—1,0), 1,0). 


31 (a). 


32 (a). 
33 (a). 


34 (a). 


35 (a). 


36 (a). 
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Making the substitution y, = y and y, = y’ the scalar equation can be expressed 
as the system 

Yi =e 

y, =1—-2sin’ y, . 
The nullclines are the lines y,=+(7/4)+nz,n=0,£1,42,...and the line y,=0 The 
equilibrium points are (4(7 /4)+n7,0),n =0,+1,+2.,.... 
The nullclines are the lines y=3x-—2 and y=x. These lines intersect at the point (1,1) 
yielding the only equilibrium point. 
The nullclines are the lines y=2—x and y= x. These lines intersect at the point (1,1) yielding 
the only equilibrium point. 
The nullclines are the lines y=2x—2and y=4— x where f=0 and the line 
y=(1/2)x where g=0. The lines f=Oand g=0 intersect at the _ points 
(4/3,2/3) and (8 /3,4/3) yielding the only equilibrium points. 
The nullclines are the lines y=2x-—6and y=x, where f=0O and the _ line 
y=-—x, where g=0. The lines f=Oand g=0 intersect at the points (0,0) and (2,—2) 
yielding the only equilibrium points. 
The nullclines are the curves y=1—x’ and y=—1+x°*. These curves intersect at the 
equilibrium points (—1,0) and (1,0). 


Section 8.3 


1 (a). 


1 (b). 


1(c). 


2 (a). 


2 (b). 


2(c). 


3 (a). 


aise 


Given x’’+4x=0, multiply by x’ to obtain x’x’’ + 4x’x =0. Integrating, we obtain 
0.5(x’)’ +2x7=C. 


, 


YS 
The equation x’’ + 4x =0 can be expressed as, _ 


With this notation, the conserved 


quantity found in part (a) is 0.5y* +2x° =C. The graph passes through the point (x,y) = (1,1) 
when C=2.5. 

At (1,1), the velocity vector is v= x’1+ y’j=i—4j. The velocity vector is tangent to the graph 
and indicates that the graph is traversed in the clockwise direction as ¢ increases. 

Given x’’—(x+1)=0, multiply by x’ to obtain x’x’’ — x’(x +1) =0. Integrating, we obtain 
(x’) -(x +1 =C. 


, 


The equation x’’—(x +1)=0 can be expressed as With this notation, the conserved 


, 


y=xtl. 
quantity found in part (a) is y* —(x +1)” =C. The graph passes through the point (x,y) = (1,1) 
when C=-3. 
At (1,1), the velocity vector is v= x’i+ y’j=i+ 2j. The velocity vector indicates that the 
solution point moves upward and to the right along the right branch of the hyperbola as ¢ 
increases. 
Given x’’+x° =0, multiply by x’ to obtain x’x’’ + x’x’ =O. Integrating, we obtain 
0:5(x’)' +0.25x*=C. 
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3 (b). 


3 (c). 


4 (a). 


9 (a). 


x= 


The equation x’’ + x° =0 can be expressed as , ‘ , With this notation, the conserved 
yoSak 

quantity found in part (a) is 0.5y* +0.25x* = C. The graph passes through the point 

(x,y)=(,1) when C =0.75. 

At (1,1), the velocity vector is v= x‘1+ y’j=i-— Jj. The velocity vector is tangent to the graph 

and indicates that the graph is traversed in the clockwise direction as ¢ increases. 

Given x’ —(x* +sinzx)=0, multiply by x’ to obtain 

x’x’’ — x’(x* + sinzx) =0. Integrating, we obtain 2(x’)’ —(x* -— 4cosax) =C. 

x =y 


The equation x’’ —(x* + zsinzx) =0 can be expressed as With this notation, 


y =x? +asina. 
the conserved quantity found in part (a) is 2y” —(x* —4cosax)=C. 

The graph passes through the point (x,y) = (1,1) when C =-3. 

At (1,1), the velocity vector is v= x’i+ y’j=i+ j. The velocity vector indicates that the 
solution point moves upward and to the right along the right branch of the graph as f increases. 


Given x’’ + x° =O, multiply by x’ to obtain x’x’’ + x’x” =0. Integrating, we obtain 
0.5(x’)’ +(1/3)x7 =C. 
The equation x’’ + x’ =0 can be expressed as e , With this notation, the conserved 

y’ =-x", 
quantity found in part (a) is 0.5y* + (1/3)x* =C. The graph passes through the point 
(x,y)=(,1) when C=5/6. 
At (1,1), the velocity vector is v= x’i+ y’j=i-—j. The velocity vector is tangent to the graph 
and indicates that the solution point moves “down the graph” as f increases. 
Given x’’+x/(1+x°)=0, multiply by x’ to obtain x’x’’ + x’x /(1+ x”) =0. Integrating, we 
obtain (x’)? +In(l+x°)=C. 

x’=y 


The equation x’’ + x /(1+ x°)=0 can be expressed as With this notation, the 


y’=—-x/(1+x’). 
conserved quantity found in part (a) is y> +In(1+ x°)=C. 

The graph passes through the point (x,y) = (1,1) when C=1+1n2. 

At (1,1), the velocity vector is v= x’1+ y’j=i—0.5j. The velocity vector indicates that the 
solution point moves clockwise along the curve as f increases. 

Rewriting the conservation law in terms of x and x’, we have (x’)? +x°cosx=C. 
Differentiating with respect to t, we obtain 2x’x’”’ + 2x’xcosx— x°x’sinx =0 or 
x’(2x’’ +2xcosx— x° sinx) =0. Therefore, the differential equation is 

x’’ + xcosx—0.5x°sinx =0. 


Rewriting the conservation law in terms of x and x’, we have (x’)’ —e “=C, Differentiating 
with respect to f, we obtain 2x’x’’ — (e* )\(-2xx’) = 0. Therefore, the differential equation is 

2 
x’ +xe" =0. 


x= 


: a : : 
The equation x’’ + x + x° =0 can be expressed as F , The nullclines are the lines 
y =-x-x". 


defined by y =0 and —x(1+ x”) =0; the lines y=0 and x =0. Thus, the only equilibrium 
point is the point (x,y) = (0,0). 


9 (b). 


9 (c). 


10. 
10 (a). 


10 (b). 


11. 


12. 


13 (a). 


13 (b). 


13 (c). 


14 (a). 


14 (b). 
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The velocity vector has the form v(x,y) = yi—(x + x°*)j. Thus, we obtain v(1,1) =i-2j, 
v1.1) =-i-2j, v1) =i+2j, and v(—1,-1) =-i+2j. 

Multiplying by x’, the equation becomes x’x’’ + x’(x +x°)=0. Integrating, we obtain 
0.5(x’)? +0.5x° +0.25x* =C or 2y? +2x* +x" =C,. The graph of the conserved quantity 
passes through the point (1,1) when C, = 5. The graph passes through the other three points and 
is consistent with the sketch in part (b). 

Since x’’ + ax =0 it follows that 0.5(x’)? + 0.5ax° =C, and hence ax’ +y*=C. 

Figure A is a circle of radius 2 and thus @=1and x*+y?=4. 

Figure B is a hyperbola with asymptotes y = +x. Since (0, 2) is on the graph, we see that 
@=-land y’-x’?=4. 

Figure C shows horizontal lines, y = +2. Thus, ~=0. 

The solution point in Figure A travels clockwise around the circle. Solution points in Figure B 
move to the right on the upper branch and to the left on the lower branch. Solutions points in 
Figure C move to the right on the upper line and to the left on the lower line. 

In analogy with Exercise 9, multiply the equation y’’’ + f(y’) =0 by y’”, obtaining 


SIL ttt 


y’y’”’ + y’F(y’) = 0. Integrating, we find 0.5y’ + F(y’)=C where F(u) is an antiderivative 


of f(u). Thus, the differential equation has a conservation law given by 0.5(y’’)? + F(y’)=C. 


ave 


E 
(a) From the definition of F(a), it follows that < = mx’x”’ + kxx’ = (mx”’ + kx)x’. From the 


differential equation, mx’’ + yx’ + kx =O and hence mx” + kx =—yx’ . Therefore, 


dt 
(b) Energy is not conserved. On f-intervals where x’(t) #0, E(f) is a decreasing function of t 


and energy is being lost. 
For the system 

bee 

y=-2y 
we have f(x,y)=2x and g(x,y)=—2y.Thus, f,=2 and g,=-2.Since f, =—g,, the 
system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H,(x,y) =—g(x,y) =2y. Integrating with 
respect to x, we obtain H(x,y) =2xy + p(y). Differentiating with respect to y in order to 
determine p(y), we find H,(x,y)=2x+ p’(y) = f(x,y) = 2x. Therefore, p’(y)=0 and hence 
p(y) =C is a constant function. Dropping the constant, we obtain a Hamiltonian function, 
(x,y) =2xy. 
From part (b), the phase-plane trajectories are defined by 2xy = C. If a phase-plane trajectory 
passes through the point (1,1), then C = 2 and the trajectory is given by xy =1. 
For the system 

x= Dy 

piece 
we have f(x,y)=2xy and g(x,y)=—y’. Thus, f,=2y and g,=-2y.Since f, =—g,, the 
system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y) =—g(x,y) = y’. Integrating with 
respect to x, we obtain H(x,y) = xy’ + p(y). Differentiating with respect to y in order to 
determine p(y), we find H,(x,y) =2xy + p’(y) = f(x,y) = 2xy. 
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14 (c). 


15 (a). 


15 (b). 


15 (c). 


16 (a). 


16 (b). 


16 (c). 


17 (a). 


17 (b). 


Therefore, p’(y)=0 and hence p(y)=C is a constant function. Dropping the constant, we 
obtain a Hamiltonian function, H(x,y) = xy’. 
From part (b), the phase-plane trajectories are defined by xy* = C. If a phase-plane trajectory 
passes through the point (1,1), then C =1 and the trajectory is given by xy* =1. 
For the system 

x=x—-x? +1 

y =-y+2xy+4x 
we have f(x,y)=x—x°> +1 and g(x,y)=-y+2xy+4x. Thus, f,=1—-2x and g =—-14+2x. 
Since f, =—g,, the system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H,(x,y) =—g(x,y) = y—2xy-4x. 
Integrating with respect to x, we obtain H(x,y) = xy — x°y—2x° + p(y). Differentiating with 
respect to y in order to determine p(y), we find 
A, (x,y) = x— x? + p’(y)= f(x,y) = x—x? +1. Therefore, p’(y)=1 and hence p(y)=y+C. 
Dropping the additive constant, we obtain a Hamiltonian function, 
H(x,y)=xy —x’y—2x? +y. 
From part (b), the phase-plane trajectories are defined by xy — x°y—2x* + y=C. If a phase- 
plane trajectory passes through the point (1,1), then C =—1 and the trajectory is given by 
xy—x°y—2x? +y+1=0. 
For the system 

x’ =-8y 

y elx 
we have f(x,y)=—8 and g(x,y)=2x.Thus, f,=0 and g,=0.Since f, =—g,, the system 
is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H,(x,y) = f(x,y) =—8y. Integrating with 
respect to y, we obtain H(x,y)=—4y° + q(x). Differentiating with respect to x in order to 
determine q(x), we find H,(x,y)=q'(x) =—2x. Therefore, g(x) = —~x° + C. Dropping the 
additive constant, we obtain a Hamiltonian function, H(x,y)= 4 ae 
From part (b), the phase-plane trajectories are defined by —x* — 4y* = C.. If a phase-plane 
trajectory passes through the point (1,1), then C =—5 and the trajectory is given by 
x’ +4y’=5, 
For the system 

x’ =2ycosx 

y’ = y’sinx 
we have f(x,y)=2ycosx and g(x,y)=y’sinx. Thus, f, =—2ysinx and 8, =2ysinx . Since 
f, =—&,, the system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H,(x,y) =—g(x,y) =—y’ sinx . Integrating 
with respect to x, we obtain H(x,y) = y’ cosx + p(y). Differentiating with respect to y in order 
to determine p(y), we find H,(x,y)=2ycosx + p(y) = f(x,y) =2ycosx. Therefore, 
p’(y)=0 and hence p(y)=C is a constant function. Dropping the constant, we obtain a 
Hamiltonian function, H(x,y)= y’ cosx. 


17 (c). 


18 (a). 


18 (b). 


18 (c). 


19 (a). 


19 (b). 


19 (c). 


20 (a). 


20 (b). 


20 (c). 
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From part (b), the phase-plane trajectories are defined by y’cosx = C. If a phase-plane 
trajectory passes through the point (1,1), then C =cos1 and the trajectory is given by 
y*cosx =cosl. 
For the system 

x’=2y-—x4+3 

y=yt+4x?-2x 
we have f, =—1 and g,=1.Since f, =~—g,, the system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H,(x,y)= f(x,y) =2y—x + 3. Integrating 
with respect to y, we obtain H(x,y) = y*> — xy —3y + q(x). Differentiating with respect to x in 
order to determine g(x), we find H,(x,y)=—y+q'(x) =—y—4x* +2x. Therefore, 
q(x) =—x* + x° +C. Dropping the additive constant, we obtain a Hamiltonian function, 
H(x,y)=y? —xy +3y—x* +x’. 
If a phase-plane trajectory H(x,y)=C passes through the point (1,1), then the trajectory is 
given by y?—xy+3y—x*+x7°=8. 
For the system 

x’=-2y 

ySax 
we have f(x,y)=—2y and g(x,y) =3x?.Thus, f,=0 and g, =0.Since f, =—g,, the 
system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y) =—g(x,y) = —3x°. Integrating 
with respect to x, we obtain H(x,y)=—x* + p(y). Differentiating with respect to y in order to 
determine p(y), we find H,(x,y)= P’(y)= f(x,y) =—2y. Therefore, p’(y) =—2y and hence 
p(y) =—y? +C is aconstant function. Dropping the additive constant, we obtain a 
Hamiltonian function, H(x,y)=—x*—y’. 
From part (b), the phase-plane trajectories are defined by —x* — y* = C. If a phase-plane 
trajectory passes through the point (1,1), then C = —2 and the trajectory is given by 
Pye 2., 
For the system 

x SKE" 

y’ =-2x- ye” 
we have f, =e” + xye” and g, =—e” — xye”.Since f, =—g,, the system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H,(x,y)= f(x,y) = xe”. Integrating with 
respect to y, we obtain H(x,y) =e” + q(x). Differentiating with respect to x in order to 
determine q(x), we find H,(x,y)= ye” +q/(x)=2x + ye”. Therefore, g(x) = x7 +C. 
Dropping the additive constant, we obtain a Hamiltonian function, H(x,y)=e" +x’. 
If a phase-plane trajectory H(x,y)=C passes through the point (1,1), then the trajectory is 
given by e? +x°=l1+e. 
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22s 


Dos 


24. 


25. 


Consider the system 

x’ =x? + 3sin(2x + 3y) 

y’ =-3x’y —2sin(2x + 3y). 
Calculating the partial derivatives, we have f, = 3x° + 6cos(2x + 3y) and 
8, = ~3x° —6cos(2x + 3y). Since f. = —g,, the system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, 
H (x,y) = —g9(x,y) = 3x’y + 2sin(2x + 3y). Integrating with respect to x, we obtain 
H(x,y) = x°y—cos(2x + 3y)+ p(y). Differentiating with respect to y in order to determine 
p(y), we find H,(x,y)= x? + 3sin(2x + 3y)+ p’(y) = f(x,y) = x° + 3sin(2x + 3y). Therefore, 
p’(y)=0 and hence p(y)=C is a constant function. We obtain a Hamiltonian function, 
H(x,y) = x°y—cos(2x + 3y). 
Consider the system 

x =e %+y°> 

Were ay : 
Calculating the partial derivatives, we have f, = ye” and g,=—xe™. Since f, #—g,, the 
system is not Hamiltonian. 
Consider the system 

x’ =—sin(2xy)— x 

y’ =sin(2xy)+y. 
Calculating the partial derivatives, we have f, =—2ycos(2xy)—1 and g, =2xcos(2xy) +1. 
Since f, #—g,, the system is not Hamiltonian. 
Consider the system 

x’ =-3x’ + xe” 

y’ =6xy+3x-e’. 
Calculating the partial derivatives, we have f, =—6x +e” and g, =6x—e’.Since f, =—g,, the 
system is Hamiltonian. Let H(x,y) denote the Hamiltonian function. Thus, 
H (x,y) =—g9(x,y) =—6xy — 3x +e”. Integrating with respect to x, we obtain 
H (x,y) =—3x’y —(3/2)x’ + p(y). Differentiating with respect to y in order to determine p(y), 
we find H,(x,y)= —~3x° + p’(y) = f(x,y) =—3x° + xe”. Therefore, p’(y) = xe’ and hence 
P(y) = xe’ + C.. Dropping the additive constant, we obtain a Hamiltonian function, 
H(x,y) =—3x’y — (3 /2)x? + xe’. 
Consider the system 

w=y 

y=x—x’, 
Calculating the partial derivatives, we have f, =0 and g, =0.Since f, =—g,, the system is 
Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y) =—g(x,y) = x° — x. Integrating 
with respect to x, we obtain H(x,y) = (1/6)(2x° — 3x”) + p(y). Differentiating with respect to y 
in order to determine p(y), we find H,(x,y)= P'(y)= f(x*,y) = y. Therefore, p’(y)= y and 
hence p(y)=0.5y’ +C. Dropping the additive constant, we obtain a Hamiltonian function, 
H(x,y) = (1/6)(2x° — 3x? + 3y’). 


20: 


20s 


28. 


29. 


30. 
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Consider the system 


x =x+2y 

y=x?-2xt+y. 
Calculating the partial derivatives, we have f, =1 and g,=1.Since f, #—g,, the system is not 
Hamiltonian. 
Consider the system 

x= f(y) 

y’ = g(x). 


Calculating the partial derivatives, we have 0,[f(y)]=0 and 0,[g(x)]=0. Since 
0,Lf(y)] =—0,[g(x)], the system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H,(x,y) =—g(x). Integrating with respect 
to x, we obtain H(x,y) =—G(x)+ p(y). Differentiating with respect to y in order to determine 
p(y), we find H,(x,y)= p’(y)= f(y). Therefore, p(y) = F(y)+C. Dropping the additive 
constant, we obtain a Hamiltonian function, H(x,y) = F(y)— G(x). 
Consider the system 

x’ = f(y)+2y 

y’ = g(x) + 6x. 
Calculating the partial derivatives, we have 0,[f(y)+2y]=0 and d,[ g(x) + 6x]=0. Since 
0,Lf(y) + 2y] =—0,[ g(x) + 6x], the system is Hamiltonian. Let H(x,y) denote the 
Hamiltonian function. Thus, (x,y) =—g(x)— 6x. Integrating with respect to x, we obtain 
H (x,y) =—G(x) — 3x’ + p(y). Differentiating with respect to y in order to determine p(y), we 
find H,(x,y)= p’(y)= f(y) +2y. Therefore, p(y) = F(y)+ y’ +C. Dropping the additive 
constant, we obtain a Hamiltonian function, H(x,y) =—G(x)— 3x? + F(y)+y’. 
Consider the system 

x’ =3f(y)—2xy 

y=9(x)ty 41. 
Calculating the partial derivatives, we have 0,[3f(y)—2xy]=—2y and 0,[g(x) + y +1]=2y. 
Since 0,[3f(y)—2xy]=—d,[g(x) + y? +1], the system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H (x,y) =—g(x)— y’ —1. Integrating with 
respect to x, we obtain H(x,y) =—G(x)— y°x —x + p(y). Differentiating with respect to y in 
order to determine p(y), we find H,(x,y)=—2yx + p’(y) = 3f(y)— 2xy. Therefore, 
P(y) = 3F(y)+C. Dropping the additive constant, we obtain a Hamiltonian function, 
H(x,y) = 3F(y)—G(x)- y°x— x. 
Consider the system 

x’= f(x—y)+2y 

y =f(x-y). 
Calculating the partial derivatives, we have 0,[ f(x— y)+2y]= f’(x— y) and 
A,Lf(x- y]=—f'(x— y). Since 0,[ f(x - y)+2y]=—0,[f(x— y)], the system is Hamiltonian. 
Let H(x,y) denote the Hamiltonian function. Thus, H,(x,y)=—f(x — y). Integrating with 
respect to x, we obtain H(x,y) =—F(x-— y)+ p(y). Differentiating with respect to y in order to 
determine p(y), we find H,(x,y)= f(x—y)+ p(y) = f(x—y)+2y. 
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Sly, 


Therefore, p(y) = y’ +C. Dropping the additive constant, we obtain a Hamiltonian function, 
H(x,y)=—-F(x-y)+y°. 
Consider the composition K(x(‘),y(1)). Differentiating with respect to f, we obtain 

d OK dx OKd 

“K(x(1),y())=$§ SH +S = (ug) f + uf) eg = 0. Therefore, K(x(1),y(1) is a conserved 
dt ox dt oy dt 


quantity. 


Section 8.4 


1 (a). 


1 (b). 
2. 


3 (a). 


3 (b). 


All points lying within the ellipse E having semi-major axis € and semi-minor axis €/2 lie 
within the circle of radius ¢. Likewise, all points lying within the circle of radius €/2 lie 
within the ellipse E. Therefore, given €>0, choose 6=€/2. 
The origin is not an asymptotically stable equilibrium point since the solution points remain on 
an ellipse and do not approach the origin as f > °°. 
The origin is an unstable equilibrium point. Any solution point starting near the origin will 
follow a branch of the hyperbola and will eventually exit any circle centered at the origin. 
Making the substitution y = x’, the scalar equation x’’ + yx’ + x =0 can be expressed as the 
system 

x’=y 

y' =-x-y. 
The origin is the only equilibrium point for this system. 
We analyze stability by appealing to Theorem 8.3. The system in part (a) has the form y’ = Ay 


0 1 
where A= 1 At The characteristic polynomial for A is p(A) = A’ + yA +1 and thus the 


eigenvalues of A are 2, =0.5(-y-4y* —4) and 2, =0.5(-y +7" -4). When 7° - 420, we 
see that A, < A,. Thus, if 2< y, then A, < A, <0 which shows the origin is asymptotically 
stable. On the other hand, if y< —2, then 0< A, < A, which shows the origin is an unstable 
equilibrium point. For —2 < y< 2, the eigenvalues are complex with nonzero imaginary parts. 
For —2< y<0, the real parts of A, and A, are positive, which shows the origin is an unstable 
equilibrium point. Likewise, for 0 < vy < 2, the origin is an asymptotically stable equilibrium 
point. When y =0, the origin is a stable (but not asymptotically stable) equilibrium point. 

=o Sy 
ee: 
Thus, by Theorem 8.3, the origin is an unstable equilibrium point. 


5 -14 
For the system y’ = 


For the system y’ = k , the coefficient matrix has eigenvalues A, =—land A, =1. 


3 -8 
Thus, by Theorem 8.3, the origin is an asymptotically stable equilibrium point. 


\ , the coefficient matrix has eigenvalues A, =—land A, =-2. 


2- 0 
Thus, by Theorem 8.3, the origin is a stable equilibrium point but not an asymptotically stable 
equilibrium point. 


0 =2 
For the system y’ = \ , the coefficient matrix has eigenvalues A, = 2i and A, =—2i. 


10. 


11. 


12. 


13, 


14. 


15. 


16. 


7. 


18. 


19. 


20. 


21s: 


22: 
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1 4 
For the system y’ = 1 ik , the coefficient matrix has eigenvalues 


A,=1+2iand A, =1-2i.Thus, by Theorem 8.3, the origin is an unstable equilibrium point. 
-/ =3 
a: ol 


Thus, by Theorem 8.3, the ae is an asymptotically stable equilibrium point. 
9 


7 
Thus, by Theorem 8.3, the origin is an unstable equilibrium point. 


For the system y’ = i , the coefficient matrix has eigenvalues A, =—4 and A, =— 


For the system y’ = = ae the coefficient matrix has eigenvalues A, =2 and A, =4. 


2 


—3 
For the system y’ = a ap the coefficient matrix has eigenvalues 
= —2-—3i. Thus, by Theorem 8.3, the origin is an asymptotically stable 


A,=-2+3iand A, 
equilibrium point. 
9 


15 
Thus, by Theorem 8.3, the origin is an unstable equilibrium point. 


For the system y’ = -| mr the coefficient matrix has eigenvalues A, = 3 and A, =-1. 


=137.°=8 
For the system y’ = a \. the coefficient matrix has eigenvalues A, = —3 and A, =— 
Thus, by Theorem 8.3, the origin is an asymptotically stable equilibrium point. 
3: 2 
te =p 
by Theorem 8.3, the origin is a stable (but not asymptotically stable) equilibrium point. 


For the system y’ = \ , the coefficient matrix has eigenvalues A, =i and A, =—i. Thus, 


Loe 
For the system y’ = ; . the coefficient matrix has eigenvalues 


A,=-1+iand A, =-1-i. Thus, by Theorem 8.3, the origin is an asymptotically stable 
equilibrium point. 

1 
Thus, by Theorem 8.3, the origin is an asymptotically stable equilibrium point. 
Eigenvalues are A, = —2 and A, =3. Since one of the eigenvalues is real and positive, the 
origin is an unstable equilibrium point. 
Eigenvalues are A, = 2 and A, = 3. Since the eigenvalues are real and positive, the origin is an 
unstable equilibrium point. 
Eigenvalues are A, =—4 and A, =-2. Since the eigenvalues are real and negative, the origin is 
an asymptotically stable equilibrium point. 
Eigenvalues are A, =1—2iand A, =1+ 2i. Since the eigenvalues are complex with positive 
real parts, the origin is an unstable equilibrium point. 
Eigenvalues are A, = —2i and A, = 2i. Since the eigenvalues are purely imaginary, the origin is 
a stable equilibrium point but it is not an asymptotically stable equilibrium point. 
Eigenvalues are A, =—2-—2iand A, =—2+2i. Since the eigenvalues are complex with 
negative real parts, the origin is an asymptotically stable equilibrium point. 
Eigenvalues are A, = —2 and A, =3. Since one of the eigenvalues is real and positive, the 
origin is an unstable equilibrium point. 


3 
For the system y’ = i: , the coefficient matrix has eigenvalues A, =—6 and A, =-2. 
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20: 


24 (a). 
24 (b). 


25; 


26. 


2h 


28. 


Eigenvalues are A, = —2 and A, =—3. Since the eigenvalues are real and negative, the origin is 
an asymptotically stable equilibrium point. 

Solving 0 = Ay, + g,, it follows that y, =—A’‘g, is the unique equilibrium point. 

Let z(t) = y(t)— y,. Then, z’ = y’ = Ay + g, = Ay — Ay, = Az. Theorem 8.3 can be applied to 
the new system z’ = Az. 


—2 1 —4 
For the system y’ = 1 A: ao > } the unique equilibrium point is 


_,| 4 2 -l1|—-4 2 ; ; 
y,=-A = —(1/3) 1 = eit With the change of variable z(t) = y(‘)— y, the 


2 a |e 
; = ‘IL —4 ea ee | —4 
t +y,/= t+y,)+ i + + ; 
system becomes (z+ y,) i (z+y,) 5 or Z , Z ie aoe y. > 
=2 
This last system reduces to the homogeneous system z’ = 1 , z. The coefficient matrix 


has eigenvalues A, =—3 and A, =—1. By Theorem 8.3, the origin is an asymptotically stable 

equilibrium point of z’ = Az and therefore, y, is an asymptotically stable equilibrium point of 
a ae | —4 

the nonhomogeneous system y’ = 1 , y+ ) 


0 1 2 : a Pes le ; 
7 y+ 1 , the unique equilibrium point is y, =—A> l =; 2 With 


the change of variable z(t) = y(1)— y, the system reduces to the homogeneous system 


For the system y’ = 


0 1 
z= 1 oF The coefficient matrix has eigenvalues A, =i and A, =—i. By Theorem 8.3, the 


origin is a stable but not an asymptotically stable equilibrium point of z’ = Az. Therefore, y, is 
a stable but not an asymptotically stable equilibrium point of the nonhomogeneous system. 
B22 


2 
4 * a 5 | the unique equilibrium point is 


For the system y’ = 


3 =2 3 221-2 2 ; : 
y,=—A pe i cae a With the change of variable z(t) = y(t)— y, the system 


oS 2 —2 ae? 3° 2 —2 
becomes (z+y,)’ = 5 ghey.) ) or Zz’ = 4 get 4 3 et > . This 


last system reduces to the homogeneous system z’ = 


4 -3 
eigenvalues A, =—l and A, =1. By Theorem 8:3, the origin is an unstable equilibrium point of 
z = Az and therefore, y, is an unstable equilibrium point of the nonhomogeneous system 


rsa opel] 


=1 “1 1 ; aoe , |i =SiD 
yr >) the unique equilibrium point is y, =—A_ = ; 


he The coefficient matrix has 


-10 5 2 —8/5 
With the change of variable z(t) = y(t)— y, the system reduces to the homogeneous system 


For the system y’ = 


29. 


30. 


Sl 


32. 


34 (a). 
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-10 5 
8.3, the origin is an unstable equilibrium point of z’ = Az. Therefore, y, is an unstable 
equilibrium point of the nonhomogeneous system. 


A? -“y 
z= 2 The coefficient matrix has eigenvalues A, =2+iand A, =2-—i.By Theorem 


2, A 
For the system y’=|1 1 2 |y, the coefficient matrix has eigenvalues 
Ti, 2 Al 


A, = -1,A, =2, and A, = 3. Thus, by the discussion following Theorem 8.3, the origin is an 
unstable equilibrium point. 


1 -1 0 2 2 4 
For the system y’=|0 —-1 2 y+] 0], the unique equilibrium point is y, =—A'|0|=| 6]. 
0 0 -1l 3 3 3 
With the change of variable z(t) = y(t)— y, the system reduces to the homogeneous system 
1-1 -2 
z’=|0 -1 -2|z.The coefficient matrix has eigenvalues A, =1,A4,=-—1, and A, =-1. By 
0 0 -l 


Theorem 8.3, the origin is an unstable equilibrium point of z’ = Az. Therefore, y, is an 
unstable equilibrium point of the nonhomogeneous system. 


3. 5 30-0 
2 -1 O : : : 

For the system y’ = 0002 y , the coefficient matrix has eigenvalues 
0 0 2 0 


A, =-2+ 3i,A, =-2-3i, A, =2i, and A, =—2i.Thus, by the discussion following Theorem 
8.3, the origin is a stable (but not asymptotically stable) equilibrium point. 
01 0 0 -] 


0 O 2 


For the system y’ = 1 0 yr iP unique equilibrium point is given by 


OS 3 


1 
0 
0 


0 


1 


homogeneous system z’ = z. The coefficient matrix has eigenvalues 


ooo Fe 
| 
— 


0 0 -1 
A,=-1,4,=-1, 4,=-1, and A, =1. Thus, by the discussion following Theorem 8.3, the 
origin is an unstable equilibrium point. 
Since the coefficient matrix A is real and symmetric, it has real eigenvalues and a full set of 
eigenvectors. 
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34 (b). 


34 (c). 


34 (d). 
34 (e). 


32; 


From the discussion following Theorem 8.3, the equilibrium point y, = 9 is isolated if and 
only if det[A] #0. Now, det[A] = 1- a and therefore, y. = 0 is an isolated equilibrium point 
if and only if a@#+1. 

When a =1 the equilibrium points lie on the line y = x. When &@ =—1 the equilibrium points 
lie on the line y=—x. 

No, since the eigenvalues of A are real and not purely imaginary; see Theorem 8.3. 

The eigenvalues of A are A, =-1+a,and A, =—1—a. By part (b), if y, = 0 is an isolated 
equilibrium point, then @ # +1. Clearly, both eigenvalues are negative when —l<a<1l 
whereas one of the eigenvalues is positive when la | >1. 


1 1 it 
Since =| iF } it follows that 1+ 2a,, =2 and a,, +2a,, = 4. From the first 
Asi yy V2 2 
21 22 


equation, we have a,, =1/2.Since y = 0 is not an isolated equilibrium point, it follows that 
det[A]=0. Thus, a,, —a,,a,,=0 or a,,—(1/2)a,, =0. This last equation, together with the 
ea ‘ 


prior equation a,, + 2a,, = 4 tells us that a,,=2 and a,,=1.Thus, A= ; 1 


Section 8.5 


1 (a). 


1 (b). 


1(). 


2 (a). 


For the system 
x =x? + y? — 32 
ee nae a 


4 —4 
the equilibrium points are y, = 4 and y,= al 


2x 2y 
-1 1 


At an equilibrium point, the linearized system z’ = Az has coefficient matrix A= 


8 8 
Thus, the linearized systems are (i) z’ = } 


-1 1 
el eee 

and (il) z° = ie 1 f- 
In case (i), the eigenvalues are A, = 2.438... and A, = 6.561... and thus the nonlinear system is 
unstable at the corresponding equilibrium point y,. For case (ii), the eigenvalues are 
A, =-8.815... and A, =1.815... and thus the nonlinear system is unstable at the 
corresponding equilibrium point y,. 
For the system 

x’=x°+9y’>—9 

Wax, 


0 0 
the equilibrium points are y, = | and y, = if 


2 (b). 


2(c). 


3 (a). 


3 (b). 


3 (c). 


4 (a). 


4 (b). 


4 (c). 
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2x 18y 
1 O 


At an equilibrium point, the linearized system z’ = Az has coefficient matrix A= 


0 18 0 -18 
Thus, the linearized systems are (i) z’ = (-% z and (ii) z’= tO Z 


In case (i), the eigenvalues are A, = 4.242... and A, =—4.242... and thus the nonlinear system 


is unstable at the corresponding equilibrium point y,. For case (ii), the eigenvalues are +352 i 
and thus nothing can be inferred about the stability of the nonlinear system. 


For the system 
x =1-x? 


y =x’ +7" =2, 


-1 -1 1 
the equilibrium points are y, = Hl y. -| 1 jy. -| i and y, = i} 


—2x 0 
At an equilibrium point, the linearized system z’ = Az has coefficient matrix A= dy 2 } 
xX 4“y 


2 
Bi piles 


m ,_|2 0 ‘x, ,_|2 9 ay ne le @ 
(il) Z = = 9 A Gil) z= 4 2 z, and (iv) z= a) Z. 


In cases (i) — (iii), A = 2 is an eigenvalue and thus the nonlinear system is unstable at each of 
the corresponding equilibrium points y,. For case (iv), the eigenvalues are 
A, =—2 and A, =—2 and thus the nonlinear system is asymptotically stable at the 
corresponding equilibrium point y,. 
For the system 

x’=x-y-1 


Thus, the linearized systems are (i) z’ = 


y’ = x? 1s y? +] ; 
0 
the equilibrium point is y, = i} 


1 -l 
At the equilibrium point, the linearized system z’ = Az has coefficient matrix A= F > } 
xX —4y 


1 -l 
Thus, the linearized system is z’ = F 5 f- 


The eigenvalues are A, =1 and A, =2 and thus the nonlinear system is unstable at the 
equilibrium point y,. 


234 ¢ Chapter 8 Nonlinear Systems 


5 (a). 


5 (b). 


5 (c). 


6 (a). 


6 (b). 


6 (c). 


7 (a). 


7 (b). 


For the system 
x’ =(x-2)(y- 3) 


y=(xt+2y)(y-)), 

oe 2 2 —6 
the equilibrium points are y, = 1 LY.= ip and y, = 3 |: 
At an equilibrium point, the linearized system z’ = Az has coefficient matrix 


qe! FF | es eecinad ae 
= : at t — ‘ 
y = pee Ay _ 5) us e linearize sys ems are (i) Z =) = Z 


. , [2 0 _« [0 -8 
(il) z= 0 4 27 and (il) z= > 4 Zs 


In case (i), the eigenvalues are A, =—4 and A, =—4 and thus the nonlinear system is 
asymptotically stable at the corresponding equilibrium point y,. For case (ii), the eigenvalues 
are A, =—2 and A, =4 and thus the nonlinear system is unstable at the corresponding 
equilibrium point y,. In case (iii), the eigenvalues are A, = 2+ 2/3i and A, =2- 2/3i. Thus 
the nonlinear system is unstable at the corresponding equilibrium point y,. 
For the system 

x’=(x-y)(y t+) 

y= (x+2)(y-4), 

Aes ; -2 4 2 
the equilibrium points are y, = 5} y.= at and y, = i} 
At an equilibrium point, the linearized system z’ = Az has coefficient matrix 

yt1l x-2y-1 
y-4 Be 


-1 1 
| Thus, the linearized systems are (i) z’ = 6 oF 


eee |r ae 5-01| 0. Sed 
(il) Z = re 6 f- and (ili) z= “ 0 f- 
In case (i), the eigenvalues are —0.5 +0.5i¥23 and thus the nonlinear system is asymptotically 
stable at the corresponding equilibrium point y,. For case (ii), the eigenvalues are 
A,=5 and A, =6 and thus the nonlinear system is unstable at the corresponding equilibrium 
point y,. In case (iii), the eigenvalues are +4/5 . Thus the nonlinear system is unstable at the 
corresponding equilibrium point y,. 
For the system 

x= (x—2y)(y +4) 

y=2x-y, 

ae , 0 -2 
the equilibrium points are y, = Hl and y,= : 
At an equilibrium point, the linearized system z’ = Az has coefficient matrix 
eles x-—4y-8 


4 -8 
> 1 } Thus, the linearized systems are (i) z’ = f : 


2 = 


Pe 0 6 
and (ii) z = jy Z. 
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TLC), 


8 (a). 


8 (b). 


8 (c). 


9 (a). 


9 (b). 


9 (c). 


10. 


In case (i), the eigenvalues are A, = 0.5(3 + ¥39 i) and A, =0.5(3— 39 i) and thus the 
nonlinear system is unstable at the corresponding equilibrium point y,. For case (ii), the 
eigenvalues are A, =—4 and A, =3 and thus the nonlinear system is unstable at the 
corresponding equilibrium point y,. 
For the system 

x= ary =1 

y= (e+4y\(x-D, 

it 

the equilibrium point is y, = | 


At the equilibrium point, the linearized system z’ = Az has coefficient matrix 


x >t 
A= - . Thus, the linearized system is z’ = Z. 
2x+4y-1 4(x-1) 5 0 
The eigenvalues are 0.5(1 a5 21) and thus the nonlinear system is unstable at the equilibrium 
point y,. 
For the system 
ay =x 
y’ a x? = y , 
Peer 0 | 
the equilibrium points are y, = 0 and y, = il 


1) 2 
At an equilibrium point, the linearized system z’ = Az has coefficient matrix A= | 5 4. 
xX _ 


-1 0 
Thus, the linearized systems are (i) z’ = b. 


0 -l 
exe he <2 
and (ii) z = 5 a 
In case (i), the eigenvalues are A, =—1 and A, =—1 and thus the nonlinear system is 
asymptotically stable at the corresponding equilibrium point y,. For case (ii), the eigenvalues 
are A, =—3 and A, =1 and thus the nonlinear system is unstable at the corresponding 
equilibrium point y,. 
At an equilibrium point, the linearized system z’ = Az has coefficient matrix 
(1/2)f1—x-(1/2)y] —(1/4)x 
-| —(1/12)y (1/4)[1—(1/3)x -(4/3)y] 


) 1/2 O 0 1/8 0 
,Z= Z, (ii) at Ba i Z, 
3 i ba lee HF 


2 —1/2 -1/2 
(ili) at ae z. Thus, in all three of these cases, the system is 
0) 0 1/12 


unstable at the corresponding equilibrium point. 


} Thus, the linearized systems are: (i) at 
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11 (c). 


12 (a). 


12 (b). 


12 (c). 


12 (d). 


13 (a). 


13 (b). 


13 (c). 


13 (d). 


14 (a). 


14 (b). 


14 (c). 


By Taylor’s theorem, f(z) = f(0)+ f’(0)z+ f’(Y)z’ /2 where y is between z and 0. For 
f(z)=sinz, we have sinz, — z, =(-siny)z, /2 where y is between z, and 0. Now, 

| 2(Z) | /|| Zz | - | Gs sinz, Iz +z, < |z, = sinz, /|z, . So, by the remarks above, 

Exe) | /|| Zz | < ize /2| /\z, = | z /2. Hence, since |z,| /2 goes to 0 as z goes to 0, the system is 
almost linear at both equilibrium points. 


hil 
15 ae is 


For the given system z’ = Az+ g(z), the coefficient matrix A is A= 


a 
wo-|"] 


| 2(Z) | = z;, or using polar coordinates with z,=rcos@ and z,=rsin@, we obtain 
| 2(Z) | =r'sin’@. 
From part (b), || g(z) | i| Z | =r’ sin’ @/r=rsin’ @. Thus, | g(Z) | /|| Z ! — 0 as ! Z ! —>0.In 
addition to the limit requirement, the system satisfies the other necessary conditions to be an 
almost linear system. 
The eigenvalues of A are A, =—1 and A, =3.Thus, by Theorem 8.4, z =0 is an unstable 
equilibrium point. 
For the system z’ = Az+g(z), 

Z = 5z,-14z, +22, 


- Bs Pitcoins BEG) ase 21 
the coefficient matrix A is given by A= , while g(z)=| , — , |. 
3 -8 rite er F 
Using polar coordinates with z,=rcos@ and z, =rsin@, we obtain 


|| g(z)||= (zz) +(z + 2) =y(r? cos@sin@) + (r?)° or || g(z) || = \r* cos? @sin? @ +1). 
(Also note that | Z | =r.) 

g(z)|| /||z|| =r? (cos? Osin? 8+ 1) /r S$ r?-V2 /r=rV2.Thus, ||g(z)||/\|z|| > 0 
as | Z | — 0. In addition to the limit requirement, the system satisfies the other necessary 


conditions to be an almost linear system. 
The eigenvalues of A are A, =—2 and A, =—1. Thus, by Theorem 8.4, z=0 is an 
asymptotically stable equilibrium point. 


From part (b), 


1 
For the given system z’ = Az+ g(z), the coefficient matrix A is A= > ‘| , while 


2 2 
| & +2 
uo-| 2 2 ar 
(Z +2) 
Using polar coordinates with z,=rcos@ and z, =rsin@, we obtain ! g(Z) ! =rPvltr®?, 


g(z)||/| z|| = Peer? fra=vitr®® /r'?. Thus, 


| g(Z) | /|| Zz | does not exist as | Zz | — 0. The system is not almost linear at z = 0. 


From part (b), 


15 (a). 


15 (b). 


15 (c). 


16 (a). 


16 (b). 


16 (c). 


16 (d). 


17 (a). 


17 (b). 


17 (c). 


18 (a). 


18 (b). 
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For the system z’ = Az+g(z), 


2 2 
Z =z, + 3z, + Z, COS Z, Hz, 
, | 2 2: 
Zo =—z,—5z,+2Z,cos ra + Z > 


-1 3 [2 7 
the coefficient matrix A is given by A= 1 ‘ , while g(z) = E COS ZF Z> 


z 2 
Z,COS4/Z, + Z5 


Using polar coordinates with z,=rcos@ and z,=rsin@, we obtain 


|| gz) | = Pa + z3)cos” fz +B = Vr? cos’ r or | g(Z) ! = r| cosr|. (Also note that ! Z ! =r.) 


From part (b), g(z)||/||z||= r|cosr|/r=|cosr|. Thus, g(z)||/||z||>1 as |z|| 0. Therefore, 


the system is not an almost linear system. 
—2 2 
For the given system z’ = Az+ g(z), the coefficient matrix A is A= 1 | , while 
ZZ COSZ 
g(Z) 1<2 i} 
£1 SINZ, 
Using polar coordinates with z,=rcos@ and z,=rsin@, we obtain ! 2(Z) ! = r?| cos @sin@}. 
From part (b), g(z)|| /| z| = r’|sin@cosO|/r< r. Thus, g(z)||/||z|| — 0 as ! z| —>0.In 
addition to the limit requirement, the system satisfies the other necessary conditions to be an 
almost linear system. 
The eigenvalues of A are A, =—4 and A, =—1. Thus, by Theorem 8.4, z=0 is an 
asymptotically stable equilibrium point. 
For the system z’ = Az+g(z), 


Or ane a 


Z = 2%, +22,» 

me ae ae 0 4 , Zs | 
the coefficient matrix A is given by A= 4 ol while g(z) = : 
Using polar coordinates with z,=rcos@ and z, =rsin@, we obtain 
| g(Z) | = (<2) +2 = V(r cosOsin6) +r° sin’ @ or 
| g(Z) | =r‘ sin’ @(cos’ @+ sin’ @) = r| sin6| . (Also note that | Z ! =r.) 
From part (b), g(z)|\ || z|| = r|sind|/r= r| sin]. Thus, g(z)||/||z|| — 0 as ! z| —>0.In 
addition to the limit requirement, the system satisfies the other necessary conditions to be an 
almost linear system. 


(d) The eigenvalues of A are A, =—2i and A, = 2i. No conclusion can be drawn from Theorem 
8.4 relative to the stability of z’ = Az+ g(z). 


For the given system z’ = Az+ g(z), the coefficient matrix A is A= FE : , while 


zp +23 
g(z)=| “|. 
e 2 +22 


Using polar coordinates with z,=rcos@ and z, =rsin@, we obtain ! 2(Z) | =Ter 
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18 (c). 


19 (a). 


19 (b). 


19 (c). 


20 (a). 


20 (b). 
20 (c). 


20 (d). 


21 (a). 


21 (b). 


From part (b), || g(z) | i| Z | =e’. Thus, | g(Z) | /|| Z | —> las ! Z ! — 0; the system is not almost 


linear at z= 0. 
For the system z’ = Az+g(z), 


vas = OF + 323 + are) 


Zs = =z a oa +2, > 


1 
Using polar coordinates with z,=rcos@ and z,=rsin@, we obtain 


| g(Z) | = (<2) +3 = dr cos @sin6) +r°cos*@ or 


| g(Z) | = air’ cos” A(cos” 0+sin? 0) = r| cos6]. (Also note that ! Z ! =r.) 

From part (b), || g(z) | i| Z | = r°|cosO|/r = r|cos@|. Thus, |] g(z) | /|| Z ! — 0 as ! Z ! —>0.In 
addition to the limit requirement, the system satisfies the other necessary conditions to be an 
almost linear system. 

(d) The eigenvalues of A are A, =2 and A, =4. Thus, by Theorem 8.4, z= 0 is an unstable 
equilibrium point of the system. 


= : ees a) , ZZ 
the coefficient matrix A is given by A= 7 3) while g(z)=| , |. 
= a Zz 


2 
, while 


For the given system z’ = Az+ g(z), the coefficient matrix A is A= 5 2 


0 
ro-|2| 


Using polar coordinates with z,=rcos@ and z,=rsin@, we obtain | 2(Z) | =r°cos’ @. 
From part (b), || g(z) | /| Z | = rcos’ @. Thus, | g(z)|| /||z\| —> 0 as | Z | — 0. In addition to the 
limit requirement, the system satisfies the other necessary conditions to be an almost linear 
system. 

The eigenvalues of A are A, =iV¥6 and A, =~iV¥6. Thus, no conclusions can be drawn by 
using Theorem 8.4. 


The system 
x’ =-x+xyt+y 
y’ =x-xy-2y 
= 
can be expressed as z’ = Az + g(z) where the coefficient matrix A is given by A= 1 | , 


ro) ~£ 1X 
Az + g(z) = 0 are vectors z, such that 0 = —A 'g(z,) and therefore, we need g(z,) = 0. Clearly, 
the only solution of g(z)=0 is z, =0. 
The linearized system is z’ = Az and we find that A has eigenvalues 
A, =-2.618... and A, =—0.382... we see that z= 0 is an asymptotically stable equilibrium 
point of z’ = Az. 


ra x XX ‘ Sok : ‘ 
Z= = ,and g(z) = . Since A is invertible, the solutions of 
bi 


21 (c). 


21 (d). 
2? (a). 


22 (c). 


22 (d). 
23 (a). 


24 (a). 


24 (b). 


24 


28. 
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Using polar coordinates with z,=rcos@ and z,=rsin@, we obtain 


| g(Z) | = (2,25) = J2r cos’ @sin’ @ = V2 r°| cos @sin@ 
|| scz||/| z| = V2 r°|cos@sin6|/r = V2 r\cos@]. Thus, g(z)||/||z|| — 0 as ! z|| —>0.In 
addition to the limit requirement, the system satisfies the other necessary conditions to be an 
almost linear system. 
By Theorem 8.4, z=0 is an asymptotically stable equilibrium point of the original system. 
The system has the form 

eS y 

y’=1-(1+x)°”. 
At an equilibrium point, the linearized system z’ = Az has coefficient matrix 


0 1 0 
A= i . Thus, atz=0, A= 
—(3/2)1+x)~ 0 =312 0 


A, = i¥3/2 and i= —i¥/3/2 and hence the linearized system is stable but not asymptotically 
stable at z= 0. 

Theorem 8.4 does not provide any information about the stability of the nonlinear system since 
the eigenvalues of the linearized system z’ = Az are purely imaginary. 

Multiplying by x’ we obtain x’x’’ = x’[1-(1+ x)*”]. Integrating, we obtain 

0.5(x’)? = x-0.4(1+.x)°”. Therefore, with y =x’ we have y> =2x—0.8(1+.x)°? +C. 

At the equilibrium point (0, 0), the linearized system z’ = Az has coefficient matrix 


. (Also note that ! Z ! =r.) Therefore, 


. The eigenvalues of A are 


1 -l 
A= | 11 } Since A is not invertible, Theorem 8.4 does not apply. 


Let z= =| |. For the given system z’ = Az+g(z), g(z) = , |- Using polar 
a 27, 
coordinates, || g(z) || /||z|]=V1r 7° cos*? 6+ 4r*” sin’? 6 . Thus, the limit of |] g(z)||/||z|| does 


not exist as | Z | — 0; The system is not almost linear at (0, 0). 
In this case, a,, =0,a,, =1,a,,=—1,a,, =0,g,= ar’ cos@,and g, =ar’ sin@. Thus, h(r) = ar’ 
and we obtain the system 
for 
&=-1. 
Solving, r(t)=(C,-2at)"’ and @(t)=-t+C,. Hence, x =(C,—2at)"’ cos(—t+ C,) and 
y =(C,-2at)” sin(-t+C,). 
So, a, =1,4, =0,a,, =0,a,, =1,g,=r°cos@,and g, =r’ sin@. Thus, A(r) =r and we obtain 
the initial value problem 
r=rtr’, r(0)=1 
6 =0, a0)=73. 
The solution is r= (2/3)e' /[1—(2/3)e'], @=2/3. However, the denominator in the 


expression for r, 1— (2 /3)e’, vanishes at 3/2 =e’. Solving for t, we have t=1n1.5=0.405.... 
Thus, the solution does not exist at t= 1. 
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29. So, a, =0,a, =1,a,,=—-La,, =0,g,=—-rcos@lnr’,and g, =—rsin@lnr’. Thus, A(r) =—Inr? 
and we obtain the initial value problem 
r==27 lar; 7O)H1 
V=1, OO)=7/4. 
The general solution is r = C,exp(e ’) , @=1+C,. Imposing the initial conditions we arrive at 
r =exp(e —l), 0=t+7/4. Hence, at t=1, we find 
x =exp(e~ —1)cos(1+ 2/4) ~—0.0896... and y =exp(e~* —1)sin(l+ 2/4) ~0.411... 
Section 8.6 
1 (a). Since the eigenvalues are real and have opposite signs, y = 0 is an unstable saddle point. 
x, fo e”! ew Qe”! —e7 
1(d). We have Y(t) =[e'x,,e°"x,]=| ,, _{and P’()=] rae 
ee -e 2e e 
e 2e" -e'|05e" 0.5e° O05 1.5 
Therefore, A= P’()Y (=|, = , 
2e" e' | 05e -0.5e' 15 0.5 
2 (a). Since the eigenvalues are real and positive, y = 0 is an unstable node. 
‘ ‘ e! a e! 4e” 
2(d). We have Y(t) =[e''x,,e°"x,]= and ‘P’(f) = F 
( ) ( ) [ 1 2] Ye! —e2! ( ) 2e' 23a 
Pica Aa P(e 21S E275 
,A=P'(t t= . 
yey ye Gis. 1 
3 (a). Since both eigenvalues are real and positive, y = 0 is an unstable improper node. 
3 (d). We have P(t) =[e“’x,,e*"x,]= ger and ‘P’(t)= a 
7 ' 0 2e' 0 2e'| 
e 4e" 0 |05e*% 0 2 0 
Therefore, A= ‘P’(1)‘¥ (1) = = : 
O. | 222: 0 05e"} [0 1 
4 (a). Since the eigenvalues are real and negative, y = 0 is an asymptotically stable node. 
Pe - ew! e , Ie —e 
4(d). We have Y(t) =[e*'x,,e°* x,]= and ‘P’(f) = : 
O..' 3e> O -e"' 
= a2) ol 
Therefore, A= '‘P’(1)'¥ (4) = 0 il 
5 (a). Since the eigenvalues are real and have opposite signs, y = 0 is an unstable saddle point. 
fends, WE e ee : e 26", 
5 (d). We have Y(t) =[e*'x,,e°" x,]= and ‘P’(t) = : 
0 e' 0 -e" 
3 e -2e'le’ -2e" 1 -4 
Therefore, A= 'P’()‘¥ (1) = = ‘ 
0 -e"' | 0 e O24. 
i 
6(a). For A= : i the eigenvalues are A, =—land A, =-2. 
6 (b). Since the eigenvalues are real and negative, y = 0 is an asymptotically stable improper node. 
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7 (a). 
7 (b). 
8 (a). 
8 (b). 
9 (a). 
9 (b). 


10 (a). 


10 (b). 


11 (a). 
11 (b). 
12 (a). 
12 (b). 
13 (a). 
13 (b). 


14 (a). 


14 (b) 


15 (a). 
15 (b). 
16 (a). 
16 (b). 


17 (a). 


17 (b). 


18 (a). 


For A= a the eigenvalues are A, =1 and A, =2. 

Since the eigenvalues are real and positive, y = 9 is an unstable improper node. 
For A= cE ei , the eigenvalues are A, =1and A, =-2. 

Since the eigenvalues have opposite sign, y = 0 is an unstable saddle point. 


Le 2 
For A= 5 : the eigenvalues are A, = 3i and A, =—3i. 


Since the eigenvalues are complex with zero real part, y = 0 is a stable, but not asymptotically 
stable, center. 


ih 
For A= 1 i; the eigenvalues are A, =—1+iand A,=-1-i. 


Since the eigenvalues are complex with negative real part, y = 0 is an asymptotically stable 
spiral point. 


For A= ; >| the eigenvalues are A, =—-3 and A, =-2. 

Since the eigenvalues are real and negative, y = 0 is an asymptotically stable improper node. 
For A= F |. the eigenvalues are A, = 2+3i and A, =2-3i. 

Since the eigenvalues are complex with positive real part, y = 0 is an unstable spiral point. 


> 2 
Since the eigenvalues are complex with zero real part, y = 0 is a stable, but not asymptotically 
stable, center. 


For A= } the eigenvalues are A, = 4i and A, =—4i. 


1) aa 
For A= 7 } the eigenvalues are A, =1 and A, =-1. 


. Since the eigenvalues are real with opposite sigen, y = 9 is an unstable saddle point. 
=) 73 
For A= 1 | the eigenvalues are A, =1 and A, =3. 


Since the eigenvalues are real and positive, y = 0 is an unstable improper node. 


sy Gl 
For A= 1 | the eigenvalues are A, =—2+iand A, =-2-i. 
Since the eigenvalues are complex with negative real part, y = 9 is an asymptotically stable 


spiral point. 
2 4 
For A= 4 -~6|' the eigenvalues are A, =—2 and A, =-2. 


Since the eigenvalues are real and negative and A is not a multiple of the identity, y = 0 is an 
asymptotically stable improper node. 


, the eigenvalues are A, = 3 and A, =3. 


Heras |: 
ORAS | aes 
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18 (b). 


19 (a). 
19 (b). 
20 (a). 


20 (b). 


21 (a). 


21 (b). 


21 (c). 


21 (d). 


22. 
25. 


24. 


29% 


Since the eigenvalues are real and positive and A is a multiple of the identity, y = 0 is an 
unstable proper node. 


Log 
For A= 8 i} the eigenvalues are A, =1+4iand A, =1-4i. 
Since the eigenvalues are complex with positive real part, y = 0 is an unstable spiral point. 
-1 -2 
2, <3 


Since the eigenvalues are real and positive and A is not a multiple of the identity, y = 0 is an 
unstable improper node. 


For A= | the eigenvalues are A, =1 and A, =1. 


=2 
For A, = 1 ‘| the eigenvalues are A, =—3 and A, =—1. Since the eigenvalues are real 


and negative, y = 0 is an asymptotically stable equilibrium point. Therefore, A, corresponds to 
Direction Field 2. 

1: 2 
For A, = fe al the eigenvalues are A, = —/3i and Ag = 4/3i. Since the eigenvalues are 
complex with zero real part, y = 0 is a stable, but not asymptotically stable, center. Therefore, 
A, corresponds to Direction Field 4. 


2. of 
For A, = 1 ) the eigenvalues are A, =—~v3 and A, = 4/3. Since the eigenvalues are real 


and have opposite sign, y = 0 is an unstable saddle point. Therefore, A, corresponds to 
Direction Field 1. 


i 2 
For A, = 5 ‘| the eigenvalues are A, =1—2iand A, =1+2i. Since the eigenvalues are 


complex with positive real part, y = 0 is an unstable spiral point. Therefore, A, corresponds to 
Direction Field 3. 
For a center, eigenvalues are purely imaginary. Therefore, a=—2. 


Consider A= 
onsider ie ) 


eigenvalues are A =—1+-~9-—2a. In order to have an asymptotically stable spiral point at 
y = 0, we need complex eigenvalues with negative real parts. Thus, we need 9—-2a@ <0 or 
9/250, 

Note that A, =—2 and A, =—2 no matter the value of a. Thus, y = 0 is always an 
asymptotically stable equilibrium point; it will be a proper node if @=0. 


a 
} The characteristic polynomial is p(A) =A’ +24 + (2-8). Thus, the 


—4 
eigenvalues are A = +¥16-— 2a. In order to have a saddle point at y = 0, we need real 
eigenvalues with opposite signs. Thus, we need 16—2a@>0 or a<8. 


4 
Consider A= fF } The characteristic polynomial is p(A) = 7° + (2a@—16). Thus, the 


20; 


21, 


28. 


29. 


30 (a). 
30 (b). 
30 (c). 


32 (a). 
32 (b). 
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1 4 3 
4 y+ > . The system has a unique 


Consider the nonhomogeneous system y’ = 


il 
equilibrium point given by y, = i} Making the substitution z= y —y,, we obtain 


1 
Therefore, z= 0 is an unstable spiral point and consequently, y = y, is an unstable spiral point 
of the original system. 


1 +4 
z= 1 f- The eigenvalues of the coefficient matrix are A, =1+2iand A, =1-2i. 


6 5 4 
Consider the nonhomogeneous system y’ = 7 A: + 5} The system has a unique 
ilibrium point given b ae led Siem ed es 
equilibrium point given by y, = 7 6! |«6l=l7 6 |-6l=l_e| aking the 
substitution z= y—y,, we obtain z’ = 6 z. The eigenvalues of the coefficient matrix 


are A,=—land A, =1. Therefore, z=0 is an unstable saddle point and consequently, y= y, 
is an unstable saddle point of the original system. 
5 -14 


2 
3 8 h + FI The system has a unique 


Consider the nonhomogeneous system y’ = 
equilibrium point given by y, = o ‘| Making the substitution z= y —y,, we obtain 


> -=14 
z= 3 8 \. The eigenvalues of the coefficient matrix are A, = —2 and A, =—1. Therefore, 


z= 0 is an asymptotically stable improper node and consequently, y = y, is an asymptotically 
stable improper node of the original system. 


-1 0 2 
Consider the nonhomogeneous system y’ = 0 4: +| Ar The system has a unique 
rae eee ees SO) 25)! [ae POT. f2 cae 
t = = = y t 
equilibrium point given by y, 0 2] |-4 0 051-4 5 aking the 


substitution z= y—y,, we obtain z’ = 02 z. The eigenvalues of the coefficient matrix are 


A,=—land A, =2.Therefore, z=0 is an unstable saddle point and consequently, y = y, is an 
unstable saddle point of the original system. 

The characteristic equation is A” —(a,, + a,,)A + G,,4,, — G4), =0. The origin is a center if the 
roots are purely imaginary. That is, if a,, + a@,, =0 and a,,4,,—4,,a,, <0. 

Note that f(x,y)=a,x+a,y and g(x,y)=a,,x+a,,y. Thus, f, =a, and g, = a,,. By part 
(a), f, =—g, and hence the system is Hamiltonian. 

The converse is not true since the system can be Hamiltonian even though a,,a,, — @,,a,, =0. 


=) 4 
The eigenvalues of the coefficient matrix A= 5 ‘1 are A,=3 and A, =-3. 


Since the eigenvalues are real with opposite sign, y = 0 is an (unstable) saddle point. 
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32 (c). Since the system is Hamiltonian, we know that H,(x,y)=—2x + y. Therefore, 
H(x,y) =—2xy +0.5y* +q(x). We determine g(x) by differentiating H(x,y) with respect to x, 
finding H,(x,y)=—2y + q/(x) =—5x —2y. Thus, q/(x) =—5x and so q(x) =-2.5x* +C. 
Dropping the additive constant, we obtain a Hamiltonian function, 
H(x,y) =—2.5x* —2xy +0.5y*. The conservation law for the system is H(x,y)=C. 

3 

33 (a). The eigenvalues of the coefficient matrix A= 3 i are A, = ~2./2i and Ax = ~22i. 

33 (b). Since the eigenvalues are complex with zero real part, y = 0 is a stable, but not asymptotically 
stable, center. 

33 (c). Since the system is Hamiltonian, we know that H,(x,y) =x + 3y. Therefore, 
H(x,y) = xy +1.5y? +q(x). We determine q(x) by differentiating H(x,y) with respect to x, 
finding —3x — y =—H,,(x,y) =—y —q’(x). Thus, q’(x) = 3x and so q(x) =1.5x° + C. Dropping 
the additive constant, we obtain a Hamiltonian function, H(x,y) = xy +1.5(x’ + y’). The 
conservation law for the system is H(x,y)=C. 

2 

34 (a). The eigenvalues of the coefficient matrix A= F i are A,=2 and A, =-2. 

34 (b). Since the eigenvalues are real with opposite sign, y = 0 is an (unstable) saddle point. 

34 (c). Since the system is Hamiltonian, we know that H,(x,y)=2x + y. Therefore, 
H (x,y) = 2xy +0.5y +q(x). We determine g(x) by differentiating H(x,y) with respect to x, 
finding H,(x,y)=2y+q'(x)=2y. Thus, g’(x)=0 and so q(x) =C. Dropping the additive 
constant, we obtain a Hamiltonian function, H(x,y) =2xy +0.5y>. The conservation law for 
the system is H(x,y)=C. 

Section 8.7 

1 (a). Consider the system 

x’ =x—x?—xy 
y’ =y—3y"-0.5xy. 

If y =0, then all direction field filaments on the positive x-axis point towards 
x = 1. Thus, x approaches an equilibrium value of x, =1 as ¢ increases. Similarly, if x =0, then 
y approaches an equilibrium value of y, =1/3 as ¢ increases. 
In each case, the presence of the xy term causes the derivative to decrease. Therefore, the 
presence of the other species is harmful in each case. 

1(b). Rewriting the system as 


x’=x(l-—x-y) 

y =y0—-3y-05x), 
we see that x’ =O if) x=0 or (ii) 1-x—y=0. Incase (i), vy’ =0 if y=O0 or y=1/3. Thus, 
two equilibrium points are (x,y) = (0,0) and (x,y) =(0,1/3). In case (ii), y’ =0 if y =0 (and 
hence, x =1) or if 1—-3y—0.5x =0 (and hence x + y=1 and 0.5x+3y=1). Thus, case (ii) 
leads us to two more equilibrium points (x,y) = (1,0) and (x,y) =(0.8,0.2). 


1(). 


2 (a). 


2 (b). 


2(c). 


3 (a). 


3 (b). 


3 (c). 
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1 
eigenvalues of the coefficient matrix are A, =1 and A, =1. Since, z=0 is an unstable proper 
node of the linearized system, the original system is also unstable at y =0. 
Consider the system 

x’ =-x—-—x? 

y=-yt+xy. 
If y =0, then x approaches an equilibrium value of x, =0 as f increases. If x =0, then y 
approaches an equilibrium value of y, =0 as ¢ increases. 
The presence of y is a matter of indifference to x. The presence of x is beneficial to y. 
The only equilibrium point in the first quadrant is (x,y) = (0,0). 


1 0 
At the equilibrium point z= 0, the linearized system takes the form z’ = 0 k . The 


—1 
At the equilibrium point z= 0, the linearized system takes the form z’ = 0 A The 


eigenvalues of the coefficient matrix are 2, =—1 and A, =—1. Since, z=0 is an asymptotically 
stable proper node of the linearized system, the original system is also asymptotically stable at 
y=0. 
Consider the system 

x SX x" — xy 

ys-y-y +xy. 
If y =0, then all direction field filaments on the positive x-axis point towards x = 1. Thus, x 
approaches an equilibrium value of x, =1 as ¢ increases. Similarly, if x =0, then y approaches 
an equilibrium value of y, =0 as f increases. The presence of the xy term in the first equation 
causes the derivative to decrease. Therefore, the presence of y is harmful to x. On the other 
hand, the presence of the xy term in the second equation causes the derivative to increase. 
Therefore, the presence of x is beneficial to y. 


Rewriting the system as 

x’=x(l-x-y) 

y =-y+y—x), 
we see that x’ =O if) x=0 or (ii) 1-x—y=0. Incase (i), y’ =0 if y=0 or y=~—1. The 
latter possibility has been excluded and thus case (i) leads to a single equilibrium point, 
(x,y) = (0,0). In case (ii), y’ = 0 if y =0 (and hence, x =1) or if 1+ y— x =0 (and hence 
x+y=land x— y=1). This second set of equations also has solution x = 1 and y= 0. Thus, 
case (ii) leads us to one more equilibrium point (x,y) = (1,0). 


1 O 
At the equilibrium point z= 0, the linearized system takes the form z’ = F Fe The 


eigenvalues of the coefficient matrix are A, =—1 and A, =1. Since, z=0 is an unstable saddle 
point of the linearized system, the original system is also unstable at y =0. 
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4 (a). 


4 (b). 


4 (c). 


5 (a). 


5 (b). 


6 (a). 


6 (b). 


Consider the system 

x =x—x? +xy 

ysyry +xy. 
If y =0, then x approaches an equilibrium value of x, =1 as ¢ increases. If x =0, then y 
approaches an equilibrium value of y, =1 as f increases. 
In both cases, the presence of one species is beneficial to the other species. 
The only equilibrium points in the first quadrant are (x,y) = (0,0), (x,y) = (0,1), and 
(x,y) = (1,0). 


ee 
At the equilibrium point z= 0, the linearized system takes the form z’ = F f- The 


1 
eigenvalues of the coefficient matrix are A, =1 and A, =1. Since, z=0 is an unstable proper 
node of the linearized system, the original system is also unstable at y =0. 

When y = 0, the assumed model reduces to x’ = r(1+@,x)x. In this case, we see from the 


figure, that Inx(‘) =0.5r+ In x(0). Differentiating, we obtain ; 
x 


=0.5 or x’ =0.5x. Thus, 


a, =O and 7 =0.5. Similarly, when x = 0, the model reduces to y’=7,(1+ @,y)y. In this case, 
y@ =-lor 


we see from the figure, that In y(4) = —1+ In y(0). Differentiating, we obtain 


y’ =—y. Thus, a, =0 and r, =—1. So far, we have deduced that the assumptions of the 
population model imply it has the form 

x’ =0.5(1+ By)x 

y =-(+ Bx)y. 
Knowing the equilibrium point (x,,y,) = (2,3), allows us to determine the last remaining 
model parameters, 8, and B,. In particular, we know from the first equation that 
0.5(1+ 3B,)2 =0 while the second equation gives —(1+28,)3=0. Consequently, 
B,=-1/3 and B,=-1/2. 
From part (a), the model is given by 

x’ =(1/2)x-(1/6)xy 

y’ =-y+(1/2)xy. 
The presence of y causes x’ to decrease and hence y is harmful to x. The presence of x causes 
y’ to increase and hence x is beneficial to y. 
Consider the system 

x’ =r(l-ax— By)x + px 

y’=r(—ay— Bx)y. 
The equilibrium points are (x,y) = (0,0), (x,y) =(0,@"), (x,y) =(a@'(1+ wr"),0), and 
(x,y)=6 (a+ ur')— B,a—- B+ pr"')) where 6=a7 — B’. 
If yt is chosen large enough so that B(1+pr') >a then we see from part (a) that the 
“coexisting species” equilibrium point is moved into the fourth quadrant and is therefore 
physically irrelevant. 


6 (c). 


6 (d). 


6 (e). 


7 (a). 


7 (b). 


7 (c). 
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r+ 0 
At z=0, the linearized system has the form z’ = 6 o f- The point z = 0 is an unstable 
r 


improper node. At the equilibrium point z= | the linearized system is 


1/a 


, | rdturt—Bor') 
a —rBa' -r 
the eigenvalues have opposite sign, the equilibrium point is an unstable saddle point. The 
equilibrium point (x,y) =(a@ ‘(1+ wr '),0) is an asymptotically stable improper node since the 
eigenvalues of the linearized system are negative and different: 
A,=-rdt+ypr') and A, =r{l—Bu(ar)"— Bor'). 
For the nonlinear system, (0,0) and (0,a@') are unstable equilibrium points. The equilirium 
point (x,y) =(a@'(1+ ur '),0) is stable. 
It appears that the y species will be driven to extinction with the x species approaching the 
limiting value @ ‘(1+ pr‘). 
Consider the system 

x’ =r(1—ax-— By)x 
y’=r(1—ay— Br)y—py . 

We see that x’ =0 if (i) x =0 or (ii) 1— ax — By =0. Incase (i), y’ =0 if 
y=0 or y=(r—p)/(ar). Thus case (1) leads to two equilibrium points, (x,y) = (0,0) and 
(x,y) = (0,(r — BL) /(ar)). In case (ii), y’ =0 if y =0 or if 1—- (ut /r)— ay — Bx =0. Thus case (ii) 
leads to two equilibrium points, (x,y) = (1/a@,0) and 
(x,y) = (6 "Lor B= wr *)],6"[-B + 0 pr") where 5 = 07° — B°. 
If u>r,then 1—-pr' <0. In this case, we see from part (a) that the only physically relevant 
equilibrium points are (x,y) = (0,0) and (x,y) =(1/a@,0). 


r £0 
At z=0, the linearized system has the form z’ = i " 
r — 


f- The eigenvalues are A, =-r and A, =r(1+pur '— Ba'). Since 


f- Since we are assuming U>r, 


l/a 
the point z= 0 is an unstable saddle point. At the equilibrium point z= 0 | the linearized 


—r —rBac' 

0 r-yu-rpar 
Since both eigenvalues are negative, the equilibrium point is an asymptotically stable improper 
node. 

For the nonlinear system, (0,0) is unstable and (a ',0) is stable. 
If >, it appears that the y species will be driven to extinction with the x species approaching 


system is z’ = i . The eigenvalues are A, =-r and A,=r-—p-—rBa". 


the limiting value a'. 

The strategy of nurturing the desirable species leads to an equilibrium 

x-population of a ‘(1+ ur). This is greater than the equilibrium x-population of a" that 
results from harvesting the undesirable species. 
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9. 


10 (a). 


10 (b). 


Consider the population model 

ec ataxe the beay td xz 

y’ =ta,y tb,y° + c,xy td,yz 

Zz =ta,zic,x%ztd,yz. 
Since x and y are mutually competitive, we need to choose a negative sign for c, and c, (the 
presence of x reduces the growth rate y’ and similarly the presence of y reduces the growth 
rate x’). The same argument applies to the signs of d, and d, since the predator is harmful to x 
and to y. The presence of the prey is beneficial to the predator z and thus we need to choose a 
positive sign for c, and d,. 
So far, we have deduced 

x’ =tax+thx? -cxy-dxz 

y’ = tay + b,y? =) dy yz 

Zz =ta,z+0,x7 + dyz - 
We also know that, in the absence of the other two species, x and y each evolve towards a 
nonzero equilibrium value. Thus, from the first equation, we know the term 
+ax £b,x° = x(£a,+b,x) has a positive zero, as does the corresponding term in the second 
equation, ta,y +b,y’ = y(ta, +b,y). From this fact, we infer that a, and b, have opposite 
signs, as do a, and b,. The general solution of an equation of the form u’ = au + bu’ is 
u= Ae“ + Bt’ +Ct+D. If a is negative, then u(t) > 0 as t > ©. Hence, there cannot be a 
nonzero equilibrium solution when a is negative. Applying this observation to the equations 
x’ =+ax+b,x° and y’ =+a,y+b,y’, we deduce that a, and a, are positive and b, and b, are 
negative. Likewise, in order that z decrease to zero in the absence of x and y, we need to have 
a, negative. In summary, we arrive at the following model which will support the 
observations: 

x’ =ax—-bx’ -cxy-d,xz 

y=ay — b,y* —Cxy — d,yz 

Z =—-a,Z7+0,x7+ d,yzZ. 
Consider the system 


s’ =-asi+ yr 
i’ = asi— Bi 
r’=fpi-y. 


Summing these three equations, we obtain s’(f)+7’(1) + r’(f) =0. Hence, s(t)+i()+r(/) is 
constant, say s(t) +i(t)+r(t)=N where N denotes the size of the population. 
If those who recover are permanently immunized, then 


S =-asi 
i’ =asi— Bi 
r= fi 


As in part (a), we can sum these equations and again conclude that s()+i()+r(jN=N. 


10 (c). 


11 (a). 


11 (b). 


11 (c). 


11 (d). 
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If some infected members perish, then 


, 


S =—Qsl 

i’ =asi— Bi 

r’=pi-y. 
In this case, s’(1) +7’(1) +r’ (4) =—y(1). Thus, the population is not constant but rather is 
decreasing. 
Consider the system 

s=-asi+y 

i’ =asi-— Bi 

r’=pi-y. 


Using the fact, from Exercise 10, that s+i+r=N, we obtain a reduced system, 
s’ =-asit+y(N —i-s) 
i’ =asi— pi. 
For the given values, @= B=y=1and N =9, the reduced system has the form 
s’ =-sit+(9-i-s) 
i=si-i. 
Rewriting this system slightly, 
s’ =-sit+9-i-s 
i’ =i(s—l). 
We see that i’ =0 if (i) i=0 or (ii) s=1. In case (i), s’ =0 if s=9. Thus case (i) leads to the 
equilibrium point (s,i) = (9,0). In case (ii), s’ =0 if i= 4. Thus case (ii) leads to the 
equilibrium point (s,/) = (1,4). 
-1 -10 


9 
At Z= Hl the linearized system has the form z’ = 0 8 


h. The eigenvalues are 


1 
A,=-1 and A, =8. This equilibrium point is an unstable saddle point. At z= a the 


=a 
4 
A, =(-5- iV7 )/2 and (-3 + iV7 )/2. This equilibrium point is an asymptotically stable spiral 
point. 

(9,0) is an unstable equilibrium point while (1,4) is stable. 


2 
linearized system has the form z’ = 0 } . The eigenvalues are 


Chapter 9 
Numerical Methods 


Section 9.1 


Unless indicated by ..., all results are rounded to the places shown. 


1 (a). Integrating y’ =2t—1, we find y = —t+C. Imposing the initial condition y(1) =0, we 
obtain y=f —-1. 
1(b). Since f(t,y) =2r—1, it follows that f(t+h,y + hf(t,y)) =2(t+ h)—1. Therefore, Heun’s 
method takes the form 
Yau =y, t(h/2)[2t, -)+(2t,,,-DI. 
1(c). As in part (b), we find the modified Euler’s method takes the form 
Ya =Y, FAQ, +h /2)—]). 


1 (d). 1.0000 0 
1.1000 0.1100 
1.2000 0.2400 
1.3000 0.3900 


1(e). 1.0000 0 
1.1000 0.1100 
1.2000 0.2400 
1.3000 0.3900 


1 (f). 1.0000 0 
1.1000 0.1100 
1.2000 0.2400 
1.3000 0.3900 


2 (a). Integrating y’ =—y and imposing the initial condition, we obtain y =e". 
2 (b). Heun’s method takes the form y,,,=(1-h+0.5h°)y,. 
2(c). The modified Euler’s method takes the form y,,,=(1-A+0.5h’)y,. 


2 (d). 0.0000 1.0000 
0.1000 0.9050 
0.2000 0.8190 
0.3000 0.7412 


21¢). 


2 (f). 


3 (a). 


3 (b). 


3 (c). 


3 (d). 


3 (e). 


3 (f). 


4 (a). 
4 (b). 
4(c). 


4 (d). 


4 (e). 


0.0000 
0.1000 
0.2000 
0.3000 


0.0000 
0.1000 
0.2000 
0.3000 


1.0000 
0.9050 
0.8190 
0.7412 


1.0000 
0.9048 
0.8187 
0.7408 
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Solving the separable equation y’ =—ty, we find y=C grr. Imposing the initial condition 


y(0) =1, we obtain y =e 


Since f(t,y)=—by, it follows that f(t+h,y+hf(t,y))=—-@+hA)Ly + h(-pby)]. Therefore, 


Heun’s method takes the form 
Vinal = Vn a (h (2I=1,9; — baal — ht,y,,)| . 


As in part (b), we find the modified Euler’s method takes the form 


Yast = ¥, ~ACt, +O0.5h)(y, —O.5ht,y,). 


0 

0.1000 
0.2000 
0.3000 
0 

0.1000 
0.2000 
0.3000 
0 

0.1000 
0.2000 
0.3000 


Integrating y’ =—y+¢ and imposing the initial condition, we obtain y=t—I+e™. 


1.0000 
0.9950 
0.9802 
0.9560 
1.0000 
0.9950 
0.9801 
0.9559 
1.0000 
0.9950 
0.9802 
0.9560 


t 


Heun’s method takes the form y,,, = y, +0.5h[-y, +14,-(y, tACY, +6) + tial: 
The modified Euler’s method takes the form y,,,=y, +A[-(y, +0.5h(-y, +4,)) +4, +05h]. 


0.0000 
0.1000 
0.2000 
0.3000 


0.0000 
0.1000 
0.2000 
0.3000 


0.0000 
0.0050 
0.0190 
0.0412 


0.0000 
0.0050 
0.0190 
0.0412 
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4 (f). 


5 (a). 


5 (b). 


5 (c). 


5 (d). 


5 (e). 


5 (f). 


0.0000 0.0000 
0.1000 0.0048 
0.2000 0.0187 
0.3000 0.0408 


Solving the separable equation y*y’ +1=0, we find y* =—1.5 +C. Imposing the initial 
condition y(0)=1, we obtain y? =-1.5 +lor y=(1-1.5r)". 
Since f(t,y)=—ty -, it follows that f(t+h,y + Af(t,y)) =—(t+ h)Ly + h(-ty)|°. Therefore, 
Heun’s method takes the form 

Yn = In (AI 2I-E, 9, — tan — Abe) 1: 
As in part (b), we find the modified Euler’s method takes the form 

Vou = J, ~A(t, +0.5h)(y, -O0.5ht,y,")”. 

1.0000 

0.1000 0.9950 

0.2000 0.9796 

0.3000 0.9529 

0 1.0000 

0.1000 0.9950 

0.2000 0.9797 

0.3000 0.9531 

0 1.0000 

0.1000 0.9950 

0.2000 0.9796 

0.3000 0.9528 
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6 (a). Solving the separable equation y’=1+ y’ and imposing the initial condition we obtain 
y=tan(t—7/4). 


6 (b). 


T 
0.0000 
0.0500 
0.1000 
0.1500 
0.2000 
0.2500 
0.3000 
0.3500 
0.4000 
0.4500 
0.5000 
0.5500 
0.6000 
0.6500 
0.7000 
0.7500 
0.8000 
0.8500 
0.9000 
0.9500 
1.0000 


The errors at t= 1 are, respectively, 0.0176, 1.6495e-004, 


E 

- 1.0000 
-0.9000 
-0.8095 
-0.7267 
-0.6503 
-0.5792 
-0.5124 
-0.4493 
-0.3892 
-0.3316 
-0.2761 
-0.2223 
-0.1698 
-0.1184 
-0.0677 
-0.0175 

0.0326 

0.0826 

0.1329 

0.1838 

0.2355 


and 6.8239e-004. 


H 
-1.0000 
-0.9047 
-0.8177 
-0.7375 
-0.6630 
-0.5933 
-0.5276 
-0.4653 
-0.4058 
-0.3486 
-0.2934 
-0.2399 
-0.1876 
-0.1362 
-0.0856 
-0.0354 

0.0147 
0.0648 
0.1152 
0.1662 
0.2181 


IE 

- 1.0000 
-0.9049 
-0.8179 
-0.7378 
-0.6634 
-0.5937 
-0.5280 
-0.4657 
-0.4062 
-0.3491 
-0.2940 
-0.2404 
-0.1881 
-0.1368 
-0.0862 
-0.0360 

0.0140 

0.0641 

0.1145 
0.1654 
0.2173 
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7 (a). Solving the separable equation yy’ +1=0, we find y* =—r +C. Imposing the initial condition 
y(0) = 3, we obtain y> =-1° +9 or y=(9-P)'”. 
7 (b). 
T E H IE 

0 3.0000 3.0000 3.0000 
0.0500 3.0000 2.9996 2.9996 
0.1000 2.9992 2.9983 2.9983 
0.1500 2.9975 2.9962 2.9962 
0.2000 2.9950 2.9933 2.9933 
0.2500 2.9917 2.9896 2.9896 
0.3000 2.9875 2.9850 2.9850 
0.3500 2.9825 2.9795 2.9795 
0.4000 2.9766 2.9732 2.9732 
0.4500 2.9699 2.9661 2.9661 
0.5000 2.9623 2.9580 2.9580 
0.5500 2.9539 2.9492 2.9492 
0.6000 2.9445 2.9394 2.9394 
0.6500 2.9344 2.9287 2.9287 
0,:7000 2.9233 2.9172. 2.9172 
0.7500 2.9113 2.9047 2.9047 
0.8000 2.8984 2.8914 2.8914 
0.8500 2.8846 2.8771 2.8771 
0.9000 2.8699 2.8618 2.8618 
0.9500 2.8542 2.8456 2.8456 
1.0000 2.8376 2.8284 2.8284 


The errors at t= | are, respectively, -9.1466e-003, -6.9021e-007, 
and -1.3752e-005. 
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8 (a). Solving the equation y’ +2y = 4 and imposing the initial condition we obtain y=2+e”. 


8 (b). 
ii 

0 
0.0500 
0.1000 
0.1500 
0.2000 
0.2500 
0.3000 
0.3500 
0.4000 
0.4500 
0.5000 
0.5500 
0.6000 
0.6500 
0.7000 
0.7500 
0.8000 
0.8500 
0.9000 
0.9500 
1.0000 


The errors at t= | are, respectively, 1.3758e-002, 4.8717e-004, 


E 
3.0000 
2.9000 
2.8100 
2.7290 
2.6561 
2.5905 
2.5314 
2.4783 
2.4305 
2.3874 
2.3487 
2.3138 
2.2824 
22042 
2.2288 
2.2059 
2.1853 
2.1668 
2.1501 
2ASoL 
2.1216 


and 4.8717e-004. 


H 
3.0000 
2.9050 
2.8190 
2.7412 
2.6708 
2.6071 
2.5494 
2.4972 
2.4500 
2.4072 
2.3685 
Pi Ie fos) 
2.3018 
22132 
2.2472 
ede ot 
2.2025 
2.1832 
2.1658 
DASOL 
2.1358 


IE 
3.0000 
2.9050 
2.8190 
2.7412 
2.6708 
2.6071 
2.5494 
2.4972 
2.4500 
2.4072 
2.3685 
2.3335 
2.3018 
D212 
2.2472 
Zany, 
2.2025 
Zl BS2 
2.1658 
2.1501 
2.1358 
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9 (a). 


9 (b). 


10. 
11. 


12. 
13. 


14. 
16. 


t 


Solving the separable equation y’ + 2ty =0, we find y =Ce™ - Imposing the 


initial condition y(0) =2, we obtain y =2e". 


T E H IE 

0 2.0000 2.0000 2.0000 
0.0500 2.0000 1.9950 1.9950 
0.1000 1.9900 1.9801 1.9801 
0.1500 1.9701 1.9555 1.9554 
0.2000 1.9405 1.9216 1.9215 
0.2500 1.9017 1.8788 1.8787 
0.3000 1.8542 1.8278 1.8277 
0.3500 1.7986 1.7694 1.7692 
0.4000 1.7356 1.7043 1.7040 
0.4500 1.6662 1.6334 1.6330 
0.5000 1.5912 1.5576 1.5572 
0.5500 1.5117 1.4780 1.4775 
0.6000 1.4285 1.3955 1.3949 
0.6500 1.3428 1.3110 1.3103 
0.7000 1.2555 1.2255 1.2247 
0.7500 1.1676 1.1398 1.1390 
0.8000 1.0801 1.0549 1.0541 
0.8500 0.9937 0.9715 0.9706 
0.9000 0.9092 0.8902 0.8893 
0.9500 0.8274 0.8116 0.8107 
1.0000 0.7488 0.7364 0.7354 


The errors at t= | are, respectively, -1.3009e-002, -6.0218e-004, and 
3.3293e-004. 


The iteration is Euler’s method, with 4, =2,7 =1, and f(t,y)=y+ a y. 

Since 4, =1+nh, h=0.05, n=0,1,...,99, it follows that 4, =1 and N —1= 99. Thus, N = 100, 
and T = t, =1+ Nh =1+100h =1+(100)(0.05) =5. From the form of the iteration, it must be 
Heun’s method. Therefore, f(t,y)= ty +1. 

The iteration is the modified Euler’s method, with ¢, =0,T =2, and f(t,y) = tsin? y. 

Since 4, =2+nh, h=0.01, n=0,1,...,99, it follows that 4,=2 and N —1=99. Thus, N= 
100, and T = 4, =2+ Nh =2+100A =2 + (100)(0.01) =1. From the form of the iteration, it 
must be Euler’s method. Therefore, f(t,y)= y/(t+y’). 

The iteration is the modified Euler’s method, with ¢, =—1,7T =10, and f(t,y)=sin(t+ y). 

(a) The initial value problem is Q’(t) = 6(2 — cosa) — tty , OO) =0 where V(t) = 90+5r. 
(c) The tank contains 100 gallons when ¢= 2 minutes. As estimated by Heun’s method, 

Q(2) = 23.7538... pounds. 


17 (a). From Exercise 16, part (a), the problem to be solved is 
QO’ =12—6cosm—Q/(90+51), Q(0)=0, OS t<2. 
17 (b). Using the modified Euler’s method with h = 0.05, we obtain 


18. 


t 

0 
0.0500 
0.1000 
0.1500 
0.2000 
0.2500 
0.3000 
0.3500 
0.4000 
0.4500 
0.5000 
0.5500 
0.6000 
0.6500 
0.7000 
0.7500 
0.8000 
0.8500 
0.9000 
0.9500 
1.0000 
1.0500 
1.1000 
1.1500 
1.2000 
1.2500 
1.3000 
1.3500 
1.4000 
1.4500 
1.5000 
1.5500 
1.6000 
1.6500 
1.7000 
1.7500 
1.8000 
1.8500 
1.9000 
1.9500 
2.0000 


Q(t) 
0 
0.3008 
0.6089 
0.9313 
1.2749 
1.6460 
2.0501 
2.4922 
29759 
3.5041 
4.0785 
4.6997 
5.3670 
6.0787 
6.8320 
7.6230 
8.4469 
9.2979 
10.1700 
11.0561 
11.9491 
12.8416 
13.7264 
14.5961 
15.4441 
16.2640 
17.0502 
17.4979 
18.5033 
19.1636 
19°7772 
20.3434 
20.8628 
21.3312 
21.7695 
221635 
22.5241 
22.8569 
23.1681 
23.4647 
23.7538 
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The Heun’s method estimate is P(2) = 1.5005 million individuals. 


258 ¢ Chapter 9 Numerical Methods 


19. Using the modified Euler’s method, we estimate P(2) = 1.5003 million individuals. 
20 (a). The results are listed below. The columns headed H1, H2, and H3 are the results obtained 

using step sizes h =0.05,h=0.025,and h=0.0125 respectively. 

t 1 H2 H3 True 

0.0000 1.0000 1.0000 1.0000 1.0000 

0.0500 1.0526 1.0526 1.0526 1.0526 

0.1000 1.1109 1.1111 1.1111 1.1111 

0.1500 1.1762 1.1764 1.1765 1.1765 

0.2000 1.2495 1.2499 1.2500 1.2500 

0.2500 1.3326 1.3332 1.3333 1.3333 

0.3000 1.4275 1.4283 14285 1.4286 

0.3500 1.5370 1.5381 1.5384 1.5385 

0.4000 1.6645 1.6661 1.6665 1.6667 

0.4500 1.8151 1.8174 1.8180 1.8182 

0.5000 1.9954 1.9988 1.9997 2.0000 

0.5500 2.2153 2.2204: 2.2218 — 2.2222 

0.6000 2.4894 2.4972 2.4993 2.5000 

0.6500 2.8402 2.8527 2.8560 2.8571 

0.7000 3.3049 3.3257 3.3314 3.3333 

0.7500 3.9488 3.9860 3.9964 4.0000 

0.8000 4.8975 4.9714 4.9925 5.0000 

0.8500 6.4264 6.5969 6.6480 6.6667 

0.9000 9.2615 9.7669 9.9353 10.0000 

0.9500 15.9962 18.4267 19.5053 20.0000 

The error ratios are denoted, respectively, by R1 and R2 where 

R\=(A1-— True) /(H2—-True) and R2 =(H2—- True) /(H3-— True) 


t Rl R2 
0.0500 3.8916 3.9471 
0.1000 3.8879 3.9454 
0.1500 3.8838 3.9436 
0.2000 3.8791 3.9414 
0.2500 3.8737 3.9390 
0.3000 3.8674 3.9362 
0.3500 3.8601 3.9329 
0.4000 3.8513 3.9291 
0.4500 3.8408 3.9244 
0.5000 3.8279 3.9187 
0.5500 3.8117 3.9117 
0.6000 3.7909 3.9026 
0.6500 3.7634 3.8907 
0.7000 3.7255 3.8743 
0.7500 3.6707 3.8503 
0.8000 3.5860 3.8126 
0.8500 3.4428 3.7459 
0.9000 3.1683 3.6039 
0.9500 2.5450 3.1800 
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20 (b). An error monitor is y()— ¥,, =(9,, —y,)/3. 

20 (c). The column headed est gives the estimated error using the error monitor from part (b). The 
column headed true gives the actual error. The error monitor used step sizes of h = 0.025 and h 
= 0.0125. 


t est true 
0.0500 4.4179e-006 4.4972e-006 
0.1000 1.0382e-005 = 1.0574e-005 
0.1500 1.8466e-005  1.8820e-005 
0.2000 2.9497e-005  3.0084e-005 
0.2500 4.4686e-005 4.5614e-005 
0.3000 6.5850e-005 6.7281e-005 
0.3500 9.5774e-005 9.7965e-005 
0.4000 1.3886e-004  1.4222e-004 
0.4500 2.0228e-004 2.0751e-004 
0.5000 2.9820e-004  3.0650e-004 
0.5500 4.4818e-004 4.6178e-004 
0.6000 6.9264e-004 7.1587e-004 
0.6500 1.1126e-003 = 1.1547e-003 
0.7000 = 1.8854e-003 = 1.9679e-003 
0.7500 3.4446e-003  3.6255e-003 
0.8000 7.0273e-003 7.4956e-003 
0.8500  1.7050e-002  1.8628e-002 
0.9000  5.6137e-002 6.4677e-002 
0.9500 3.5951le-001 4.9473e-001 


Section 9.2 


Unless indicated by ..., all results are rounded to the places shown. 


1 (a). From the given equation y’=—y+2, we know y’(t)=—y()+2, y’"(HM=—y’(), 
y’""()=—-y’"(t), and y(t) =—y’’’(t). We also know that y(0)=1. Therefore, 
y’'(0) =—y)+2=—-1+2=1, y"(0)=—y’(0)=—1, yO) =—y"(O) = 1, and 
y(0) =—y’’’(0) = —1. Thus, 
P,(t)=14+t-(1/2)P +1 /6)P -1/24)0*. 
2 (a). From the given equation y’ = 2ty, we know, y’(0)=0, y’’(0)=2, y’’’(0) =0, and 
y(0) =12. Thus, 
Pj=14+P +(/2)0. 
3 (a). From the given equation y’ = ty’, we know y’())=ty' (0), y’"(D=y (N+2H(Dy(), 
y(t) = 4y(y"(O) + 2ty’(Dy'"()) + 2ty(Oy"(), and 
yD = by’ (Dy (N+ 6y(Dy’ (0 + 6b (Dy (DN +20 (Dy’’’ (1). We also know that y(0)=1. 
Therefore, y’(0)=0, y’’(0)=1, y’’’(0)=0, and y“(0) =6. Thus, 
P,(t)=14+(/2)P +0/4)0. 
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4 (a). From the given equation y’ =f + y, we know, y’(0)=1, y’’(0)=1, y’’’(0) = 3, and 
y (0) = 3. Thus, 

P,(t)=14+14+(1/2) +(1/2)f +1/8)0*. 

5 (a). From the given equation y’ = y'’, we know y’()=y'"(1), y’(N=(1/2)y ""Oy'(), 
y’()=-A/Ay Py’ + (1/2)y Oy"), and 
y= (3/8)y Py’ Oy'(N- 3/4 y Oy” Oy’ (0 + d/2)y "Oy. We also know 
that y(O)=1. Therefore, y’(0)=1, y’’(0) =1/2, y’’(0) =—-/4)+(1/2)./2) =0, and 
y?(0) = (3/8) — (3/4). /2) =0. Thus, 

P,(t)=14+t+(1/4)r. 

6 (a). From the given equation y’ = ty ', we know, y’(0)=0, y’’(0)=1, y’’’(0) =0, and 
y‘(0) =—3. Thus, 

P,(t)=14+ (1/2) —(1/8)0*. 

7 (a). From the given equation y’ = y+sint, we know y’(f) = y(t) +sint, y’’() = y(t) + cost, 
y'"(th= y(t) —sint ,and y(t) = y’”’(t)—cost. We also know that y(0)=1. Therefore, 
y’(0)=1, y"(0)=14+1=2, y’’)=2-0=2, and y(0) =2-1=1. Thus, 

P,t)=14+ 14+ +(1/3)° +(1/24)0. 

8 (a). From the given equation y’ = y**, we know, y’(0)=1, y’’(0)= 3/4, y’’’(0) =3/8, and 
y'(0) = 3/32. Thus, 

P(t) =14+1+(3/8)0 +(1/16)P + (1/256)0*. 

9 (a). From the given equation y’=1+ y’, we know y’()=1+ y(t), y’"() =2y(Ny'(), 

y(t) =2y’ (Dy (D+2yHy"() ,and y(t = by” (Ny’() + 2y(Dy’’(2). We also know that 
y(0) =1. Therefore, y’(0)=2, y’’(0) = (2)(D(2) = 4, y’’’(O) = (2)(2)(2) + (2) (4) = 16, and 
y (0) = (6)(4)(2) + (2)() 16) = 80. Thus, 

P(t) =14+ 2+ 2 + (8/3) +(10/3)0*. 

10 (a). From the given equation y’ =—41’y, we know, y’(0)=0, y’’(0)=0, y’’’(0)=0, and 
y(0) =—24. Thus, 

P(n=l-f. 
11 (a). From the given equation y’’ = 3y’—2y,we know y’’(f) = 3y’()-2y(), 
y(t) = 3y"(—2y’(), YON = 3y”"(H-2y"(H)_, and y'(1) = 3y (1) — 2y’”"(1). We also 
know that y(O)=1 and y’(0)=0. Therefore, y’’(0) = (3)(0) — (2)() =-2, 
yO) = (3)(-2) — (2)0) =-6, y (0) = (3)(-6) — (2)(-2) = -14, and 
y(0) = (3)(-14) — (2)(-6) = -30.. Thus, 
P)=1-P -f -(7/12) -d/4)r. 

12 (a). From the given equation y’’ — y’=0, we know, y’’(1)=2, y’’() =2, y() =2, and 
y(1) =2. Thus, 

P.(t)=14+2(t-1) + (t- 1)? + (1/3)(t- 1)* + (1/12)(t- 1)* +1 /60)(t- 1)”. 

13 (a). From the given equation y’”’ = y’, we know y’”"()=y'(0), Y= y"(H, and yO = y’"(0). 
We also know that y(0)=1, y’(0)=2 and y’(0)=0. Therefore, y’’’(0)=2, y“(0)=0, 
y®(0) = 2. Thus, 

P(t) =1+2t+(1/3) +(1/60)P. 


14 (a). 


15. 


16. 
Lz, 


18. 


20 (a). 


20 (b). 
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From the given equation y’’ + y+ y° =0, we know, y’’(0)=-2, y’’’(0)=0, y(0) =8, and 
y®(0) =0. Thus, 

Pf)=1-0 +(1/3)0*. 
The function g(h) = sin2h has a Maclaurin expansion given by sin2h =2h—(1/6)(2h)*° +++. 
Therefore, g(h) = O(h). 
qh) = Oh). 
The function g(h) =1—cosh has a Maclaurin expansion given by 
1—cosh =1-(1-(1/2)h* + (1/24)h* +--+ =(1/2)h? +++». Therefore, g(h) = O(h’). 
The function q(h) = e” — (1+ A) has a Maclaurin expansion given by 
e”—(1t+h)=[14+A+(1/2)h> +---]—(+h)=(1/2)h? +--+. Therefore, g(h) = O(h’). 


t ts-1 ts-2 ts-3 
0.0000 1.0000 1.0000 1.0000 
0.0500 1.0000 1.0006 1.0006 
0.1000 1.0013 1.0025 1.0025 
0.1500 1.0037 1.0056 1.0056 
0.2000 1.0075 1.0100 1.0100 
0.2500 1.0125 1.0156 1.0156 
0.3000 1.0187 1.0224 1.0224 
0.3500 1.0261 1.0304 1.0304 
0.4000 1.0348 1.0396 1.0396 
0.4500 1.0446 1.0500 1.0500 
0.5000 1.0556 1.0616 1.0616 
0.5500 1.0677 1.0743 1.0742 
0.6000 1.0810 1.0881 1.0881 
0.6500 1.0955 1.1030 1.1030 
0.7000 1.1110 1.1190 1.1190 
0.7500 1.1276 1.1360 1.1360 
0.8000 1.1452 1.1541 1.1541 
0.8500 1.1638 1.1732 1.1731 
0.9000 1.1835 1.1932 1.1932 
0.9500 1.2041 1.2142 1.2142 
1.0000 1.2256 1.2361 1.2361 
At t= 1, the errors are (respectively): -1.0441e-002, 5.507 1e-005, and 
-1.0500e-006. 
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21 (a). 

t ts-1 ts-2 ts-3 
0.0000 -1.0000 -1.0000 -1.0000 
0.0500 -1.0000 -0.9975 -0.9975 
0.1000 -0.9950 -0.9901 -0.9901 
0.1500 -0.9851 -0.9779 -0.9780 
0.2000 -0.9705 -0.9614 -0.9615 
0.2500 -0.9517 -0.9409 -0.9412 
0.3000 -0.9291 -0.9171 -0.9174 
0.3500 -0.9032 -0.8905 -0.8908 
0.4000 -0.8746 -0.8616 -0.8620 
0.4500 -0.8440 -0.8311 -0.8316 
0.5000 -0.8120 -0.7994 -0.8000 
0.5500 -0.7790 -0.7672 -0.7677 
0.6000 -0.7456 -0.7347 -0.7353 
0.6500 -0.7123 -0.7024 -0.7030 
0.7000 -0.6793 -0.6705 -0.6711 
0.7500 -0.6470 -0.6394 -0.6400 
0.8000 -0.6156 -0.6092 -0.6098 
0.8500 -0.5853 -0.5800 -0.5806 
0.9000 -0.5562 -0.5520 -0.5525 
0.9500 -0.5283 -0.5252 -0.5256 
1.0000 -0.5018 -0.4996 -0.5000 

21 (b). At t= 1, the errors are (respectively): -1.8055e-003, 4.0475e-004, and -6.8372e-006 
22 (a). 

t ts-1 ts-2 ts-3 
0.0000 1.0000 1.0000 1.0000 
0.0500 1.0250 1.0247 1.0247 
0.1000 1.0494 1.0488 1.0488 
0.1500 1.0732 1.0724 1.0724 
0.2000 1.0965 1.0954 1.0954 
0.2500 1.1193 1.1180 1.1180 
0.3000 1.1416 1.1401 1.1402 
0.3500 1.1635 1.1619 1.1619 
0.4000 1.1850 1.1832 1.1832 
0.4500 1.2061 1.2041 1.2042 
0.5000 1.2269 1.2247 1.2247 
0.5500 1.2472 1.2449 1.2450 
0.6000 1.2673 1.2649 1.2649 
0.6500 1.2870 1.2845 1.2845 
0.7000 1.3064 1.3038 1.3038 
0.7500 1.3256 1.3228 1.3229 
0.8000 1.3444 1.3416 1.3416 
0.8500 1.3630 1.3601 1.3601 
0.9000 1.3814 1.3783 1.3784 
0.9500 1.3995 1.3964 1.3964 
1.0000 14173 1.4142 1.4142 
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22 (b). At t= 1, the errors are (respectively): 3.1075e-003, -5.7087e-005, and 
1.3615e-006. 


23 (a). 

t 
0.0000 
0.0500 
0.1000 
0.1500 
0.2000 
0.2500 
0.3000 
0.3500 
0.4000 
0.4500 
0.5000 
0.5500 
0.6000 
0.6500 
0.7000 
0.7500 
0.8000 
0.8500 
0.9000 
0.9500 
1.0000 


ts-] 
0.0000 
0.0500 
0.0977 
0.1436 
0.1880 
0.2311 
0.2733 
0.3146 
0.3553 
0.3955 
0.4354 
0.4751 
0.5146 
0.5541 
0.5937 
0.6335 
0.6736 
0.7139 
0.7547 
0.7960 
0.8379 


ts-2 
0.0000 
0.0488 
0.0955 
0.1405 
0.1841 
0.2266 
0.2682 
0.3091 
0.3494 
0.3892 
0.4288 
0.4682 
0.5075 
0.5468 
0.5862 
0.6258 
0.6657 
0.7060 
0.7467 
0.7879 
0.8298 


ts-3 
0.0000 
0.0488 
0.0956 
0.1407 
0.1844 
0.2269 
0.2686 
0.3095 
0.3498 
0.3897 
0.4293 
0.4687 
0.5080 
0.5473 
0.5868 
0.6264 
0.6664 
0.7067 
0.7475 
0.7888 
0.8307 


23 (b). At t= 1, the errors are (respectively): 7.2979e-003, -8.2708e-004, 
and 3.0263e-005. 
24. Wefind E,=-10499x10° and E, =—1.2939 x 10’. The error ratio is 0.12323 


while 1/8 is equal to 0.125. Thus, the error ratio is close to 1/8. 


25.  Wefind E, =-6.8372x10° and E, =-8.4649 x 10°’. The error ratio is 0.12381 


while 1/8 is equal to 0.125. Thus, the error ratio is close to 1/8. 


26. Wefind E,=—1.3615x10° and E, =—1.6598 x10’. The error ratio is 0.12191 


while 1/8 is equal to 0.125. Thus, the error ratio is close to 1/8. 


27. We find E, = 3.0263x10° and E, = 3.6501x 10°. The error ratio is 0.12061 
while 1/8 is equal to 0.125. Thus, the error ratio is fairly close to 1/8. 


Section 9.3 


Unless indicated by ..., all results are rounded to the places shown. 


1 (a). For the given initial value problem y’ =—y +2, y(O) =1, we have 
K, = f(.¥0) = FO) =1 


K, = f(t +h/2,y, +(h/2)K,) = f(0.05,1+0.05(1)) = 0.95 
K,= f(t) +h,y, — AK, + 2hK,) =0.91 


Y, =o t h(K, + 4K, + K,)/6=14+ (0.10 + 3.8 +0.91) /6=1.095166... 
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1 (b). 
1(). 


2 (a). 
2 (b). 
2(c). 
3 (a). 


3 (b). 
3 (c). 


4 (a). 
4 (b). 
4(c). 
5 (a). 


5 (b). 
5 (c). 
6 (a). 
6 (b). 


6 (c). 
7 (a). 


7 (b). 
7 (c). 
8 (a). 


8 (b). 
8 (c). 


As in (a), we find K, =1,K, =0.95,K, =0.9525,K, =0.90475 and thus y, =1.0951625. 

A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of 
degree k. In this case, the Runge-Kutta method will not give the exact solution. 

For the given initial value problem y’ = 2ty , y(0)=1, we have y, =1.01006667 

y, =1.01005017. 

Neither Runge-Kutta method will give the exact solution. 

For the given initial value problem y’ = ty’ , y(0)=1, we have 

Ky = f(6.¥) = OD =0 

K, = f(t +h/2,y, +(h/2)K,) = f(0.05,1+ 0.05(0)) = 0.05 

K,= f(t) +h,y,) — hK, + 2hK,) =0.1020... 

Y,=Y¥) +t h(K, + 4K, + K,)/6=14+(0.1)(0 + 0.05 + 0.1020) /6 =1.0050335... 

As in (a), we find K, =0,K, =0.05,K, =0.0503...,K, =0.1010... and thus y, =1.0050251.... 
A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of 
degree k. In this case, the Runge-Kutta method will not give the exact solution. 

For the given initial value problem y’ = 1 + y , y(0)=1, we have y, =1.10550833 

y, =1.10551271. 

Neither Runge-Kutta method will give the exact solution. 

For the given initial value problem y’ = ly , ¥(0) =1, we have 

K, = f(%.¥o) = FOD=1 

K, = f(t) +h/2,y, +(h/2)K,) = f(0.05,1 +0.05(1)) = 1.0246... 

K,= f(t) +h,yy — AK, +2hK,)=1.0511... 

Y,= Yo t AK, + 4K, + K,)/6=1.1024990... 

As in (a), we find K, =1,K, =1.0246...,K, =1.0252...,K, =1.0500... and thus 

y, =1.1024999.... 

A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of 
degree k. In this case, since the solution is a quadratic polynomial, both Runge-Kutta methods 
will give the exact solution. 

For the given initial value problem y’ =1t/y,y(0)=1, we have y, =1.00498350 

y, =1.00498757. 

Neither Runge-Kutta method will give the exact solution. 

For the given initial value problem y’ = y +sinf, y(O)=1, we have 

K, = f(.¥o) = FO) =1 

K, = f(t) +h/2,y. + (h/2)K,) = f(0.05,1+0.05(1)) = 1.0999... 

K, = f(t) + h,y, — AK, + 2hK,) =1.2198... 

Y,=Vo + A(K, + 4K, + K,)/6=1.110329... 

As in (a), we find K, =1,K, =1.0999...,K, =1.1049...,K, =1.2103... and thus 

y, =1.110337.... 

A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of 
degree k. In this case, a Runge-Kutta method will not give the exact solution. 

For the given initial value problem y’ = y** , y(0)=1, we have y, =1.10381059 

y, =1.10381285. 

The 4th order Runge-Kutta method will give the exact solution, but not the 3rd order. 


9 (a). 


9 (b). 
9 (c). 


10 (a). 
10 (b). 


10 (c). 
ine 


12. 


13; 
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For the given initial value problem y’ =1+ y* , y(0)=1, we have 

Ky = fq) = fOD=2 

K, = f(t, +h/2,y, + (h/2)K,) = f(0.05,1+ 0.05(2)) = 2.21 

K,= f(t) +h,y, — hK, + 2hK,) = 2.5425... 

Y, =o t+ h(K, + 4K, + K,)/6=1.2230427... 

As in (a), we find K, =2,K, = 2.21, K, =2.2332...,K, =2.4965... and thus y, =1.2230489.... 
A kth order Runge-Kutta method will give the exact solution if the solution is a polynomial of 
degree k. In this case, a Runge-Kutta method will not give the exact solution. 

For the given initial value problem y’=—4r y , y(0)=1, we have y, =0.99990001 

y, = 0.99990000. 

Neither Runge-Kutta method will give the exact solution. 

Rewriting the given initial value problem, y’’ + ty’+ y , y(O) =1,y’(0) =—1, as a first order 
system, we have 


yy =y,, y(O)=1 


V5 =—ly,—-y> y,(0) =-l, 


1 Yo 
/-f .Y), O)= Jf JY) . 
or y (t,y), y(O) | (LY) om 


Therefore, 


—l 
K, =f(4,Yo) = =| 


K, = f(t, +h/2,yo + (h/2)K,) = ae 
~1,0448... 

K,=f(() +h/2.y9 + (h/2)K,) = res 
~1.0895... 

Kyat sha hk )=] 5 


=y,+A(K,+2K,+2K,+K,)/6= 
Vi=Yo+ h(K, +2K, + 2K, +K,)/ beer 


1.194834... 
111 995042... 


0.895345... | 


0. <¢ 1 2 
For the given initial value problem, y’ = ; oF + A ,y(0)= A we have 
ée j 


1+ 
f(t,y) = ; ie - . Therefore, 


1 


1 
K, =f(%.Y) = | 


1.055 
K, = f(t +h/2y9 +(h/2DK,)=|, 06, 
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1.0555... 
K, =f( + h/2,yo + (h/2)K,) = ee 
1.1220... 
K,=f() +h,yo + hK3)= ee 


ZAG STUB: 
1.220886... | 


y= yo #M(K,#2K, +2K,+K,)/6>] 


0.900625... 
* 1!) 9 gqq968... 


15. Rewriting the given initial value problem, y’” = ty , y(0)=1,y’(0) =0, y’’(0) =—1, as a first 
order system, we have 


Y=, y(O)=1 1 Yo 
y5=y3, y,0)=0 or y’=f(4y), yO)=| 0 |. f(4y) =| y, 
ys=ty,, y,(0)=—-l, = ly, 
Therefore, 
0 
K, =f(%,Y) =| -1 
0 
—0.05 
K, =f(, + h/2,y,+(h/2)K,) =| -1.0 
0.05 
—0.05 
K, =f(4, + h/2,y,+(h/2)K,) =| -0.9975 
0.0498... 
—0.0997... 
K, = f(t + h,y + hK,) =| 0.9950... 
0.0995 
0.995004... 
Y,=Y,)+A(K, + 2K, +2K,+K,)/6 =| 0.099833... |. 
—0.995012... 
1.199637... 
16. y= 1.988834... 
0.114991... 


19 (a). For the given initial value problem y’ = 1/(1+ y), y(O)=1 and for the step size h =0.05, we 
obtain y,, =1.2360679786... as our estimate of y(1). 

19 (b). The actual value of the solution is y(1) = 1.2360679749.... 

20 (a). For the given initial value problem y’ =2ty* , y(0) =—1 and for the step size h =0.05, we 
obtain y,, =—0.5000000409... as our estimate of y(1). 

20 (b). The actual value of the solution is y(1)=—0:5. 


21 (a). 


21 (b). 
22 (a). 


22 (b). 
23 (a). 


23 (b). 


24 (b). 


25 (a). 


25 (b). 
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For the given initial value problem y’ =1/(2y), y(O) =1 and for the step size h =0.05, we 

obtain y,, =1.4142135632... as our estimate of y(1). 

The actual value of the solution is y,, =1.4142135623.... 

For the given initial value problem y’ = (1+ y’)/(1+), y(0) =0 and for the step size h =0.05, 

we obtain y,, =0.83064092... as our estimate of y(1). 

The actual value of the solution is y(1) = 0.83064087.... 

Rewriting the given initial value problem, y’’ +2y’+2y =—2, y(0)=0,y’(O) =1, as a first 

order system, we have 
Yi=Y2, y(0)=0 


0 Yo 
, or y=Hiiy).10)=| jrus=| | 
V5 25= 2) = 25 y,(0)=1, 1 — 


295-29 -—2 
—0.810202... 


_0.425496.. | as our estimate to the solution 


Using the step size h =0.1, we obtain y,. = 


0.810199... 
value ¥(2)=! _9 495499... | 


; ; ; 0.829662... 
Using the step size h =0.1, we obtain y,, = 


0.383398... 

0.829660... 

y= : 
0.383400... 


| as our estimate to the solution value 


Rewriting the given initial value problem, t’y” — ty’ + y=0 , y(1)=2,y’(1) =2, as a first order 
system, we have 
Y=Yo y(l=2 
, 2 2 or 
y,=(),-y, +f) /f, y,() =2, 


2 Yo 
y=tuy.20)=]3 }ro=|" -y eye 


; 4.6137054... 
Using the step size h =0.1, we obtain y,,. = bees . ] as our estimate to the solution 
4.6137056... 
NERO ee 


Chapter 10 
Series Solutions of Linear Differential Equations 


Section 10.1 


n 


: _ wt : : . 
Ae Consider the power series Die Applying the ratio test at an arbitrary value of 1, 1#0, we 
n=0 
n ntl 


t 
obtain lim = F The limiting ratio is less than 1 if 


a n+l t" > REN 2 
| t| <2 . Therefore, the radius of convergence is R= 2. 
; ttn? : t ; : 
2s im|———,, |= lim] ——; |= | t|. Therefore, the radius of convergence is R=1. 
noel (n+l) | =| (144) 
a Consider the power series Ya 2)". Applying the ratio test at an arbitrary value of f, t# 2, 
n=0 
a dean el (Per) al ed Mee leh 
we obtain lim (2) = limn| i= 2|= | t-2|. The limiting ratio is less than 1 if |t-2|< 1, 
Therefore, the radius of convergence is R=1. 
(31-1)""" 2 
4. m “GI-b" = | 3t-1|< lS-al<3sral<1lS0<t< 3° Therefore, the radius of 
1 
convergence is R=—. 
3 
— (¢—1)" 
3. Consider the power series yee Applying the ratio test at an arbitrary value of f, #1, we 
n=0 Nn. 
RS ni(t—1)""! -1 eu ees 
obtain lim |————— |= = (0. The limiting ratio is less than 1 for all ¢, t# 1. 
nel (n+1)'(t-D" | [n+] 
Therefore, the radius of convergence is R=. 
(n+)t-)™"] 
6.  alG—-b" = lim| (n+1)(t-1) | =oo, t#1. Therefore, the radius of convergence is 
noo ni(t—- noo 
R=0. 
We a cal : 
Ts Consider the power series S . Applying the ratio test at an arbitrary value of f, #0, 
n=l n 
n+l t 
we obtain lim|———|= lim = | t\. The limiting ratio is less than 1 if | t| < 1. Therefore, 
n>~!(n+1)t n>~l n+] 


the radius of convergence is R=1. 
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t-—3 


4 


(-D""(t- ca 
convergence is R= 4. 


<1>-4<1t-3<4—>-1<t<7. Therefore, the radius of 


noo 


Consider the power series Sdn n)(t+ 2)". Applying the ratio test at an arbitrary value of f, 
n=l 


t#—2, we obtain 

(In(n +1))(t+2)""" 
(nn)(t+2)" 

can be found using L’ H6pital’s Rule.) The limiting ratio is less than 1 if | t+2 | <1. Therefore, 


(n(n + 1))(t+ 2) 


Inn 


. Inntl) 
lim ———— 


noe Inn 


noo 


=|t+2 


=|1+2|. (The last limit 


noo 


the radius of convergence is R=1. 

(n+1)*(t-1)*" 
ni(t—1)" 

convergence is R=1. 


=|t-1]<1>-1<t-1<150<1<2. Therefore, the radius of 


noo 


- t—4)" 
Consider the power series ee Applying the ratio test at an arbitrary value of 1, 
n=l 
2"v¥n+1(t-4)"" vn+1(t-4 1-4 
t#4, we obtain lim pale Gia = lim Ae = a The limiting ratio is 
room| 2" (t—4)" | noel On 2 


less than | if | t—4 | <2. Therefore, the radius of convergence is R=2. 
(t—2)"" arctan(n) 
(t—2)" arctan(n +1) 
Therefore, the radius of convergence is R=1. 
Applying the ratio test, we see the power series for f(4) and g(f) both have radius of 
convergence R=1. Therefore, each series converges in the interval -l<r<1. 
(a) f=l+t+r+rtet¢e te: 
e()=0414+40 496 +16 425 ++ 
(b) f() + g(t) =14 21450 +100 +178 +268 +: 
(c) f()- g()=1-3f —8r -1544 — 240° 
(d) f’()=14214+3P° +4 45°46 ++ 
(ec) f’()=24+614+12F +20F + 307 + 42P +: 
Applying the ratio test, we see the power series for f(¢) and g(t) both have radius of 
convergence R= 1. Therefore, each series converges in the interval —l<r<1. 
(a) fD=1+2° 43° 44°45 +6 ++ 
e()=—-t+2¢ -3° +40 -5P +60 —--- 
(b) f(O+ e()=40 +80 +127 +167 + 207° +--- 
(c) f()— g(t) = 21+ 6F +10 +1417 +180 +2271 +--. 
(d) f’()=14+ 414+ 9F +16F +257 + 36P ++ 
(ec) f’()=441814 480 +1007 +1800 +2947 ++. 


lim 


noo 


=|t-2|<1>-1< t-2<1>1<t<3 [recall lim arctan(n) =), 
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15. 


16. 


17. 


18. 


19. 


20. 


Applying the ratio test, we see the power series for f(7) has radius of convergence R=1/2 
while the series for g(¢) has radius of convergence R = 1. Therefore, each series converges in 
the interval |r—1|<1/2, or 1/2<1< 3/2. 
(a) f()=1—-2(t-1) + 4(t- 1)? — 8(t-1)° + 16(t— 1)* — 32(t-1)° + 
e(f) =14+ (t-1) +(t-1)? + (¢#-1)° +(#-D* +(¢-D) + 
(b) f(t) + 9() =2-(t-1) + 5(t-1) — 7(¢-)? +17(t-1)* — 3(t-1)° + 
(c) f()— g(t) =-3(t-1) + 3(t—D)” — 9(t -1)° +15 (t— 1)* — 33(t- 1) + 
(d) f’() =—2+ 8(t—-1)— 24(t-1)? + 64(t— 1) — 160(t-1)* + 384(¢- 1)” 
(ce) f(t) = 8— 48(t— 1) + 192(t-1)” — 640(t— 1)* + 1920(¢ — 1)* — 5376(t—1)° = 
Applying the ratio test, we see the power series for f(t) is 1/2 and g(t) is 1. Therefore, 


=X. 
2 


(a) f() =142(t414+4(¢4+ I? + 8(t4+ D? +-:16(t+ D* + 32(0t+ D+ 
e()= (t+ 1+ 2t+)? + 3(t+ 2? + 4(t4+- 24 + 50+ 1) + 6(t + 1° ++ 
(b) f() + g() =14 3(t+ D+ 6(t + D? +11¢4+ DY? + 20(¢4+ Dt + 37(t+ D> ++ 
(c) f(D— g(D=14+ (t+) +2t+)? +5(t+ 1)? +12(¢ +1) +27(t + 1) +: 
(d) f’()=24+8(t+1) +24(¢+ 1)? + 64(¢4+ 1)? +160(¢ + 1)* + 384(¢+ 1) + 
(ce) f(D) =84 48(t+ 1) +192(t+ 1)? +.640(¢ + 1° + 1920(¢ + 1)* +.5376(¢ + 1)? ++ 


Consider the power series peg fc? 
n=0 
the lower limit of n =0 transforms to k = 2 while the upper limit remains at oo. Thus, the 


. Make the change of index k =n+2. With this change, 


power series can be rewritten as psa t‘ . Finally, changing to the original summation index, 
k=2 


n, we obtain yo ap 
n=2 


Make the change of index k =n +3. The power series can be rewritten as Vik —2y(k-De*. 
k=3 


Finally, changing to the original summation index, n, we obtain > (n—2)(n—-I)t". 
n=3 


Consider the power series y ee 
n=0 


the lower limit of n =0 transforms to k = 2 while the upper limit remains at oo. Thus, the 


. Make the change of index k =n +2. With this change, 


power series can be rewritten as y a,_5t° . Finally, changing to the original summation index, 
k=2 


n, we obtain »y Gy Sok vs 
n=2 


Make the change of index k =n—1. The power series can be rewritten as Sik +lha,,,t*. 
k=0 


Finally, changing to the original summation index, n, we obtain >, (n+l)a,,,t". 
n=0 


21 


2a, 


23. 


24. 


29; 


26. 


27: 
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Consider the power series y n(n—1)a,t" *. Make the change of index k =n—2. With this 
n=2 
change, the lower limit of n = 2 transforms to k =0 while the upper limit remains at 


Thus, the power series can be rewritten as Sik +2)(k + 1)a,,,t* . Finally, changing to the 
k=0 


original summation index, n, we obtain Yn +2)(n + Da,,t” 


n=0 


Make the change of index k =n +3. The power series can be rewritten as yop? ee 


k=3 


n 


Finally, changing to the original summation index, n, we obtain Vey cae ae 
n=3 


Consider the power series Yey "(an +1)a,t"*’ . Make the change of index k =n +2. With 
n=0 
this change, the lower limit of » = 0 transforms to k = 2 while the upper limit remains at °° 


Thus, the power series can be rewritten as xe 1) '(k-Na,_,t* . Finally, changing to the 
k=2 


original summation index, 1, we obtain Yep" a —la,_,t’. 
n=2 

a _ a 1)"t 2n+l . 0° lye 

Let f()=f (t-sind). SS On yl (Qn +0)! . Therefore, f(1) = 2 ar 


n=l 


(-1)"”(2n +4 pun? 
hin) oe 


=. Thus, the radius of convergence is R= 00 
esos (-l""(2n + ayia 1 g 1 


2n 


Let f(t) =1-—cos3r. From the Maclaurin series for cosu we have cosu = yi -0" A ‘i 
n=0 nN). 
t We 7207 
Therefore, cos 3f=1— ott + 2 +--+, Hence, 
2! 4! 6! 
Or 811" _ 2290 | PL aid 
f@O= oF Tas él =D 1) Qn! We calculate the radius of convergence by 


using the ratio test. For an abitiary value of t, t#0, we have 


2n)\(31)"*? Or 
BCL ale = ————— |= 0. Thus, the radius of convergence is R=. 
noo pee * |) nye gees 
1 (-— —21)""" 
Let f(t ; =) (-20" = D (-2)"*". li = 24<1. 
OI Ty 4a) Ae - 21) =D ” Ye Jes MO ae i 


1 
Thus, the radius of convergence is R= oe 


1 is 
Let f(t)=1/(1— 1’). From the Maclaurin series for 1/(1— u) we have (aa = Dy u" . Therefore, 
—u n=0 


s=14P +40 ++. Hence, f(O= Yr". 


n=0 
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We calculate the radius of convergence by using the ratio test. For an arbitrary value of t, #0, 
2n+2 


we have lim = lim| e | = 1°. Thus, the radius of convergence is R=1. 
noo n> 


, oo yt 2 pe t’ p 
28 (a). € =D oir atata 51 
2 (—7)" r pe t’ P 
wey Crs —t+—-—+—-—+4+ 
CO! 2! 3! 4! 5! 
1 GO ot ake ie ae ae ae ae 
28 (b). sinh(1) = 1t+¢+—-4+—4+—4+—1...|-|1-t+-—-~-4+—- 4H... [pat+—4+—+.... 
2 2! 3! 4! 5S! 2! 3! 4! 5S! al" 5! 
aL ee ae eee a Gs aes 
cosh(t) = 1+f+—+—+4+—4—-14...|/+]1-t+—--—4+—-++4...}-=14+—-4+—-4... 
2! 3! 4! #5! 2! 3! 4 5S! 2! 4! 


29 (a). Consider the differential equation y’’ —@°y =0 and assume there is solution of the form 


y(H= Sa,t" . Differentiating, we obtain y’(t) = Sina," and y’(t)= Sinn —a,t"’. 


n=l n=2 


Inserting these series into the differential equation, we have > n(n—lja,t"” a>, a,t" =0. 
n=2 n=0 
Making the change of index k = n—2 in the series for y’’(1), we obtain 


Yin +2)(n+ la, ,t" o> a,t” =0, or Stn +2)(n + 1)a,,, 07a, |t" =0. Equating the 
n=0 n=0 n=0 
ve : : wa, 
coefficients to zero, we find the recurrence relation a, ,, =—————*— ,n = 0,1... 
~(n +2)\(n+ he 
29 (b). The recurrence relation in part (a) leads us to 
=0 a, (2; 4,=0' a, /12=0' a, /24,-.a:=0'a, /30=0°a,/ 720; .. 
a,=@°a,/6, a; =a, /20=@*a, /120, a, = wa, /42= w°a, /5040, ... 


7 4 5 7 
Thus, y= a,f1+ 4 Or , tea + CEC 
2 24 720" 6 120 5040 
By Exercise 28, y,(t)=cosh@t and y,(t)= onan 
30 (a). y()= peas “dl +C= =" +C, y0O)=C= t= (a4 0" =¥0". 
n=l n=0 
30 (b). R=1. 
1 
30 (c). yj =—. 
©). y= 
— (t— 1)" 
31 (a). Consider the function given by y’(f)= yer , yd) =1. Integrating the series termwise, 
n! 


(t _ iy 
+1)! 


we obtain y(t)=C+ ee . Imposing the condition y(1) =1, it follows that C =1. 


see | oe 
Adjusting the index of summation, we can write y(t)=1+ > ( v a, ( = 


n=l n=0 
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31 (b). 


31 (c). 
32 (a). 


32 (b). 
32 (c). 


33 (a). 


33 (b). 


33 (c). 


34 (a). 


34 (b). lim 
34-(c), 
35 (a). 


35 (b). 


35 (c). 


n\(t— iD a 
(n+1)!(t-1)" 


Applying the ratio test, lim 


noo 


—1 
| = (0. Therefore, the radius of 
noel ntl 


convergence is R=o9, 
From the power series we see that y(t) = - 


mae. . Re 
y(j=-1+ J ye 1)" Tah =—1+ DCD a oI 14 1) F=f Sen “| 


tet 0° t” 
--Y cy. th yt -1 +1=1+ yt —— —1)"—, 
yi "=. Then, y(1)= -Y aa xe apr a 
R=00, 
yo=e". 
- t—1)" 
Consider the function given by y’(t)= xe 1)” as , yd) =0. Integrating the series 
n=2 n. 
(=) 


termwise, we obtain y(t)= C+ —1)" 
w= C+ LM ay 
that C =0. Adjusting the index of summation, we can write 


ee =) 
yo= Ye yn P= SE yo 


n=3 n=3 


(- a i iB dae 
Applying the ratio test, lim Co" +DIG—-b" | 


convergence is R= oe 


. Imposing the condition y(1) =0, it follows 


t- 
n+l 


=(). Therefore, the radius of 


noo 


t—1)” 
ne 2 =e“ Thus, 
n 


From the power series (7a), we see that SCY 
n=0 


p= 
L= rT tae CY de yi =e“ Or, using the results of part (a), 


= DY, (= ie. ot) = 
1! 2 

y= pXe y's ds= L- Ns 

cy "8 (2n +1) 
(-1)"°""'(2n + 3) 

y(t) = tan '(2). 


t t 
Consider the function y(t) where if y(s) ds = y—. Differentiating both sides, we obtain 
n 


n=l 


1- = y(t). 


prt 


eee 


noo 
yH= y t"', Adjusting the index of summation, we can write y(t) = >» Es 


n=l n=0 
ntl 


t 
Applying the ratio test, lim = | t|. Therefore, the radius of convergence is R=1. 


— 1 
From the power series (7d), we see that y(1) = » t= i= 
n=0 = 
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36. 


od: 


38: 


Assume there is solution of the form y(1) = vot . Differentiating, we obtain 
n=0 


y (n= Sina," and y’’(t)= Yn(n -Da,t"? = Yn +2)(n+)a,,,t", ty’ = Sina, t" : 
n=l n=2 n=0 n=0 


Therefore, »y [(n+2)(n + la,,,-(n+ Da, |t" =0. Equating the coefficients to zero, we find 


n=0 
+1 
the recurrence relation a,,, = Sane = —“_ The recurrence leads us to 
(n+2)(n+1) n+2 
A q 83% Gs 
a =—,a,=—, a =—=—, a ————— 
: SOB A Be. 1s 
r t r P 
Therefore, y(f)=a,j1+—+—+..p+aj;t+ —+—t..7, yO)=a, =1, y’'O)=a,=-1. 
2S 3. TS 
ot see 
Finally vi) 5 Pa 9 be a aes 
nally. 91 =| 2° 8 || 3 15 | 


Consider the initial value problem y’’ + ty’—2y=0, y(0)=0, y’(0) =1 and assume there is 


solution of the form y(f) = ‘a, t" . Differentiating, we obtain 
n=0 


y(Hn= DS na,t"' and y’’(t)= Yan —l)a,t" * . Inserting these series into the differential 
n=l n=2 


equation, we have »y n(n—la,t"? + ty na,t" | — >: a,t" =0. Making the change of index 


n=2 n=l n=0 


k =n—2 in the series for y’’(t), we obtain Yn +2)(n+)a,,,t" +) na,t" — 2 a,t” =0, or 


n=0 n=l n=0 


Dy [(n+2)(n + la,,, + (n—2)a, |t" =0. Equating the coefficients to zero, we find the 
n=0 
+n-2)a, 
recurrence relation a, ,. =———~———_ ,n = 0, 1,... The recurrence leads us to 
(n+2)(n+]) 

a, = 2a, /2=ay, a, =O0a,/12=0, a, =—2a, /30=0, ... 

a,=a,/6, a, =—a,/20=—a,/120, a, =—3a, /42=a,/1680, ... 
Imposing the initial conditions, we have a, =0 and a, =1. Thus, 

()=t+ ee + + 

m6 120 1680 


Assume there is solution of the form y(1) = Sa, t’ . Differentiating, we obtain 
n=0 


co co 


y@Q= Sina," and y’’(f)= Yan —la,t"” = Yin +2)(n+lha,,,t” ty = Sar" = Sia, 0" 
n=l n=2 n=0 


n=0 n=l 


Therefore, 2a, + Sin +2)(n+a,,, +a,_,]t" =O. Equating the coefficients to zero, we find 
n=l 


Tan 


the recurrence relation a, ,, =————>.,, n= 1,2... 
(n+2)(n +1) 


39. 


40. 
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The recurrence leads us to 
—a —a —a 
a0: wd 2 
a, = ,a,= 
4.3 


4 
Therefore, y(t)=a ft rey se afta a, =1, a, =2. 
3 


t t* 
Finall t J-—+..474+25t-—+. 
nally. 91 =| | | © +. 


Consider the initial value problem y’’ +(1+ Ay’ + y=0, y(O) =—1, y’(O) =1 and assume there 


is solution of the form y(t) = Sa, t’ . Differentiating, we obtain 
n=0 


y(H= y na,t"' and y’’(t)= Yin(n —l)a,t" *. Inserting these series into the differential 
n n=2 


equation, we have »y n(n—Nha,t"? +(1+ > na,t" | + »y a,t’ =0 or 
n=2 = = 

»y n(n—N)a,t"” +) na,t" | + ya +n)a,t" =0. Making the change of index k = n—2 in the 

n=2 n=l n=0 

series for y’’(t) and k =n-—1 in the series for y’(t), we obtain 


Yin +2)(n+)a,,,t" +>¥(n +a," + yc +n)a,t" =0, or 


n=0 n=0 n=0 
Sila +2)(n+Da,,,+(n+Na,,,+(n+ Da, |t" =0. Equating the coefficients to zero, we find 
n=0 


the recurrence relation a,,, ei eae = ha ec The recurrence leads us to 
(n+2)(n +1) n+2 
a, =—(a, +a,)/2, a, ee a, =—(a,+.4,)/4=0, a,=—(a,+a,)/5. 
Imposing the initial conditions, we have a, =—1 and a, =1. Thus, 
a, =0, a, =—1/3, a, =1/12, a, =1/20 and so we find 


1 1 1 
f)=-l+t-—Pt+—ft+—Prte. 
uO 5a 720 


Assume there is solution of the form y(t) = Ya, t" . Differentiating, we obtain 
n=0 


y= Yn + la, ,,t" and y’’(f)= Yin +2)(n+1)a,,,t" . Inserting these series into the 


differential equation, we have >» {(n +2)(n+]a,,,-S(n+Da 


+ 6a, \" = 0. Equating the 


n+l 


5 i OF O11 2, The 
(n+2)(n+1) 


coefficients to zero, we find the recurrence relation a,, 


recurrence leads us to 
5a,—6a,  5(2)—6(1) 5(2)a,—6a, 10(2)—6(2) 4 
6 ee; ge 
2 2 3-2 


6 oa 
_ 5(3)a,~6a, _15(4/3)-6(2)_2 — _ 5(4)a,-6a, _ 20(2/3)-6(4/3)_ 4 


4 = yn 5 = = 
4-3 12 3 5-4 20 15 
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4 2 4 
Therrefore, y()=14+21+2P +—P +=f4+—P 
3 3 15 


isis 


41. Consider the initial value problem y’’ —2y’ + y=0, y(O) =0, y’(O) =2 and assume there is 


solution of the form y(f) = »y a,t” . Differentiating, we obtain 
n=0 


y (n= »y na,t" ‘and y’’(t)= Yn(n —1)a,t" *. Inserting these series into the differential 


n=l n=2 


equation, we have y n(n—la,t"? - 2° na,t" | + Ya, t" =O. Making the change of index 
n=2 n=l n=0 


k =n—2 in the series for y’’(t) and k=n-—1 in the series for y’(f), we obtain 


Yin +2)(n+Na,,f" - 24 (n +1a,, 2° + Sa,t" =0,or 
n=0 n=0 n=0 


Yin + 2)(n+Da,,,—-2(n+Da,,, +a, |t" =0. Equating the coefficients to zero, we find the 
n=0 
2(n+1 - 
recurrence relation a,,,. = BAS ANG The recurrence leads us to 
(n+ 2)(n +1) 
a, = (2a,— a))/2, a, =(4a,—a)/6, a, =(6a,—a,)/12, a, = (8a,—a,)/20. 
Imposing the initial conditions, we have a, =0 and a, =2. Thus, 


1 1 
a,=2, a,=1, a, =1/3, a,=1/12 and so we find y(t) = 21+ 27° +f tar tae fon 
Section 10.2 
1. Consider the differential equation y’’ + (sec f)y’ + (t? — 4) 'y =0. The coefficient function 
p(t) = sect is not analytic at odd integer multiples of 2/2. Thus, in the interval —10< r< 10, 


e) 
p(t) is not analytic at + a a oe + = Similarly, the coefficient function g(t) = «(1° — 4) is 


not analytic at t= +2. These 8 points are the only singular points in -10< ¢< 10. 


2 The function p(t) = ? is not analytic at t=0. The function g(t) = sint is analytic everywhere. 
Therefore, t= 0 is the only singular point in -10<7r< 10. 
3 Consider the differential equation (1—1°)y’”’ + ty’ + (csc fy =0. Putting the differential 


equation into the form of equation (1), we see that the coefficient function p(t) = 1(1— ry" is 
not analytic at t= +1. Similarly, the coefficient function g(1) = (cscn(d— t’)" is not analytic at 
integer multiples of z or at += +1. Thus, in the interval —10 < r< 10, the singular points are 
given by ¢=0,+1,t7,427,4 37. 

£ 
is not analytic at r=0, es 90; p28. +27, peu 
2t 2 2 2 


is also not analytic at t= +5. Therefore, 


4. The function p(t) = 


; , + 3m. The 
sin 
t 
function g(t) = —————_- 
(= Os_ Py sindt 
XK 370 


5 
t=0, ie £7, ace +27, ae + 37, +5 are the singular points in -10<1<10. 


10. 


11. 


i: 


13 (a). 
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Consider the differential equation (1+ In| t}) y’+y’+(1+0°)y =0. Putting the differential 
equation into the form of equation (1), we see that the coefficient function p(t) = (1+ In| th)" is 
not analytic at t=0 or at t= te '. Similarly, the coefficient function g(t) = (1+ (1+ In| ae 
is not analytic t=0 or at t=+e'. These three points are the only singular points in the interval 
—10<r<10. 


t 
The function p(t) == is not analytic at t=0. The function g(‘) = tan? is not analytic at 


1+|4 
3 5 3 5 
t= ao a ee . Therefore, t= 0, eo ee + Kare the singular points in 
-10<r<10. 


Consider the differential equation y’’ + (1+21)'y’ + 41-1) 'y =0. Since the coefficient 
functions are rational functions, each is analytic with a radius of convergence R equal to the 
distance from f, =0 to its nearest singularity; see Figure 10.2. The only singularity of 

p(t) =(1+28)' is t=—1/2 while the only singularities of g(t) = «(1— 1°) ' are t= +1. Thus, the 
radius of convergence of the series for p(t) is R=1/2 while the series for g(t) has radius of 
convergence R =1. The given initial value problem is guaranteed to have a unique solution that 


is analytic in the interval —1/2<t<1/2. 


p(t)= 401-927) and q(t) = 11-98)" are not analytic at r= +1/3. Thus, for 4, =1, R= =. 


Consider the differential equation y’’ + (4-31) 'y’ + 35 + 301) 'y =0. Since the coefficient 
functions are rational functions, each is analytic with a radius of convergence R equal to the 
distance from /, =—1 to its nearest singularity; see Figure 10.2. The only singularity of 

p(t) = (4-32) ' is t= 4/3 while the only singularity of g(t) = 31(5 + 302) | is t=—1/6. Thus, 
the radius of convergence of the series for p(t) is R= |- 1-(4/3) | = 7/3 while the series for 
q(t) has radius of convergence R= |- 1—(-1/6) | = 5/6. The given initial value problem is 
guaranteed to have a unique solution that is analytic in the interval -5/6<1+1<5/6. 


p(t)=(1+ 40)" is not analytic at t= : and g(t) = 1(4 +2)‘ is not analytic at 1=—4. Thus, 


1 
for fp ae 


Consider the differential equation y’’ + (1+ 3(t—2)) 'y’ +(sind)y =0. The coefficient function 
p(t) = (3t—5)" is a rational function and is analytic with a radius of convergence R equal to 
the distance from f, =2 to its nearest singularity; see Figure 10.2. The only singularity of 

P(t) = (3t—5)" is t=5/3. The other coefficient function, g(t) = sint, is analytic everywhere 
with an infinite radius of convergence. The radius of convergence of the series for p(t) is 

R= |2 =(67 3) | =1/3.Therefore, the given initial value problem is guaranteed to have a unique 
solution that is analytic in the interval —1/3< t—2<1/3. 

p(t) =(t+3)\1+r)' is not analytic at t= +i and g(t)=0° is analytic everywhere. Thus, for 
t=1, R=~2. 


Consider the differential equation y’’ + ty’ + y =O. Let the solution be given by y(t) = »y at’. 
n=0 


Differentiating, we obtain y’(t)= SY na,t"" and y’(hN= Yin(n —Na,t"”. 
n=2 


n=l 
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13 (b). 


13 (c). 
13 (d). 


14 (a). 


14 (b). 


14 (c). 
14 (d). 


15 (a). 


Inserting these series into the differential equation, we have 


Yan Ha,t"” *+1Dna, t” 14Yas =0 or Yan la,t"” Ying, La" =0. 


Adjusting the indices, we obtain Yin +2)(n + Da,,pt° ~y na,t" 2a t" =0 or 


n=0 n=l n=0 


2a, +a, + »y [(n+2)(n + la,,, +(n + Na, |t" =0. Consequently, the recurrence relation is 


n=l 
given by a, =—a,/2 and a,,,=—a,/(n+2), n=1,2,.... 
The recurrence leads us to 
a, =—a,/2,a,=—a,/4=a,/8,... 
a, =—a,/3,a,=—a,/5=a,/15,... 
Thus, the general solution is 
2 4 3. 5: 


y(t) = al- 5+ - tal S404 yD. 


Since the coefficient functions are analytic for —co < f < o9, the series converges for —co < f< 09, 
The coefficient function p(t) = ¢t is odd and the coefficient function g(t) =1 is even. Therefore, 
Theorem 10.2 guarantees that the given equation has even solutions and odd solutions. 


Yin + 2)(n + la, ,, +2na,, + 3a, |t" =0. Consequently, the recurrence relation is given by 
n=0 
ere —(2n + 3)a, 
ms (nt 2\(n+1)’ 
The recurrence leads us to 
a, =—3a, /2,a,=—5Sa,/6, a, =—Ta,/12=7a,/8, a, =—9a, /20 = 3a, /8... 
a,=—a,/3,a,=—a,/5=a,/15,... 
Thus, the general solution is 
3f dE Sr 3r 
t S| a ee 
y(t) = al aaa I+ al 5 | 
Since the coefficient functions are analytic for -©< t<oo, R=, 


p(t) = 2t is odd and q(t) = 3 is even. Therefore, Theorem 10.2 guarantees that the given 
equation has even solutions and odd solutions. 
Consider the differential equation (1+ 1*)y’”’ + ty’ +2y =0. Let the solution be given by 


=0,1, 2, 5.4 


y(H= Sia,t" . Differentiating, we obtain y’(1) = yeas and y’’(t)= Sinn —Na,t"”. 
n=0 n=l = 
Inserting these series into the differential equation, we have 


(1+?)>¥ n(n—-Da,t"? +t¥ na,t"!+2¥.a,t" =0 or 
n=2 n=l n=0 


»y n(n—lha,t"? + Yan —]a,t" +> na,t” 2> a,t’ =0. Adjusting the indices, we obtain 
n=2 n=2 n=l n=0 


co 


Yn +2)(n + la, ,,t” +d n(n—Na,t" ry i Da, t" =0. Consequently, the recurrence 


n=0 n=l 


relation is given by a, =—a,,a,=—a,/2, and a,,,= ae + 2)a,/[(n+2)(n+])], n=2,3,.... 
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15 (b). The recurrence leads us to 


a, =A, ,a,=—a,/2=a,/2,... 
a, =—a,/2,a,=—1la, /20=11a, /40,... 
Thus, the general solution is 
fae es Po Tip 
N)=all-° + —---]+al[t-—+——:]=y,O+y,. 
YY = al pee Fae et a) 


15 (c). The coefficient functions p(t)= 11+ 0°)" and g(t)=2(1+ 1°)" fail to be analytic at t= +i. 


Therefore, the radius of convergence for each coefficient function is R= 1. Consequently, 
Theorem 10.1 guarantees that the power series solution converges in the interval —1<7¢<1. 


15 (d). The coefficient function p(t) = (1+ 1°) is odd and the coefficient function g(t) =2(1+ t’)* is 


16 (a). 


even. Therefore, Theorem 10.2 guarantees that the given equation has even solutions and odd 
solutions. 


»y [(n+2)(n + la, ,, -—5(n + Ya,,, + 6a, |t" =0. Consequently, the recurrence relation is given 
n=0 
ss SENG t= 84, 


by 4,,.= , n=0,1,2,.... 
(n+2)(n +1) 


16 (b). The recurrence leads us to 


a, = (5a, — 6a,) /2 = 5a, /2— 3a, , a, = (5(2)a, — 6a,) / (3-2) =19a, /6—S5a, 
Thus, the general solution is 
Sr 198° 


t)=a,[1- 3° -5¢° ---]+a[t+—+ 
y(t) = al J+ al 5 6 


$e], 


16 (c). Since the coefficient functions are analytic for -co< f< oo, R=0o, 


16 (d). 
17 (a). 


p(t) =—5 and q(t) =6 are both even. Therefore, Theorem 10.2 does not apply. 
Consider the differential equation y’’—4y’+4y =0. Let the solution be given by 


y(N= Yia,t" . Differentiating, we obtain y’(f) = ¥'na,t" and y’(f)= Sinn —Na,t"”’. 
n=0 n=l n=2 


Inserting these series into the differential equation, we have 


y n(n—lha,t"”? - 4) na,t" +4) a,t" =0. Adjusting the indices, we obtain 
n=2 n=0 


= n=l = 


Yin +2)(n+ Da, ,t" — 4)°(n +a, 0° +4) a,t" =0. Consequently, the recurrence relation 
n=0 n=0 n=0 


is given by a,,, =[4(n+la,,,-—4a,]/[m+2)(n+)], n=0,1,.... 


17 (b). The recurrence leads us to 


a, = 2a, — 2a, ,a, = (8a, — 4a,)/6 = (16a, — 16a, — 4a,) /6 = 2a, —(8/3)a, ,... 


Thus, the general solution is 
3 


8t 
y(t) =a,[1-20 way ted taltt2r +2P--J=y (+ y,(. 


17 (c). The coefficient functions are constant and hence analytic everywhere. Consequently, Theorem 


10.1 guarantees that the power series solution converges in the interval —ce < f< 0. 


17 (d). The coefficient function p(t) =—4 is even and hence Theorem 10.2 does not apply. 
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18 (a). 


18 (b). 


18 (c). 


18 (d). 
19 (a). 


»y [(n+2)(n + Da,,, + (n+ Ina, ,, +4, |t" =0. Consequently, the recurrence relation is given 


n=0 
-[(n + I)na,,,+ a, | 
by G42 = 
(n+2)(n +1) 
The recurrence leads us to 
_-a |@Matal a a4  _|[@Qatal aa, 
2= > 4, Sr eek et es od a, = OS eee 
2 3-2 6 6 4-3 8 12 
Thus, the general solution is 
2 pr pr 4 
t)=a,1-—-—-::: +alt->+—+ 
y(t) = al > 6 J+ al 61D ] 


1 
t) = —— isnot analytic attr=—1, R=1. 
q(t) ae y 


1 
q(t) = aa is neither even nor odd. Therefore, Theorem 10.2 does not apply. 


Consider the differential equation (3+ Ay” + 3ty’ + y =0. Let the solution be given by 
y(H= Sa,t" . Differentiating, we obtain y’(1) = Sina," and y’’(f)= Yin(n —la,t"”. 


n=0 n=l n=2 


Inserting these series into the differential equation, we have 


(3+ ny n(n—lha,t"? + Dy na,t"' +a" =0 or 


n=2 n=l n=0 


3) n(n—l)a,t" > + Sinn —1a,t"* +3) na,t" +> a,t" =0. Adjusting the indices, we obtain 


n=2 n=2 n=l n=0 
3y(n + 2)(n+ la, ,t" +> (n + l)na,,,,t" +3> na,t" +> a,t" =0. Consequently, the 
n=0 n=l n=l n=0 


recurrence relation is given by 
a, =—a,/6and a,,,=—-[n(n+la 


n+2 — 


+(3n+l)a,]/[3(n+2)(n+)], n=1,2,.... 


n+l 


19 (b). The recurrence leads us to 


a, =—a, /6,a, =—(2a, + 4a,)/18 =—-(-2a, /6+ 4a,) /18 = (a, —12a,)/54,... 
Thus, the general solution is 
2 3 3 


2 
y= all E+ t+ alt~ +12 Oty. 


19 (c). The coefficient functions p(t) = 33+ 1) and g(t)=(3+2)' fail to be analytic at r=—3. 


Therefore, the radius of convergence for each coefficient function is R = 3. Consequently, 
Theorem 10.1 guarantees that the power series solution converges in the interval —3< t< 3. 


19 (d). The coefficient function p(t) = 31(3+ 1)" is neither even nor odd. Therefore, Theorem 10.2 


20 (a). 


does not apply. 


y [2(n + 2)(n + la, ,, +n(n— la, + 4a, |t" =0. Consequently, the recurrence relation is given 
n=0 
-[n(n-1)+4]a, 


by a... = 
CeO ES) 
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20 (b). The recurrence leads us to 


A aq 
a, = —a,, a, aes a, ae, as “Dp 
Thus, the general solution is 
ft 3 5 
)=all-? +—--]+a[t-—+—+-]. 
y(t) = al 4 ]+al 3° D ] 
20 (c). R=+v2. 


20 (d). p(t) =0 can be considered odd and q(t) = 


Tay is even. Therefore, Theorem 10.2 guarantees 
t+ 
that the given equation has even solutions and odd solutions. 


21 (a). Consider the differential equation y’’ + y= 0. Let the solution be given by y(t) = Ya, i 3 
n=0 


Differentiating, we obtain y’(t) = ¥' na, "and y’’(t)= Yin(n —la,t"* . Inserting these 


n=l n=2 


series into the differential equation, we have Yin(n —Na,t"? + ey a,t” =0 or 
n=2 n=0 


»y n(n—lha,t"” +> a,t"** =0. Adjusting the indices, we obtain 


n=2 n=0 


Yin +2)(n + la, ot" +> a,_ot' =0. Consequently, the recurrence relation is given by 
n=0 n=2 
a, =0,a,=0, and a,,,=—a,_,/[(n+2)(n+])], n=2,3,.... 
21 (b). The recurrence leads us to 
a, =0,a,=0,a, =—a, /12,a, =—a, /20,... 
Thus, the general solution is 
4 5 


t t 
y= Gog to Pali el eye att): 


21 (c). The coefficient functions are polynomials and hence analytic everywhere. Consequently, 
Theorem 10.1 guarantees that the power series solution converges in the interval —c° < f< 09, 

21 (d). The coefficient function p(t) =0 can be considered an odd function while g(1) = ?° is clearly 
an even function. Therefore, Theorem 10.2 guarantees that the given equation has even 
solutions and odd solutions. 


22 (a). Sia +2)(n+)a,,, +na, +a, |(t- 1)" =0. Consequently, the recurrence relation is given by 
n=0 
= +1 = 
142 = SENG yen wn = 0,1,2.,.... 
(n+2)(n4+1) n+2 


22 (b). The recurrence leads us to 


a a, a OG 
Thus, the general solution is 
t-l)? (t-1)* t-1)° (t-1) 
y()= aft ny pate“ a, 


8 15 
22 (c). The coefficient functions are analytic everywhere. Consequently, R=o9. 
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23 (a). 


Consider the differential equation y’’ + y=0. Let the solution be given by 


y(Z)= »y a,z Where z=t—1. Differentiating, we obtain 
n=0 


y= Si na,z"" and y”"(z)= Ya(n - Na,z"* . Inserting these series into the differential 
n=2 


equation, we have »y n(n—l)a,z"* +> a,z =0. Adjusting the indices, we obtain 
n=2 n=0 


»y (n+2)(n+ la,,,z" +> a,z =0.Consequently, the recurrence relation is given by 
n=0 n=0 


a —a, /[(n+2)(n+])], n=0,1,.... 


n+2 = 


23 (b). The recurrence leads us to 


a, = —a,/2,a, =—a, /12=a,/24,... 
a, =—a, /6,a,=—a,/20= a, /120,... 
Thus, the general solution is 


np Ee OD _@-)r a ga 
y(t) =a, [1 5 + A +a [(t=1) 130 +e], 


23 (c). The coefficient functions are constants and hence aalgie everywhere. Consequently, Theorem 


24 (a). 


10.1 guarantees that the power series solution converges in the interval —co < t—1< oo, 
Sila + l)na,4,—-(n+2)(n+)Na,,,+(n+Da,,, +a, \(t- 1)" =0. Consequently, the recurrence 


2 
i Cla aa 


relation is given by a,,, (nt2(n+) ” 
n n 


24 (b). The recurrence leads us to 


24 (c). 


25 (a). 


a, = q + Ao = ee fo a, _ 4a, +a, = Og: ay 
2 25.2 3-2 a. & 
Thus, the general solution is 


GA ee GED ce: 2 
5 + 3 a race fae 210 See ls 5 eel 


PD) = q(t) = ——~ are not analytic at t= 2. Consequently, R=1. 


yt)= a 


Consider the dimes equation y’’+ y’+(t—2)y=0 or y’+y’+[(¢—-lD-—I]y =0. Let the 


solution be given by y(z)= Yaz" where z=/—1. Differentiating, we obtain 
n=0 


y' (z= Sina, z"" and y’(z)= Yia(n — Naz"? . Inserting these series into the differential 
n=2 


equation, we have Yann =a" > + Sia gett ye ae 4g, z" =0. Adjusting the 


n=2 n=0 n=0 


indices, we obtain Yin +2)(n + la, 2" + Yin + )a,.,z" + y Beige >} a,z' =0. 
n=0 n=0 n=l n=0 

Consequently, the recurrence relation is given by 

a, =(a,—a,)/2 and a,,,=—[(nt+])a,,,-—a, +a, ,]/[(n+2)(n+))], n=1,2,.... 


ntl 
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25 (b). The recurrence leads us to 
a, = —(2a, — a, + a) /6=—(a, — a) /3,... 
Thus, the general solution is 
t-lyP (t-1yP t-1) (t-1) 
y(t)= al eg pate - Ey, 
25 (c). The coefficient functions are polynomials and hence analytic everywhere. Consequently, 
Theorem 10.1 guarantees that the power series solution converges in the interval 
—o <t{—]<oo, 


= (n= )G, n=0,1,2, 


26. = n= 
™  (n+2)(n+) 
16 
For u=5, a, =—-4a,, a, = 5m a, =a, =...=0, T,Q=alt-4°+¥P]. 
Set T,(1)=a[1-4+*2]=1—> a4,=5. Therefore, T;(1) =16° — 207 +51 
For = 6, a, =—18a,, a, =48a,, a, =—32a,, T(t) = a[1— 187° + 487° — 327°]; a, =-1. 
Therefore, T,(t) = 321° — 481° + 187° -1 
27 (c). 


-2 
27 (d). [Ty(Q| $1 for —1<r<1. For |t]21, lim|f,(9|=e. 


28 (a). Sia + 2)(n+Da,,,—n(n— la, —2na, + uu + Na, |t" =0. Therefore the recurrence relation 


n=0 
+)- +1 
FO ia) ae 
(n+2)(n +1) 
28 (b). When U=N, ay.) = Ay ,4 = Ayyg = ---= 0. Therefore, if £4 = 2M, a polynomial solution of the 
form a, + 4,0 +..+4,,0™ exists, while if u=2M +1, a polynomial solution of the form 


2M +1 


3 . 
GAt+ at +...4+ Gy aif exists. 
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28 (c). 


28 (d). 


29 (a). 


29 (d). 


30 (a). 


30 (b). 


33. 


34. 
Bo: 


If w=0 and y=1, (1—#°)(0)— 200) + 0(1) =0. 
If w=land y=zs, (1—’)(0)—241) +12)() =0. 


+1):= 3 1 
Gg gp OE hes 
(n+2)(n +1) 2 Z 
+I)=12 3 
tts 63S ita Dee = P0)= ny ea 
(n+2)(n +1) 2 2 
+1)—20 S 1 3 
ear a ace el SR ey er 
(n+2)(n +1) 8 4 8 
+1)-—30 3 3 1 
If w=5, Fase OR IY BONS es Pee ny 
(n+2)(n +1) 8 4 8 
Consider the differential equation y’’ —2ty’ + 2uy =0. Let the solution be given by 


y(H= Sa,t" . Differentiating, we obtain y’(1) = » not and y’’(ft)= Sinn —la,t"’. 
n=0 n=l n=2 


Inserting these series into the differential equation, we have 


by n(n—la,t"? - 2». na,t" + uy a,t" =0. Adjusting the indices, we obtain 
n=2 


= n=l n=0 


By (n+2)(n+]a,,.t" — 2 na,t" + uy a,t’ =0.Consequently, the recurrence relation is 
ave by a, =—a, and ae = (2n- 241), /[((n+2)(n+])], n=1,2,.... 

For = 2, the even indexed coefficients a, vanish when n > 2. From the recurrence relation, 
H(t) = a, —2a,t? = —a,(20° — 1). Choosing a, =—2 leads us to H,(t)= 41° —2. For w= 3, the 
odd indexed coefficients a, vanish when n > 3. From the recurrence relation, 
H,(t)=at-(2/3)ar =—a[(2/3)t — 1). Choosing a, =—12 leads us to H,(1) = 84-121. 
Similarly, H,(f) =161* — 487 +12 and H,(1) = 32P —160F +1207. 


Try yO = Sia,t" => IG + Ina,,,+(n+)a,,,—4a,|t" =0. 
n=0 n=0 
00 t” tet +] 2 
> 4,4 = An 7 => yO= a > — By the ratio test, rr ie tes = 2 and the series 
(n+) 2p (e+) nel t"(n +2)" 


converges in —l<f<l. 


Try y= Yat" > Y inn —1)+]Ja,t" =0=> [n(n-1)+]Ja, =0. 


n=0 n=0 
i oe ltvl-4 .. tetas 3 
The polynomial x° — x +1 has roots ae vara Since there are no positive integer roots, the 


factor [n(n —1) +1] is nonzero for all n =0,1,2,... Therefore, a, =0, n=0,1,2,... and y(t)=0, 
The trivial solution results. 

The coefficient function p(t) =sin¢ is odd and analytic everywhere. The coefficient function 
q(t) =? is even and analytic everywhere. Thus, Theorem 10.2(b) applies. The differential 
equation has a general solution of the form (15). 

No. p(t) =cost is even; g(t) = t is odd. 

The coefficient function p(t)=0 can be regarded as a function that is odd and analytic 
everywhere. The coefficient function g(t) = ¢° is even and analytic everywhere. Thus, Theorem 
10.2(b) applies. The differential equation has a general solution of the form (15). 
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36. No. p(f)=1 and q(f)=F are both even. 

37. The coefficient function q(t) = t is odd. Thus, Theorem 10.2(b) does not apply. 

38. No. p(t)=e’ is neither even nor odd and q(t) =1 is even. 

39. Consider the differential equation y’’ + ay’ +by =0. The coefficient function p(t) = a can be 
regarded as an odd function if a =0, but is even if a is nonzero. The coefficient function 
q(t) = b is even. Both coefficient functions are analytic everywhere. Thus, Theorem 10.2(b) 
applies if a=0 and b is arbitrary. 

40 (a). p(h=0, qo= ae The denominator of g(t) vanishes at t= +i => R=1. 

40 (b). y= Yat" > ¥[(n+2)n+Da,,, +n(n—Na, +4, It" =0 

n=0 n=0 
$= G4 DED AE AGEDEL Theil Stim a theetore, 
nol G1 nol(n + 2)(n +1) 
the series diverges for [| >1= |s>1 by the Ratio Test. 

40 (c). No contradiction. The unique solution of the initial value problem exists for —co < f< c9, but its 
Maclaurin series has a radius of convergence R= 1. 

Section 10.3 

1@). #+-20+1-DA+a@’ =2 -20/A+ 07 =0 

1 (b). Using the technique in Section 4.5, the general solution is y =c,f* +c,f* Int,t>0. 

> W = t” cos(61n ) . f” sin(d1n rt) _ 527140 

t"[ycos(6Int)— dsin(6Inh] 1 '[ysin(6lnd) + Scos(dln1)] 
in0<t<cosince 640. 

3) When put in standard form, the differential equation is y’’ — 41"'y’ + 6ry =0. Thus, f, =0 is 
the only singular point. The characteristic equation is A” - 54 +6 =0 which has roots 
A,=2and A, =3.Hence, the general solution is y=c,° +¢,0°,1#0. 

4, t, =0. The characteristic equation is A” -— A-6=0 which has roots A, =—2 and A, =3. 
Hence, the general solution is y=c,f~ +c,f°, 140. 

2. When put in standard form, the differential equation is y’’ — 3t'y’ + 4r°y =0. Thus, f, =0 is 
the only singular point. The characteristic equation is A” — 44 + 4 =0 which has roots 
A,=2and A, =2.Hence, the general solution is y=c,t? +¢,0° In| t|,t#0. 

6. f, =0. The characteristic equation is A” - 2A + 5 =0 which has roots 
A, =1+2iand A, =1-2i. Hence, the general solution is y =c,tcos(2In|q) + c,tsin(2In|/), 140. 

7. When put in standard form, the differential equation is y’’ — 3t'y’ + 29r*y =0. Thus, f, =0 is 
the only singular point. The characteristic equation is A” — 44 + 29=0 which has roots 
A,=2+5iand A, =2-—5i. Hence, the general solution is 
peor cos In| t l) +c, sin(5 In| t l). t#0. 

8. f, =0. The characteristic equation is A” - 64 +9=0 which has roots A, = 4, = 3. Hence, the 


general solution is y=c,f +c,f Inj, r40. 
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10. 


11. 


12, 


13; 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
21. 


225 


When put in standard form, the differential equation is y’’ + ty’ +9r*y =0. Thus, 7, =0 is 
the only singular point. The characteristic equation is A” + 9=0 which has roots 

A, = 3i and A, =—3i. Hence, the general solution is y =c, cos(3In| t}) aah os sin(31n| tl), t#0. 

t, =0. The characteristic equation is A” +24 +1=0 which has roots A, = A, =—1. Hence, the 
general solution is y=c,t'+c,f'Inld, 140. 

When put in standard form, the differential equation is y’’ + 3r'y’ +17ry =0. Thus, f, =0 is 


the only singular point. The characteristic equation is A’ +2A +17=0 which has roots 
A,=-1+4iand A, =—1-4i. Hence, the general solution is 

pect cos(4 In| t l) +c,t'sin(4 In| t b. t#0. 

t, =0. The characteristic equation is A” +104 + 25 =0 which has roots A, = 7, =—5. Hence, 
the general solution is y=c,t° +c,f° Inli, 140. 

Consider the differential equation y’’ +51 'y’ + 40r’y =0. We see that, 4, =0 is the only 
singular point. The characteristic equation is 7° + 44 + 40 = 0 which has roots 

A, =-2+6i and A, =—2-6i. Hence, the general solution is 

1=c00" cos(6!n| t l) +c,t sin(6 In| t b. t#0. 

t, =0. The characteristic equation is A’ — 3A =0 which has roots A, =0, A, = 3. Hence, the 
general solution is y=c,+c,0,1#0. 

When put in standard form, the differential equation is y’’ —(t—1)" y’ — 3(t- 1) y =0. Thus, 
f, =1 is the only singular point. The characteristic equation is A” — 24 — 3=0 which has roots 
A,=-3 and A, =1. Hence, the general solution is y=c,(t—1)° +¢,(t-1) |r 41. 

fy =1. The characteristic equation is A” +22 +17=0 which has roots 

A, =-1+4i, A, =-1-4i. Hence, the general solution is 

y=c,(t—1) ‘cos(4In|r— 1) +¢,(t-1)* sin(4In|r— 1), ¢ 4 1. 

When put in standard form, the differential equation is y’’ + 6(t+2) 'y’ + 6(t+2)°y =0. 
Thus, /, =—2 is the only singular point. The characteristic equation is A’ +52+6=0 which 
has roots A, =—3 and A, =—2. Hence, the general solution is 

y=ce(t+2)° +0,(t+2)°,t#-2. 

fy) =2. The characteristic equation is A’ + 4=0 which has roots A, = 2i, A, =—2i. Hence, the 
general solution is y =c,cos(2In|t—2|) +c, sin(2 In|r— 2)), #2. 

From the form of the general solution, 4, =—2 and the characteristic equation has roots 

A, =1and A, =-2. Therefore, the characteristic equation is 1° + A -2=0. Matching the 
characteristic equation with the general form given in equation (3), we see that 

a-1=1and B=-2. Thus, the differential equation is (t+ 2) y’”’ +2(t+2)y’-2y=0. 
H=LA=0072 40S cai, Bao. 

From the form of the general solution, 4, =0 and the characteristic equation has roots 

A, =2+iand A, =2-i. Therefore, the characteristic equation is A” — 44 +5 =0. Matching 
the characteristic equation with the general form given in equation (3), we see that 

a-1=-4 and B=5.Thus, the differential equation is ty’ — 3ty’ +5y =0. 

The characteristic equation has roots A, = 2 and A, =—1. Therefore, the characteristic equation 
is A -A-2=05a=0, B=-2. Thus, the differential equation is fy’’ + ty’ — y = g(t). We 
can determine the nonhomogenous term g(/) by inserting the given particular solution 
yp(t)=2t+1. Doing so, we obtain 1°(0) + 4(2)—2(2t+ 1) = 21-2 = g(0). 


23. 


24. 


2D; 


26. 


21s 


28: 


2. 


30. 


Sh; 
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From the form of the general solution, the characteristic equation has roots A, =2 and A, = 3. 
Therefore, the characteristic equation is A” — 5A +.6=0. Matching the characteristic equation 
with the general form given in equation (3), we see that ~—1=-—5 and B=6. 

Thus, the differential equation is ty’ — 4ty’ + 6y = g(t). We can determine the 
nonhomogenous term g(f) by eee the given particular solution y,(f) = Int. Doing so, we 
*y!— Any’, +6y, = g(t) or 1 (-t°)— 4(r') + 6Int= g(t). Thus, g(f)=—5+6lne. 
Under the Chatige of variable t= e*, the differential equation transforms into 

Y’’(z)— ¥’(z)—2¥(z) =2. The general solution is Y(z)=ce*+c,e% -1> y=et' +e. -1. 
Under the change of variable 1 = e*, the differential equation 1 y”’ — ty’ + y =1"' transforms 
into ¥Y’’(z)—2Y’(z) + ¥(z = (e’) | or ¥’’(z)—2Y’(z) + ¥(z) =e “. Solving this constant 
coefficient equation using the techniques of Chapter 4, we find the general solution 
Y(z)=c,e° +.c,ze* +0.25e *. Since z=In?, the solution can be converted to 
y(N=ctt+ce,tlnt+ 0.256". 

Under the change of variable t= e*, the differential equation transforms into 

Y’’(z) + 9Y(z) = 10e*. 

The general solution is Y(z) = c, cos(3z) +c, sin(3z) + e* => y=c,cos(3lnf) + e sin(3Inf) +f. 
Under the change of variable 1 = e*, the differential equation fy’”’ —6y = 101 — 6 transforms 
into ¥’’(z)— Y’(z)- 6Y(z) = 10(e*) * —6 or ¥’”’(z)—Y’(z) - 6Y(z) = 10e * —6. Solving this 
constant coefficient equation using the techniques of Chapter 4, we find the general solution 
Y(z)=ce* +c,e * —2ze ~ +1. Since z=Inr, the solution can be converted to 

yN=c0 +¢,f° —2f7 Int+1. 

Under the change of variable t= e*, the differential equation transforms into 


2.0 


obtain fy 


1 5 

Y’'(z)- 5Y"(z) + 6Y(z) = 3z. Therefore, Y, = ce* +c,e", ¥, = Az+ B= Reh aa! 
1 3 1 iS) 
Th ] solution is Y(z)=ce* +c,e% +=z+— > +c, +—Int+—. 
e general solution is ¥(z) = c,e* +c,e° 5 D yHer +¢ , n D 


Under the change of variable 1 = e*, the differential equation fy’’ + 8ty’ + 10y = 36(t+1') 


transforms into Y’’(z)+ 7Y’(z) + 10Y(z) = 36(e* +e *). Solving this constant coefficient 
equation using the techniques of Chapter 4, we find the general solution 

Y(z)=ce* +c,e * + 2e* + 9e*. Since z=In1, the solution can be converted to 

yN=ef? +e, +2490". 

The complementary solution is y,(t)=c,f' +c,0°. For a particular solution, use 

y,(t) = At+ B. Then, the general solution is y(t)=c¢,t'+c,¢ —2t—2. Imposing the initial 
conditions, we obtain y(1)=c, +c, -2—2=1 and y’(1)=—c, + 3c, —2= 3. Solving, we find 


5 5 
the solution of the initial value problem is y(t) = 5 th + ry f° —2t—2. The interval of existence 


is 0<f<o, 

Consider the initial value problem fy’ — 5ty’ + 5y = 10, y(1) = 4, y’(1) = 6. The complementary 
solution is y(t) = cf +c,t. By inspection, a particular solution is y,(t)=2. Thus, the general 
solution is y(t)=c,? +c,t+2. Imposing the initial conditions, we obtain y(1)=c,+c, +2=4 

and y’(1) =5c, +c, =6. Solving, we find the solution of the initial value problem is 

y(t) = + +2. The interval of existence is the entire f-axis. 


288 ¢ Chapter 10 Series Solutions of Linear Differential Equations 


32. The complementary solution is y.(f) = ct +c,t 'In(-f). For a particular solution, use 
yp(t) = At+ B. Then, the general solution is y(t) = ct +c.t Ind + 2r+9. Imposing the 
initial conditions, we obtain y(—1) =—c, -2+9=1and y’(-l)=—c,+c¢,+2=0. 

Solving, we find the solution of the initial value problem is y(t) = 6f' + 4f"In(-A +21+9. 
The interval of existence is -o<1<0. 

33. Consider the initial value problem f’y” + 3ty’ + y =2r', y(1) =-2, y’(1) =1. The 
complementary solution is y,.(f)=c,t'+c,t ‘Int. Using the change of variable t= e* as in 
Example 2, we find a particular solution y,()=1 ‘(Int)’. Thus, the general solution is 
y()=ct | +c,¢'Int+r'(nd)’. Imposing the initial conditions, we obtain y(1) = c, =—2 and 
y’(1) =—c, +c, =1. Solving, we find the solution of the initial value problem is 
y(t)=—2t'—f"'Int+r'(Int)’. The interval of existence is the positive taxis. 
dy dydz 1ldy d’y 1dy 1d’yl (2 a) 


34, SS eS a | 
dt dzdt tdz dt t dz tdz t dz dz 


d° 2 d d lie d ea d° d 
ioe ci rc ae a =z i ar aa ac . Therefore, 
dt dz? dz t\ dz dz t\ dz dz dz 


3 2 2 
Py” +aty’ + Br’ +we= a 3+ 2+ of Sr a +A) +y =0 
a 
= Fie yor + 6- 042) +8 = 0. 
35. Consider the cca equation . ”’ +30 y’”’ — 3ty’ =0. Assuming a solution of the form 
y(t) = t’ , we obtain the characteristic equation A’ — 44 =0. The roots are 
A, =0,A,=2 and A, =—2.The general solution is y(#)=c,+¢,f +¢,f°, t#0. 
36. a=0, B=1, y=-1> Y” —-3Y” + 3Y’—Y =0. The characteristic equation is 
V- 3 +3A-1= Oe 1)’ =0. The roots are A, = A, =A, =1. Therefore, 
Y=ce t+oze+0,7¢€ > y=ctt+ctlnt+c,t(Inn’. 
37. Consider the differential equation Py’”’ + 30° y” + ty’ =8r° +12. Using the change of variable 
t= e* as suggested in Exercise 34, the differential equation transforms to Y’’’(z) = 8e% +12. 
The general solution is Y(z)=c, +¢,z+0¢,z° +e” + 2z°. Using the fact that z = Inz, the general 
solution becomes y(ft)=c,+c,In¢+c,(In t)’ +7 +20nt)*, t>0. 
38. a=6, B=7, y=1> Y”" + 3Y¥” + 3¥’ + ¥ =0. The characteristic equation is (A + 1)* =0. The 
roots are A, = A, =A, =—1. Therefore, 
Voce hege ez; Y,=Az+B>Y=ce*+c,ze* + c,ze%+z-1 
=> y=cft't+c,t'Int+c,¢ (nt) +Int-1. 


Section 10.4 


1. When put in standard form, the differential equation is y’’ +f '(cos)y’ +r 'y=0. 
Thus, ¢=0 is the only singular point. The coefficient functions are p(t)=f'(cosf) and 


q(t)=t'. Clearly tp(t)=cost and t’q(t) = t are analytic. Therefore, 1=0 is a regular singular 
point. 
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2. 4 6 
Pi) => f and q(t) = a . Since 1p(t)= me =1|-— 5 + 5 — 5 +...and fq(t)=1 are both 

ON A ie t=0Q, then 2 = 0 is a regular aucune point. 

When put in standard form, the differential equation is y’’ +(t+1)‘y’+( —l)'y=0. Thus, 

t=1and t=—1 are singular points. The coefficient functions are p(t) =(t+1)" and 

q(t) =(# —1)". Clearly (t—1) p(t) = (t-1)(t +1)" and (t-1)’g(t) = (t—1)(t +1)" are analytic at 

t=1. Therefore, t= 1 is a regular singular point. Similarly, *=—1 is also a regular singular 

point. 


Pek 1 1 
PO= Cae = Gone 8 = Gap 
! u Ph ee ee é = 
At AO ayn tg and (t+1) Gaya 1. Therefore, f=—1 


is a regular singular ae 


At f=], lim(1 — 1) p() = lim—————. does not exist.. Therefore, ¢= 1 is an irregular singular 
mt (t- vm 1) 
point. 
When put in standard form, the differential equation is y’’ + f° (1—cosf)y’ +14’ y =0. Thus, 
t=0 is the only singular point. The coefficient functions are p(t)=f°(1—cosf) and q(f)=r. 
3 5 
Using a Maclaurin series, fp(t) = ¢'(1—cosf) = se a —-+++ is analytic at t= 0 as is 


2 ral 6! 
q(t) =1. eena t=Oisa a singular ae 


P(H=qh= ij 7 Since neither tp(t) = i nor t’q(t) = a ] are analytic at t= 0, there is an irregular 


singular point at 1=0. 

When put in standard form, the differential equation is y’’ +(1—e') ‘y’ +(1—e’) 'y =0. Thus, 
t=0 is the only singular point. The coefficient functions are p(t) = (1—e') | and 

q(t) = (1—e’) |. Using a Maclaurin series, 


Pt , Bt i 

— _ ty-l — —f-—-—_—-——— eee =) -|--—- errr i i = 1 2 
ip(th=td—-e) = ( t 7 3 i BI is analytic at t=0 as is fq(t).. 
Therefore, f= 0 is a regular singular point. 

£2 =I a 1 
£0 a ree aa and q(t) = =r Dd?” 
QD), (=z) =f) ry (t-2)°(t+2) 

Mie 3 Ope 30 andy ae SS ae SO Three 

mae aa a ON Gay 16 
t= —2 is aregular singular point. 

1 1 

At t=2, (t—2)p(t)=—1 and (t—2)’q(t) = (42)° ae as t— 2. Therefore, f= 2 is a regular 


singular point. 

When put in standard form, the differential equation is y’’+(1—-°)“° y’ +1-) "Pay =0. 
Thus, ¢=1 and #=~1 are singular points. The coefficient functions are p(f)=(1— 1°)” and 
q(t) = «1— 1°)”. Neither of the functions (+1) p(t) or (t+1)’ q(t) is analytic at t= +1. 
Therefore, f= 1 is an irregular singular point as is t= —1. 
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10. 


11. 


12. 
13. 


14(a). 
14(b). 
15. 


16 (a). 


16 (b). 


16 (c). 


16 (d). 
17 (a). 
17 (b). 


PO=L qoD= fr. Since tp(t)=t is analytic at t=0, but q(t) = P is not, there is an irregular 
singular point at r=0. 

For this problem, p(7‘) = (sin2f) / P(t). Since we know there are singular points at 

t=0 and t=+1, we know that P(t) must be zero at those points. Since fp(f) is analytic at 

t=0 and since (sin2#)/t tends to 2. as t > 0, it follows that 1° is a factor of P(t). Similarly, 
(t—1) p(t) is not analytic at t= 1 and thus (t—1)* must be a factor of P(t). The same argument 
applies at t=—1 and thus (t+1)* must be a factor of P(#). In summary, 

P()=P(t-I(tt+ I? =P" -Y’. 

P(t)=1. 

For this problem, p(t) =[¢P(|'. Since we know there are singular points at = +1, we know 
that P(t) must be zero at t=+1. Since #’q(t)=1/T, it follows [without any assumptions on 
P(t)| that t= 0 is an irregular singular point. Since, (t—1) p(t) is not analytic at t= 1 it follows 
that (t—1)* must be a factor of P(t). The same argument applies at t=—1 and thus (t+ 1)” 
must be a factor of P(t). In summary, P(t) = (t—1)°(t+ 1)? =(# - 1)’. 

t=0 is a regular singular point if n =1. 

t= 0 is an irregular singular point if n 2 2. 

For this problem, p(t) = ¢/(sint) and t’q(t)=1/t" >. Since ¢/(sin#) is analytic at t=O, it 
follows that r=0 is a regular singular point if n =0,1,2 and an irregular singular point if n> 2. 


1 ele: a 
tp(t) = 5 and 1°q(t) = — > . as t—> 0. Thus, ¢=0 is a regular singular point. 


n 


Substituting the series y= )a,1* 
n=0 


[2A A-D-At Vag + VU(QA+n\A+n-l)-(A+n)+Da, +a, _,]*" =0. Therefore, the 


n=l 


into the differential equation, we obtain 


indicial equation is F(A) =0 where F(A) = 2A? — 34 +1. The roots of the indicial equation are 
1 

A, =~ and A, =1. 
2 


n= eee. ee, 
" F(A+n) WAAtny-3At¢n)t1 =1,4,... 


n—l 


is) 


—Z =1,2 


For A, = 1, the recurrence relation is a, = —~——,—_—____ ,n 
2(1+n) -30+n)+1 


fF 
j)=a\t-—+—+--: |. 
y(t) a 3 30 | 


For this problem, p(t) =1 and fq(t) = (t-1)/4. Thus, t=0 is a regular singular point. 


Substituting the series y = DON ae into the differential equation 47° y” + 4ty’ +(t—l)y =0, 
n=0 


we obtain (44° —1)ajt* + SGA +n) —l)a,+a,_,|t’*" =0. Therefore, the indicial equation 
n=l 

is F(A)=0 where F(A) = 4/° -1. The roots of the indicial equation are 

A,=—-1/2 and A,=1/2. 


17 (c). a 


17 (d). 
18 (a). 


18 (b). 


18 (c). a 


18 (d). 


19 (a). 
19 (b). 


19 (c). a 
19 (d). 
20 (a). 
20 (b). 


20 (c). a 
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n—l 


_a 2G, 
= = ee ee 

"  FA+n) 4A+¢n)-1 ” 

For A =1/2, the recurrence relation is a, =—a,_,/[4(n+ 0.5)? -1],n=1,2,..... 
y(t) = aglt!? — (1/8)? + (1/192)? +]. 


t 3 
tp(t) = 16 and fq(t)= a. Both limits exist as > 0. Thus, ¢=0 is a regular singular point. 


Substituting the series y = Sia, into the differential equation, we obtain 
n=0 


[16A(A—1) + 3lagt* + V[A6A +n\(At+n—-1)+3)a,+(A+n—-Da, |" =0. Therefore, the 
n=l 

indicial equation is F(A) =0 where F(A) = 164° —16A + 3. The roots of the indicial equation 
1 S) 

are A,=— and A, =—. 
4 “ 4 

—(A+n-l)a,_, —(A+n-—-N)a, , 
= OS = ot n= ,2,... 
F(A+n) 16(A+n)\(A+n—-1)4+3 
—(3/4+n-Na, , 


a els 
16(3/4+n)(3/4+n—1)+3 


3 deat 
For A, = a’ the recurrence relation is a, = 


Fy a 1? 
wo=ale Ea +} t>0O. 


32 10240 
For this problem, p(t) =1 and 1°q(t) = t—9. Thus, t=0 is a regular singular point. 
Substituting the series y = Yat *” into the differential equation ty” + ty’ +(t—9)y =0, we 
n=0 


obtain (A’ —9)a,t* + Dy (A +n) —9)a, +a, ,]**" =0. Therefore, the indicial equation is 
n=l 
F(A)=0 where F(A) =A’ —9. The roots of the indicial equation are 2, =—3 and A, =3. 
—a oe 

SS ee eee 
"FA+n) (A+ny-9"" 
For A = 3, the recurrence relation is a, =—a,_, /[(n+ ce Pe ae 
yN=ale—-A/7)t +0/112)P --+]. 
tp(t)=t+2 and q(t)=—t. Both limits exist as s— 0. Thus, ¢=0 is a regular singular point. 


n—l 


Substituting the series y = Sar" into the differential equation, we obtain 
n=0 


[A(A —1) + 2A]ayt** + Sila +nt+ly(Atn)+AAtn+]a,,,+Atn—Na,} =0. 
n=0 


n+l 
Therefore, the indicial equation is F(A) =0 where F(A) =/° +. The roots of the indicial 
equation are A, =—land A, =0. 
—At+n-1l 
ntl — ees Le =(0,1,2.%. 
(A+n+2)At+n++]1) 
-(n-a, 


For A, =0, the recurrence relation is a, = —————- ,n = 0,1, 2.,...,.. 
(n+2)(n+]) 
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20 (d). 
21 (a). 
21 (b). 


y(t) = af <I 


For this problem, tp(t) =3 and fq(t)=2t+1. Thus, f=0 is a regular singular point. 


Substituting the series y = yar into the differential equation fy” + 3ty’ + (2t+ Dy =0, 
n=0 


we obtain (A’ +24 + l)ajt* + SIG +n) +2(A+n)+))a, +2a,_,|t’*" =0. Therefore, the 


n=l 


indicial equation is F(A) =0 where F(A) =A +2A +1. The roots of the indicial equation are 


A,=4, =-1. 
21 (c). a, 3 1 Dy 
F(Atn) ((At+n)+1) 
For A =—1, the recurrence relation is a, =—2a, , /n’,n=1,2,..... 
21 (4). y\N=ale'-24+1--+]. 
22 (a). Both limits exist ast 40. Thus, ¢=0 is a regular singular point. 


22 (b). 


Substituting the series y = Sar into the differential equation, we obtain 
n=0 


[AA -)-A-3lagt* + YA +n) -2A+n)-3)la, +A+n—Na, }t'*" =0. Therefore, the 
n=l 

indicial equation is F(A) =0 where F(A) = 7 — 24-3. The roots of the indicial equation are 

A, =—land A, =3. 

_Atn-Na,,__ —A+n-Na, 4 


22(¢).-4a.= =, n= 1,2... 
Ges aca 7 wie eas 
For A, = 3, the recurrence relation is a, = Serra Wal 2ec 
n(n 


22 (d). 
23 (a). 
23 (b). 


23 (c). a 


23 (d). 
24 (a). 


ar 5 
y(t) = ay peer ener 
a. 2 


For this problem, p(t) = t—2 and fq(t) = t. Thus, t=0 is a regular singular point. 


Substituting the series y = Var" into the differential equation ty’’ +(t—2)y’ +y=0, we 
n=0 


obtain (A — 3A )agt* | + ya +n+)[A+n-—2)a, +a,_,]*" =0. Therefore, the indicial 
n=0 
equation is F(A)=0 where F(A) = 2° — 3. The roots of the indicial equation are 
A, =O and A, =3. 
—Atn+l)a, —At+n+la, —d, 
a om = 71,2,.... 
F(A +n) (A+nt+l(At+n—-2) (A+n-—2) 
For A = 3, the recurrence relation is a, =—a,_,/(n+1),n=0,]1,..... 
y=a,[t-f+(0/2)0° -- 4]. 


2sint 
ip(t) =—- 


point. 


+2 ast 0 and r¢q(t)=2+1->2 ast 0. Thus, 1=0 is a regular singular 
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24 (b). ty” —2sinty’ +(2+D)y= [Aa lat? +(At+Aat’"+(A+2)A+)at\? ++ 7 
3 
4 5 ~ Pag +t bat +At2Qal'+--]+Q+ par tae +a? +.)=0. 
For *:A(A—N)a, —2Aa, + 2a, = (A - 3A. +2)ay = (A-1)(A -2)a, =0. 
For “7: AA +a, -2(A +a, +2a, ge =[(A+1)(A-2)+2]a, +a, =0. 
For “77:(A+2)(A4+)Na, - 2A + 2)a, +5 = ha, +2a,+a,=0. 


Therefore, the indicial equation is F(A) = ea: 1)(A —2) =0. The roots of the indicial equation 
are A,=land A, =2. 


24(c). y\N=ale---—-:- | 
25 (a). For this problem, tp(t)= 4 and fq(t) = te’. Thus, t=0 is a regular singular point. 


25 (b). Given the series y = yar ,we have ty” =A(A-Na tt? '+At+DAat ++, 
n=0 

Ay’ =hat'+At+Vat +, and 
e'y=[1+14+(1/2)0P ++ J[a* +a + -J=at’ +(a4+De 
Therefore, substituting the series into the differential equation ty’’ — 4 as + e'y =0, we obtain 
MA-S)ayt* 1+[A+)A-4)+a,]% +++ =0. Therefore, the indicial equation is A’°-54 =0. 
The roots of the indicial equation are A, =O and A, =5. 

25 (c). y()=ale? —(1/6)t° —(5/84)t’ —---] 


A+ 


t i 
26 (a). tp(t)= ae > -last30 and r¢(t)= = — 0 ast— 0. Thus, ¢=0 is a regular singular 
sin sin 


point. 
26 (b). (sinty’— y’+y= 


St 
—[Aayt** +At bat +A+2af+-]+[ae +a" +a’? +-]=0.. 
For 11: A(A Nay — Aay = (WV — 2A) ay = AA -2)a, = 
For “:A(A+)a—-(A+)a,+a,=(A+)A-Na, +a, =0. 
For “(A +2)(A+)a, +(A+2)a, -=MA-Na, +a,=(A+2)a,+a, ~ 2 MA Ve = 0), 


Therefore, the indicial equation is F(A) = A(A — 2) =0. The roots of the indicial equation are 
A,=Oand A, =2. 


P P 
-! sre pa “Dat? +(A+ Daa +(A+2)(A + Dagt* +(A+ 3) A+ 2a ++] 


Pir 
26 (c). y\N=ale--+—+-: 
(c). y¥)=al 3° 4 ] 
27 (a). For this problem, tp(t) = ¢/(2—2e') and tq(t)=r° /(1—e’). Thus, 1=0 is a regular singular 


point. 


27 (b). Given the series y = ya , we have 


n=0 
(l-e’)y’”” =-A(A — Nayt* "[-0.5A(A - Da, - (At DAa | ++, 
0.5y’ =0.5[Aa,“'+At+Dat +--]. 
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Therefore, substituting the series into the differential equation (1— e’)y’’ +(1/2)y’ + y =0, we 
obtain —A(A -1.5)a,t*' +[-A + I)(A-0.5)a, +0.5(-¥ +4 +42)a,|* +++-=0. Therefore, the 
indicial equation is 2° —1.5A =0. The roots of the indicial equation are A, =0 and A, =1.5. 


27 (c). yYN=a le? +0/2)P? — (17/96)? ++] 


Section 10.5 


1 (a). 


1 (b). 


1(c). 
1 (d). 


1 (e). 


2 (b). 


2(c). 


2 (d). 


2 (e). 
3 (a). 


3 (b). 


3 (c). 
3 (d). 


3 (e). 


When put in standard form, the differential equation is y’’—(2) 11+ dy’ +r 'y=0. 


Therefore, f= 0 is a regular singular point. 
Substituting the series y = Sar 
n=0 


(24° —3A)ayt* | + Sia +nt+)QA+n)-Da 


into the differential equation, we obtain 


~(A+n-—2)a,]t"” =0. 


n+l 


Therefore, the exponents at the singularity are A, =0 and A, =1.5. 

The recurrence relation is a,,,=[(A+n-—2)a,]/[At+tn+1(2A +2n-1)], n=0,1.... 

For A,=0, y=a,[1+2r- 17] is a polynomial solution. 

For A, = 3/2, y=a[? —(1/10)P'" —(1/280)0"? — +]. 

Note that p(t) and 1’q(t) are analytic everywhere. Thus, see equations (18)-(21), the second 
series found in part (d) converges for 0 < rf. 

Substituting the series into the differential equation, we obtain 


n+l 


[2A(A-1) + 5A]agt* 1 +2AA +) +504 Dat + Y2A+n4+)A+n+5/2)a,.,+3a,_,]0" 
n=l 
=0. Therefore, F(A) =2A(4+3/2) = A, = -5, 6, 
—3a 
Th lation 1 = ——_____+4"_____, n= 11,2... = 
e recurrence relation is a, ,, WAtnt(A+n+5/2)’ n=1,2,...and (A +1)(2A+5)a, =0 


3 
For A, ae y = ali? =(3/2)¢7 +(9/ 40)" $e], 


For A, =0, y=a,[1-(3/14)? + (9/616)t4 — ++]. 
The series converges for 0 <r. 
When put in standard form, the differential equation is y’’ — (31) 'y’ +0) 1+ py =0. 


Therefore, f= 0 is a regular singular point. 
Substituting the series y = Yai" 
n=0 


(30-41 +)at + VBA + nyA+n-)-A-n4t lla, +a, 31°" =0. 
n=l 


into the differential equation, we obtain 


Therefore, the exponents at the singularity are A, =1/3 and A, =1. 

The recurrence relation is a, =—a, ,/[3A+n)\A+n—-l-A-n4+]], n=1,2,.... 

For A, =1/3, y=a.[t?—0° + (1/8)? +++]. 

For A, =1, y=a,[t—(1/5)t? +(1/80)0 ++]. 

Note that tp(t) and f°q(t) are analytic everywhere. Thus, see equations (18)-(21), the series 
found in part (d) converge for 0 <1. 


4 (b). 


4 (c). 


4 (d). 


4 (e). 
5 (a). 


5 (b). 


5 (c). 
5 (d). 
5 (e). 


6 (b). 


6 (c). 
6 (d). 


6 (e). 
7 (a). 


7 (b). 


7 (c). 
7 (d). 


Chapter 10 Series Solutions of Linear Differential Equations ¢ 295 


Substituting the series into the differential equation, we obtain 
[6A4A-N+At ae’ +> (6A +n(At+n-1)+A+n)+lla, —a, }"" =0. Therefore, 
n=l 


F(A)= 62? -Sh+15 2,= 5, 4,24. 
ee. a ee 
Pipe NT rg a 


1 
For A, 3? y = alee +(1/5)4” +(1/110)4”” fossa 


The recurrence relation is a, = 


1 
For A, = >? y = ay{t'” +(/N0” +(1/182)0°” qos): 


The series converges for 0 <1. 
When put in standard form, the differential equation is y’’—S5r'y’+1°(9+?f)y =0. 
Therefore, f= 0 is a regular singular point. 


Substituting the series y = Sia,t"™ into the differential equation, we obtain 
n=0 


(V -6A+49)at* +[A+)A-5(A +1) 49a" + 


YilA + nyatn-)-5A+n)+9]a, +4, 30°" =0 
n=2 
Therefore, the exponents at the singularity are A, = A, =3. 
The recurrence relation is a, =—a,_,/(A+n—- cane ae ee 
For A, =3, y=alt—-/4)P? +(1/64)t’ ++]. 
Note that tp(t) and t°q(t) are analytic everywhere. Thus, see equations (18)-(21), the series 
found in part (d) converges for 0 < 1. 
Substituting the series into the differential equation, we obtain 


[4a(A-1) +824 la, +> [4a +n) +4 +n) + lla, —2a, ,}¢" =0. Therefore, 
n=l 


1 
F(A)=40 +44 4154, =A, ar 
: : 24,1 
The recurrence relation is a, = ————-—_,,,, n= 1,2... 
(2A +n) +1) 


1 
For A, = ae aglt* +(1/2)t'" +(1/8)P? ++]. 
The series converges for 0 <f. 
When put in standard form, the differential equation is y’’—2r'y’ + 1° (2+ 1)y =0. Therefore, 
t=0 is a regular singular point. 
Substituting the series y = ar 
n=0 


(VP - 32 +2)agt’ + VA +n) -3(A +n) +2], +4, 31°" =0. 


into the differential equation, we obtain 


n=l 
Therefore, the exponents at the singularity are A, =1 and A, =2. 
The recurrence relation is a, =—a,_,/[(At+tn—-l(A+n-—2)], n=1,2,.... 


For 4, =2, y=a,[??— (1/2) +(1/12)¢4 +++]. 
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7 (e). Note that ¢p(t) and fq(t) are analytic everywhere. Thus, see equations (18)-(21), the series 
found in part (d) converges for 0 < t. 
8 (b). Substituting the series into the differential equation, we obtain 


[AA-1)+4Ala?’ +AA+)+4A4dlae +d [a+nt+)A+n+4)la,,,—2a, f° =0 
n=l 
Therefore, F(A) =A +31 > A, =-3, 1,=0. 
8 (c). The recurrence relation is a, ,, = ERTS ETE. n=1,2,...and(A+)A+4a, =0 


8 (d). For A,=0, y=a,[1+(1/5) +(1/70)F ++]. 

8 (e). The series converges for 0 <r. 

9 (a). When put in standard form, the differential equation is y’’ + f'y’-—¢°(1+ f)y =0. Therefore, 
t=0 is a regular singular point. 

9 (b). Substituting the series y = )\a,t"™ 


n=0 


(A? —Na,t* +[(A +1? - lat" + Sua +n)’ —lla,—a,_,}t"" =0. 
n=2 


into the differential equation, we obtain 


Therefore, the exponents at the singularity are A, =—1 and A, =1. 

9(c). The recurrence relation is a, =a, ,/[(A+ ny Ny WH 233 hex: 

9(d). For A,=1, y=a,[t+(1/8)P +(1/192)r* +++]. 

9(e). Note that tp(t) and t’q(t) are analytic everywhere. Thus, see equations (18)-(21), the series 
found in part (d) converges for 0 < 1. 

10 (b). Substituting the series into the differential equation, we obtain 
[A(A-1) +51 4+ 4]a,t* +[AA 4145041 4+4]a" 


+> [[(At+nyAt+nt+4)+4]a,—a,,}0"° =0. Therefore, FA)= 2 +4144 54, =A, =-2. 
n=2 


Ay -2 
(At+n+2)"’ 
10 (d). For A=-2, y=a,[e> +(1/4) + (1/64) +--+]. 

10 (e). The series converges for 0 <r. 
11 (a). When put in standard form, the differential equation is y’’ +t 'y’—1°(16+ )y =0. Therefore, 
t=0 is aregular singular point. 


10 (c). The recurrence relation is a, = n=2,3,...and (A +1)(A +5)a, =0 


11 (b). Substituting the series y = ae into the differential equation, we obtain 
n=0 


(¥ -16)ayt* + VA + ny -16]a, —a, 31" =0. 
n=l 


Therefore, the exponents at the singularity are A, =—4 and A, =4. 

11 (c). The recurrence relation is a, =a,_,/[(A+ n)’ —16], n=1,2,.... 

11 (d). For A,=4, y=a,[t* +(1/9)P? +(1/180)0° +++]. 

11 (e). Note that ¢p(t) and 1’q(1) are analytic everywhere. Thus, see equations (18)-(21), the series 
found in part (d) converges for 0 < f. 


12 (b). 


12 (c). 


12 (d). 


12 (c). 
13 (a). 


13 (b). 


14 (a). 


14 (b). 


15 (a). 


16 (a). 


16 (b). 
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Substituting the series into the differential equation, we obtain 

[sa 2A lar’ + > {[8A +n)? -2A+n)- Ila, +a,_,}1" =0. Therefore, 
n=l 

- 

5" 


= =1,2 


4A+n)+DQA+n)-1? " 
For 4, = -<, y=al[t'4 —(/2)4 +(1/40)074 +++]. 


F(A) =82? -22-159 A,=-2, es 


The recurrence relation is a, = 


1 
For A, = 5° y= alt =(1ar” +(1/616)0°” ees 


The series converges for 0 <1. 

When put in standard form, the differential equation is 

yer +) 'd+ dy’ +e'(¢ +1)" y=0. Therefore, t=0 is a regular singular point and all 
other points are ordinary points. 


Substituting the series y= )\a,t"™ 


n=0 


r+ PY AtnthAtn—Na,, 0 


n=-1 


into the differential equation, we obtain 


Sana ane ae 
n=l 


n—l 


-Ya +n—l)a,t"” =0 
n=0 


Therefore, indicial equation is A” — 2A =0. The exponents at the singularity are 2, =0 and 
7 a Ae 
sin 3t 
t 


tp(t) = —> 3ast—0 and f¢q(t)=cost > 1ast—0. Thus, f=0 is a regular singular 


point. 


31)° i 
Ay +(x + upra(i-G+.)p-0. 


Therefore, indicial equation (A +1)? =0>4/,=A, =-1. 
When put in standard form, the differential equation is y’’—(° —4)~*y’+( — 4) °y=0. 
Therefore, f= 2 and ¢=—2 are irregular singular points. All other points are ordinary points. 


4 
3 


iL 1 
a ae as t—> 0 and MO a —last— 0. Thus, r=0 is a regular 


singular point. 
Neither (¢—1)p(2) nor (t-1)’q(t) are analytical at t=1,so ¢=1 is an irregular singular point. 


n 1 1 1 1 
1-1)? =1-=1t-=—f +... P|1-——t-—f +... ly’ +h’ —y=0. 
(1-1) 31-9 ( ars yoy =y 


Therefore, indicial equation 7” -1=0=> A, =-1, A, =1. 
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17 (a). 


17 (b). 


17 (c). 
18 (a). 


18 (b). 


18 (c). 


18 (d). 


19 (a). 


19 (b). 


19 (c). 
20. 


We need to substitute the series y = Ya, (t- 1)" into the differential equation. Before doing 
n=0 


A 


so, let us make the change of variable tT = t—1. We now substitute the series y = y a,t"*™” into 


n=0 
the transformed equation, —t(t +2) vy” —2(t+ Dy’ + a(a +1)y =0, obtaining 
Wat 1+ ¥(-Atny-(Atn)+aatdla,-20+n4+1)a,,07°" =0. 
n=0 


Thus, the exponents at the singularity are A, =A, =0. 


For A =0, the recurrence relation is a, ,, = [-n? —n+a(at Dla, /[2(n+ al 
Thus, y(t) = alls KON ae 1) + eee + | 


When @=1, y()= apt. 


(l- 1)” =-(t-I(t+ ) =-(t- 1 (t-1) +2), t= (t-1) +1. Let tT = t—1. We now substitute the 
series into the transformed equation, —t(t + 2)y” —(t+ ly’ +a’ y =0, obtaining 
~[2A(A-1) + Ajagt* 1 + ¥ 2A tnt NAtn)+Atn+ dla, + -Atny +07Ja,}o". 
n=0 
ik 
Thus, F(A) = 24° — 2 =0 and the exponents at the singularity are A, =0 and A, = 5" 
—— [-n? + ala, 
For A, =0, the recurrence relation is a,,, =-—————-. 
(n+)Qnt+) 
2 2 1 

and y(t)= ais a (t-1) + fee], 

1 —(n+1/2)°+@ Ia, 
For A, ==, the recurrence relation is a,,, = Gs V2) a 

2 (n+3/2)(2n+2) 


1 ao —+ 3 — 2_ 2 5 
and =a) 0-9!) +FDO ~DG_p! vo} t-1>0. 
—(n+Aay +o? 1 
By the Ratio Test, lim Grail copie EE EGE = 92 
nol a | noln+Atl(2n+2A+1)| 2 


1 
= convergence for 5lAl <lor|r-1]<2 -.R=2. 
1 1 rn 
When @= 5° one solution (with A = >? reduces to y(t)=a,(t—-1)’. 


n+a 


Substituting the series y = Sa,t 
n=0 


Rat 1+ ¥{(Atn+0?a,,,-A+n-oa,}t" =0. 
n=0 


into the differential equation, we obtain 


The recurrence relation is a,,,=(n—@)a, /(n +1)’. For @=5, the solution is 

y(t) = a [1-5t+ 50 —(5/3)0 +(5/24)t* —(1/120)2"]. 

y(f) is neither an even nor an odd function. Theorem 10.2 does not apply. 

The indicial equation is A(A—1)+0A+ B= +(a@-1)A+B=0. Since A, =1, A, =2, then 
V+(A-NA+ BH=(A-I(A-2)=V -3A425 a=-2, B=?2. 


2A. 


22. 


23. 


24 (a). 
24 (b). 


24 (c). 
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The indicial equation is 27 +(@—1)A + B=0. In order to have A, =1+2i and A, =1-2i, we 
need (A-A)(A-A,)=V -(A, +A, )A+AA, = WV -214+5. Therefore, a=—land B=S. 
The indicial equation is A(A—1)+ aA +2=0 has A =2 as a root. Therefore, 

2() +2a@+2=0> a=-2. Therefore, 


Py” —2ty’+(2+ Byy =D {AtnAtn—-l)-W+n)+2a, 1°" +BY a, 0" =0 
n=0 n=l 


= [A(A-1)-24 +2]a,t* + Yea +n) —3(A+n)+2]a, + Ba, _,}t"” =0. 
n=l 


For A = 2, the recurrence relation becomes [(n +2) —3(n+2)+ 2Ia, + Ba, ,=0, n=1,2,... 
Therefore, [n? +4n+4-3n-6 +2]a, + Ba, ,=(n’ +n)a, + Ba, ,=0=> B=-4. 

The indicial equation is A” = 0 and the corresponding recurrence relation is 

(n+1)’a,,, +ona, + Ba, ,=0. Therefore, a@=—land B=3. 

p(t) is odd and q(t) is even, so we expect even and odd solutions. 

The indicial equation is A(A—1)+A-—v° =0 or FA) =A -—v? A, =-0, A, =v. 

For the Bessel equation, A(A—1)+A-v? =0 or F(A)=2 -v’. 

The indicial equation and exponents at the singularity are the same for both equations. 


[VW -v lat’ +[A +l -v lat '+ Ya +ny -v' Ja, -a, 30°" =0 
n=2 


a,_2 = 
>a, = (+ nyo” n= 2,3... 

Tan -2 
(A+ny-v’ 
change of sign in the series solution. This sign alteration is not present in the series solutions of 
the modified Bessel equation. 


For Bessel’s equation, a, = n=2,3,... The minus sign creates a “term-to-term” 
n 


